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PREFACE. 



This book has been written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to cany out the same general plan on 
which that book was composed. I have, accordingly, studied 
flimphcity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Kempe's Theorem, 
Landen's theorems on the rectification of the hyperbola, 
Genocchi's theorem on the rectification of the Cartesian Oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

An entire Chapter has been devoted to the discussion of 
Integrals of Inertia. For the methods adopted, and the 



vi Preface. 

greater part of the details in this Chapter, I am indebted 
to the kindness of Profiessor Townsend. My friend, Pro- 
fessor Crofton, of "Woolwich, has laid me under very deep 
ohKgations by contributing a Chapter on Mean Value and 
Probability, which he has considerably improved in the 
present Edition. 

I am glad to be able to lay this Chapter before the 
Student, as an introduction to this branch of the subject 
by a Mathematician, whose original and admirable Papers, 
in the Philosophical Transactions^ 1868-69, and elsewhere, 
have so largely contributed to the recent extension of this 
important application of the Integral Calculus. 

Tmnity Collbob, 

November, 1880. 
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INTEGEAL CALCULUS. 



V < 



CHAPTER I. 

SLEMSNTABY FORMS OF INTEGRATION. 

I. Iiitesratloii. — ^The Integral Calculus is the Inverse of 
the Differential. In the more simple ease to which this 
treatise is principally limited, the object of the Integral 
Caloulus is to find a function of a single variable when its 
differential is known. 

Let the differential be represented by F{x)dx, then the 
/unction whose differential is F{x) dx is called its integral^ and 
is represented by the notation 



1 



F{x) dx. 



Thtis, since in the notation of the Differential Calculus wo 
have 

df{x)=f{x)dx, 

the integral oif\x) dx is denoted hjf{x) ; i.e. 



!■ 



f{x) dx ^f{x). 

Moreover, as f{x) and f{x) + O (where C is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
/'(a?) d^ it is necessary to add an arbitrary constant to f(x) ; 
h^ce we obtain, as the general expression for the integral 
in question, 

[f{x)dx^f{x) + C. (i) 



2 Elementary Forms of Integration. 

In the subsequent integrals the constant C7 will be omitted, 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Calculus the value of the constant is 
determined in each case by the data of the problem^ as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
X + dx (Diff. Gale, Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration firom 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrals* — ^A very slight acquaint- 
ance with the Differential Calculus will at once suggest the 
integrals of many differentials. We commence with the 
simplest cases, an arbitrary constant being in all cases under- 
stood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Diff. Calc. we may write down at 
once the following integrals : — 

af^dx = . -— = 7 r-— T. (a) 

= log {x). (J) 



X 



\ 

f . , QO^mx f . sin WW? , . 

\9an.mxdx^ , \ oosmxdx = . (c) 

J w ' J m ^ ^ 

— r- = tan ar, I -t-=- = - cot x. (d) 

J cos* a? J sm*a? ^ ' 



* It was in this aspect that the process of integration was treated by Leib- 
nitz, the symbol of integration J being redded as the initial letter of the word 
8um, in the same way as the sjrmbol of differentiation (^ is the initial letter in 
the word differetiee. 



1 

1 
1 



Hindamental Forms. 3 



(e) 



ax . ,x 




V^a» - ^ » 




dx I , ^x 

-z r = - tan-^ -. 

a' + a?" a a 




• 


a* 
log a 



07) 



These, together with two or three additional forms whioh 
shall be afterwards supplied, are called the fundamental* or 
tkmentary integrals, to whioh all other forms,t that admit 
of integration in a finite number of terms, are ultimately re- 
dudble. 

Many integrals are inmiediately reducible to one or other 
of these forms : a few simple examples are given for exercise. 

Examples. 

[dx I 

I. I -r. Am. — . 



2« 

3- 
4. 
5- 
6. 



Idx 

I tana;(£r. ,, -log (cos 2;). 

I**** dx I 

fxdx 



BmBdQ 



7* t \" - » sec*' 

8. I ««*<&. „ -c«*. 

* Tlie fundamental integrals are denoted in this chapter by the letters a, h^ e, 
&c. ; the other fornmlsB by numerals i, 2, 3, &c. 

t By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus as involying the ordinary transcendental func- 
tions only, and ezduding what are styled Elliptic and Hyper-Elliptic functions. 

[la] 



Elementary Farms of Integration. 

~T» 2lft8, — — . 



Idx 



10. I—-. „ nx*". 



r dx 
J - 

J iT n 



II 



X 

dx 



. j^— ^. „ log(*-a). 



3. Integral of a Sum. — ^It follows immediately from 
Art. 1 2y Di£E. Oalo., that the integral of the sum of any number 
of differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

Aaf'^i Baf"*' Caf*' ^ 
= + + + &c. (2) 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of x multiplied by constant coefficients. 
Again, to find the integrals of cos^xdx and Bm^xd»; here 

f - _ f I + cos 2a; _ .^ sin 2a? , , 

|cos'a?rfa?=J ^ =- + _—, (3) 

f • a 7 f I - COS 20? - a: sin 2a; 
sm'ajoa; = ax = . (4) 

A few examples are added for practice. 







Examples. 


I. 


f(l-«2)«<?X 
X 


X* 

Jn9. log «-»' + —. 


2. 


e{x^2)dx 
J x^/x 


" ^v^*+v^i' 


3- 


/ iBaD?xdx = J(8eo' X - 


i)dx, „ tan « - «. 



Integration by Substitution. 

. , . sin (m + n)x am (m — n) « . 

4. icoatnx COB nxdx. Ant, — 7 ^ + \ i—, 

^ 2(m + ii) 2(«i-fi) 

. . . . 8in(m — fi)« Bin(m + »)x 

^ ^ " 2(m-i») 2(m + ii) 

6. I A dx. „ a sin-i — v^a» - «'. 

J ya — x a 

Multiply the nmnerator and denommator by v^a + x. 



.8 2 



y- 2 12 « 

7. i x's/ x-\' adx. Ana. - (» + a) — a (a; + a) . 

8. -7= 7--. » :;^({« + «) -« )• 

-v/af + a + V/a; 3«\ / 

Multiply the numerator and denominator by the complementary surd 

y/x + a — V iT. 

ia + bx hx ab* — hcC 

_ a -^ hx b ab' — ba* 

ficw Lr ■ »„ = i; + TT 



4. Integration by Substltatlon. — ^The integration of 
many expressions is immediately reducible to the elementary 
forms in Art. 2, by the substitution of a new variable. 

For example, to integrate (a + hx)^ dx^ we substitute z for 
a^ bx; then dz = bdx^ and 

J ^ '1 J 6 («+ 1)6 (n+ i)ft 

Again, to fibad 



1 



a;^d<2? 



(a + Ja:f ' 

we substitute 2 for a + bxy as before, when the integral be- 
comes 

I r(s - aydz 



i'J 



z- ' 



or 



1(1 2a ^^ \ 



6 Elementary Forms of Integration. 

On replacing 2 hy a + bx the required integral can be ex- 
pressed in terms of x. 

The more general integral 



f 



af^dx 
JaThxy"' 



where m is any positive integer, by a like substitution be-- 
comes 

I r(s - a)^dz 






Jm+i J gn 

Expanding by the binomial theorem and integrating each 
tenn separately the required integral can be immediately 
obtained. 

Again, to find 

dx 



1 



of{a + bxY* 



we substitute z f or - + i, and it becomes 

X 



- — f 



(g - bY'^^dz 



which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 
Thus, for example, we have 

f dx 1 , f X \ 

J ic (a + Ja?) a ^\a -*• bxj 

It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can be 
immediately integrated. 

For we obviouisly have, from (6), 



doc 

Integration of 



ic»-a'' 



I foxLxdx log (a + ^ COS x) 

a ■\' o C08X h 

is^dx I /«\ ^ 

3. jlog«— . „ ^Gog*)*- 

4. J^. ,, logaog*). 



9 log a;* 
r «»&; 

I daf lb a + bx a + ad* 

*» (a + *»)*• " a» ^^ ~i aV: (a + bx)' 

Ixdx 2 (« + &f)* aa (g + 3a?)* 

(a + J*)** " 5^ S^ • 

«efa 3 (» + *«) 3«(tf + d«)* 



afidx log (a + to) 3a* + 4a3« 
5* 1 /_ . , v >' ft t: + 



6. 

7. 
8. 



Ixdx 
(a + Aa;)*' " 5^ i3» ' 

y »> «**^ 'x/^I'- 

Assmne aoa; -d^^sfl^ then ad<r = sA, and the tranafonned integral is 

I a<fe 

dos 
5. Integratloii of -^ 5. 

Since 3 -» = — 1 }, 

or - a^ 2a\x - a x ^ a) 

This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 



dim 
8 Integration of 



a + 2bx + cx^' 
In like manner, since 



(a? - a) (aj - /3) a - /3 (a? - a a; - /3) ' 
we have 7 r^ ^ = — ^ log ^^^. (6) 



Examples. 



1 


9 
dx 




f 


2){X- 

dx 


-3) 


• J«« + 


90? + 20 


f ''' 







Ans, -7 log -. 

6 ° a:+ 3 

flf + 4 



« log 



iP + 5 



6. Integratloii of 



' i_ g - \/3 
»> — 7^ log 71 

2V3 * + n/3 

dx 



This may be written in the form 

cdx 



{ex + by ^ac-V' 
or, substituting zioT ex + 6, 

s* + ac - 6*' 

This is of the form (/) or [h) according as ac - 6' is positive 
or negative. 

Hence, if ac > V" we have 

r dx I x -1 ^-^ + ^ I \ 



iHtegratim of^tl^^. 
Ifoc<6», 



f 






This latter form can be aLso immediately obtained from (6) . 
In the particular case when ac = 5', the value of the inte- 
gral is 

- I 



7. Integratloii of 



( j!7 + qo^ dx 



a + 2hx + ca^' 
This can at once be written in the form 

q (b ^ ex) dx pc - qb dx 

+ 



c a ■¥ 2hx -\- e^ c a + ibx + car* 

The integral of the first term is evidently 

— log (a + zbx + ca?*), 

while the integral of the second is obtained by the preceding 
Article. 

For example^ let it be proposed to integrate 

(a: COS© - i)dx 
a^'-2xco86+ i' 

The expression becomes in this case 

cos {x - ooBO)dx sin'Octe 



a? fpo cosO + I (a? - co86)* + sin*fl' 
hence 



1 



(a? cos fl - i) cte cos - , , ^ 

-^ -^ — = log (ar* - 2x cos + i) 

a?* - 2a? cos + I 2 ° ^ ' 

• HL .x-QO^Q . . 

-smOtan^ — , ^ . (9) 

sm0 ^^' 



10 Elementary Forms of Integration. 

When the roots of a + 2bx + (xc* are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A s^eneral discussion of this method will 
be given in the next (£apter. 



Examples. 
[ dx ^ ^ J. 1 /2a; + 1\ 

[. I -;. Ans, — TT tan-* ( — jzr ] . 

f dx __L ( iX-lAr v /s\ 



{dx 
— . ^ tairi(* + 2). 

*' + 4«+5 



5- 
6. 



dx 
dx 



f <to I. i5£+J 

idx 
-• „ tan-i(2fl?- I). 
1 - 208 + 2a;2 ^ ' 

8. Exponential Talne for sin 0and cos O.^-By com- 
paring the fundamental formulae (/) and (A) the well-known 
exponential forms for sin 6 and cos can be immediately 
deduced^ as follows : 

Substitute s v^^ for x in both sides of the equation 



f efo I , A + a?\ , 

r = - loff I J + const; 

J I - ar* 2 ^\i "xj 

and we get 

i = / — log ( 7= J + (Jon«^.; 
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^f ^7 (/)» ^^^"'^ = — 7= loff ( ^ — /— ) + «WM^. 

2^/- I ** \I -Zv/- 1/ 

Now, let s = tan 0, and this becomes 

^ I 1 A + \/- I tan fl\ 

= — 7=^ log ( — V ) + cofw^. 

2 V^- I \i - v^- I tan 8/ 
When » o, this reduces to o = comt. 



TT *^r; oos8 + \/- i sin 8 , ^ / — . ^., 
Hence 6*^-i =, - , = (cos + a/- i sin 0)\ 

- v^- I sin 9 
or e'^ = cos 8 + v^- i sin 8, 

«^^^* = cos 8 - \/^ sin 8. 

dx 
o. Integratton of ^ 

Assume* v^ic* ±a* = z - a?, 

then we get ± a* = «* - 2a», 

hence (z - a?) dz = z(ip. or = — ; 

' z-x % 

This is to be regarded as another fundamental form. 

By aid of this and of form (^) it is evident that all ex- 
pressions of the shape 

dx 

\/a + ihx + car* 



* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
abore is a particular case, will be giyen. 
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can be immediately integrated ; a, J, c, being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or (e), according as the coefficient of a?* is positive or 
negative. 

Thus, we have 

f dx 1 . J ex ~h \ , . 

y = —^ sm-M ^ , (ii) 

J ^/a + zhx - cx^ ^/c \*/ac + 6v 

c being regarded as positive in both integrals. 

When the factors in the quadratic a + 2bx + ca? are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

dx 
lo. Integratioii of 



y{^-a){x-(i) 



Assume a; - a = s', then dx = 2zdz ; 

dx 

= 2dz ; 



hence 



^x - a 
dx 2dz 



y[x-a){x-^) yz' + a-^' 



da f dz 



= 2 log (s + a/s^ + 0-/3), by (t), 



or 



f d^ 
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II. Integration of . 

As before, assnme x- a=z\ and we get 

dx 2dz 



(13) 



Hence, by (e), 

f ^ . ., /a? -a 

Jy(a;-a)(i3-a?) V/3-a 

Otherwise, thus : 

assume a? = a cos^fl + j3 sin^fl, 

then aJ-o = Q3-o)cos'0, jS - a; = QS- a) sin'ff, 

and c^ = 2(/3 - a) sin cos ©c?0 ; 

hence y- r— = zdO ; 

v(^-«)0-^) 

.-. f "^ =20 = 2 sin-^ /^ 

12. Again, as in Art. 7, the expression 

(p + qx) dx 
\/a + 2hx + car* 

can be transformed into 

q (6 + ex) dx pc " qb dx 

^ V^a + 26a? + t»?* ^ 'v/a + 2fta? + cx^ 

and is, accordingly, immediately integrable by aid of the 
preceding formulae. 



I. 



2. 



3. 
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Examples. 

f dx _ 

( /— — • - », ^^"^J^- 

! ^ . „ 2 sin'J V a? - i. 

VSa? — «* — 2 

4- [ — « „ log(2a? + i +2^/1 +a; +fl;2). 

^* I / —^ ^ = \/(« + »)(« + *) + («-*) log (v/»~+^ + \/^+iy. 

Multiply the numerator and denominator by ^x + a. 

^ f <& ... 2a; + I 

0. I , — . .4f»«. sin * — — :-. 

J \/ I — a? — «* V 5 

8. Show, as in Art. 8, by comparing the fundamental formula (e) and (t), 
that 



cos 9 + V - I sin (? ss 0^^. 

dx 



13. Integration of — - 

(a? -p)va + 26a?+ca?* 

Let a? - « = -, then 

s 

dx dz , I + «s 

= and X = =^ . 

a? -^ z z 

[ ^ ^_r -efe 

J (a; - i?) -v/o+IteTc? J v/«2«+2te(i +;?s)+c(i + 



= -1 



pz)- 

dz 
v^a' + iVz + cV * 



where a' = c, 6' = 6 + cp, c' = a + 26^ + cp^. 

The integral consequently is reducible to (lo), or (u), ac- 
cording as c' is positive or negative. 



I. 



3. 
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(a + c**)* 



Examples. 

x\/x* - a* a \«/ 

Idx /i -a; 

4- I ■ ^». — ^ log ( y ' ) . 

5- I — — - ^«». -71 sin-i ( — J . 

, f <to I • -1 /*V^2\ 

6. I 7-=. ,) — 7L sm-^ I I . 

f dx • , / ' + 3« \ 

J(i+«)Vi+»-«* ^(i+«)v5' 

14. The transformation adopted in the last Article is one 

of frequent application in Integration. It is, accordingly, 

worthy of the student's notice uiat when we change x into 

I - dx dz - . ^ ,, ^ \ dx dz 
- we nave — = ; and, in general, if oj" = -, — = . 

z X z ^ ' z X nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral 

dx 



f 



x{a-¥ baf^y 



Here, the substitution of - for af^ gives 



-i\ 



dz 
az + b' 
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The value of which is obviously 

I I / ic** 

log (az + J), or — loff I r- 

na ^^ '^ na ^\a^ baf". 

Again, to integrate 



dx 



Xy/a/a^ + h 
assume x"^ = -^, and the transformed integral is 



2 f dz 
^iyoThz'' 



This is found by {e) or {%) according as J is positive or 

negative. 

dx 
15. Integratioii of -. -ri. 

Let x^ - and the expression becomes 

zdz 



{az^ + c) 
the integral of this is evidently 



3 • 



I X 



a {az^ + c)i a{a -{• cx^)^' 

—. C dx X 

Hence 7 ^r. = -7 -rr.. (14) 

16. To find the Integral of 

dx 

{a + ibx + ca?)^' 

This can be written in the form 

c^dx 



[ac-V'^{cX'^hy]^' 
which is reduced to the preceding on making cr + & = z. 
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Hence, we get 



f ^te b ■¥ ex . 

]{a + 2bx + ex")^ " {ac- V)(a +2bx+ ca^)^' ^^^' 



Again, if we substitute - for x^ 



xdx . - dz 

becomes 



[a + 2bx + ftp*)* (as* + zbz + c)*' 

and, accordingly, we have 

xdx a-\-hx 






(a + 2bx + cx^)^ {ac - b^){a + 2bx + ex^)^' 
Combining these two results, we get 

{p -\- qx)dx bp - aq-¥ {ep - bq)x 

{a + 260? + ca?)^ {ac - b^){a + 26a? + cx^Y-i' 



I 



(16) 



dd dO 
17. Integratioii of -. — ^ and '^. 

smu ooaif 



It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -: — 75, or of 7; : we accordingly propose to inves- 

Sm cos a ^ r r 

tigate their values here. For this purpose we shall first find 

the integral of -7—5 ^. 

° sm fl cos 

dO 



dO oos^e d{t€LJie) ^ 

sin cos tan tan ' 

««^^*^*^y sine cos g °^°g^^°^^)- ('7) 
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Next, to find the integral of 

dB 



sin ff 
This can be written in the form 

dB 
2 Sin- COS - 

2 2 

and, by the preceding, we have 

Again, to determine the integral of — ;: we substitute 
^ ° cos© 

J, 

— for 0, and the expression becomes -r-^ : the integral 
2 Sin 

of this, by (i8), is 

- log f tan 1 1 or log Uot | ), or log cot [^ - Ay 

Accordingly, we have 

This integral can also be easily obtained otherwise, as 
follows : — 

QOsBdB rdf(sin0) 



r dB fcose^ ^ r 

J cos 6 J 008^*0 J 



008^*0 

Let sin = ^, and the integral becomes 

{ dx I - /i + a;\ I , /i + sin B\ 

The student will find no difficulty in identifying this 
result with that contained in (19). 



Integration of 



d9 



a+ b COS ft 



19 



1 8. Inteffiratloii of 



dQ 



a + 6 cos ©* 

This can be immediately written in the f onn 

d» 

{a + h) cos' - + (a - 6) sin*- 
sec*- d8 

2 



or 



9* 

a + J + (a - 6) tan* - 

^ ' 2 



on substituting z for tan - this becomes 

2dz 



a+ b + {a - b)z^' 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a> by 

* cos e y^2 _ j2 ) ^^ ^ 



J« + 



7 tan- 
b 2 



(20) 



Ja + 



(^9 



(2) when fl < J, by formula (A), 

I \/b + fl + v^ 6 - a tan - [ 



b cos y ^2 _ ^2 



log < 



v^6 + a - \/& - « tan - 
L 2j 



>-(2i) 



If we assume a = i cos a, we deduce immediately from 
the latter integral 

r a-e' 

f_J0__=_L_io J!!1IZ1 
J COS a + cos sin a ^1 a + 



>. 



cos 



The integral in (20) can be transformed into 

b + a cos 6] 



1 



rffl 



a + J cos e ^/^2 « j2 

[SaJ 



cos 



a + 6 cosflj* 
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In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

19. Methods of Integration. — The reduction of the 
integration of functions to one or other of the fundamental 
fonnulsB is usually effected by one of the following methods: — 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct: thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

20. Integration by Transformation. — ^Examples of 
this method have been already given in Arts. 4, 10, &c. One 
or two more cases are here added. 

Ex. I. To find the integral of sin* a; ooB^xdx. 

Let sin a; = ^, and the transformed integral is 

Ex. .. [-^ 

J I + 

Let c* = y, and we get 

dy 



e"""' 



J 



I +y'* 



= tan^^y = tan"^(e*). 



21. Integration by Parts. — ^We have seen in Art. 13, 
Diff. Calc, that 

d(uv) = udv + vdu ; 

hence we get 

uv = I udv + / vdu^ 

or ludv = uv -j vdu. (22) 
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Consequently the integration of an expresdon of the form 
udc can always be made to depend on that of the expression 
edu. 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 



Ex. I. sin*"^a?dij? = a?8in"*a?- K— ;= 



x" 



= X mr^x + v^i - x^. 



Ex. 2. 



I X log X dx. 



Let u - log iP, «? = — , and we get 

f 1 T a^^loffa? I f ^dx x^ f, i\ 

Ja.loga.rf^ = -^--J.^- = -(^loga.--j. 



Ex. 3. [ 



e'^xdx. 



Let X ^u. — = f, then 

a 



I a;e"*dir = \ — dx^ —\x . 

J a ] a a \ a) 



€^^ sin mxdx. 



Ex. 4. I 

Let Bmmx = u, — - t?, then 

a 

f «r • ^ ^"* sin ma; m f ^^ 

I e^ sin ww; oa? = e^* cos ;wa?aa;. 

J fl aj 

o' Ml f -• , ^''^coswa: mf . 
omiilarly, e'^* oosmxdx = + — c^*smma;(&. 
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Substituting, and solving ior lef^ mimxdx^ we obtain 

Je««8m«Mr(& = — i ^Pj-^; . (23) 

In like manner we get 

f ..* T e*^ (a COS fwa? + m sin mx) , . 

\e!^ oostnxax= — ^ -z ; ' . (24) 

J a' + w' ^ ^ 



Ex. 5. V «* + a^dx. 



|v^ 



Let \/a' + ar* = w, then 

J J A/a* + ic* 

also va* + a^dx = a^\ — 7 + . 

J J vV+7* J -v/a' + a?* 

Hence, by addition, and dividing by 2, 

ly^T^dx = ^^^^ •*- ^ + ^ log(a?+ y^T^. (25) 
Ex. 6. I log (x + a/^To*) efo. 

Here I log (^ + a/^T^I (& = a? log (a; + a/;^T^). 



a?(£r 



a/^To* 



.= a? log (a? + A/a^ ± a') - \/a?' ± a^ (26) 
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EZAXPLSS. 

1. X^logxdx. Am. (log* ^). 

2. I tajT^xdx. „ X iur^x - - log (i + «»). 

X tan* a;£fa;. „ » tan a? + log (coe«) . 

Jaui-^xdx 'xwar^x i, . 

"Let dp = sin y, and the integral becomes 

5. I e»«* <&. „ «•(** - 2« + 2). 

22. Integratioii by Rationalisation. — By a proper 
assumption of a new variable we can, in many cases, onange 
an irrational expression into a rational one^ and thus inte- 
grate it. An instance of this method has been given in 
Art. 8. ^ 

The simplest case is where the quantity under the radical 
sign is of the form a -¥ bx: such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

af^dx 



(a + bx)h' 

where n is a positive integer. Suppose a + bx== z\ then 

2zdz - z^ - a 
ax = —7—, and x =» — 7 — : 


making these substitutions, the expression becomes 

2{z^-aYdz 

Inn • 
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Expanding by the Binomial Theorem and integrating the 
terms separately, the required integral can be immediately 

foimd. It is also evident that the expression ^ can 

be integrated by a similar substitution. 
23. Integration of ^^-j-^^, 

where m is a positive integer. 

Let a + ex* = s^ ; then xdx = — , a^ = ; and the 

c e 

transformed expression is * 

(g' -• a)^ dz 

This can be integrated as before. It can be easily seen 

that the expression ; is immediately integrable by 

{a + coi?Y 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form : a few examples are given for illustra- 
tion. 

Examples. 

— _ ,) + a ; where 2 = v i + ar*. 

-v/i+«« 5 3 

a?dx — (2a + 3ac') 



Jar 
(a-i- 



(a + ex'^f^' " 3<J* (a + «*«)** 

* 

24. It is easily seen that the more general expression 

where /(a;*) is a rational algebraic function, can be ration- 
alized by the same transformation. 
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Again, if we make x = - the expression 

z 

dx 



transforms into 

s**~* dz 

and is reducible to the preceding form when n is an even post- 
tm integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution (a + c;r*)i = an/. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 

Examples. 



im — u- •^''*- i — (2^ + 0- 

'• J «• (I + 2:2)4- »' I5« )^--^t^^Y 

dx 



25. Integratioii of 



{A-V CaJ*)(fl4-C^)i' 



As in the preceding Article, let {a + co^)\ = xz^ or 
a-k- CO? - x^^i then, if we differentiate and divide by 2Xy we 
shall have 



dx dz 
cdx = z^dx + opzdz, or — = 1, 

XZ - ^ 

dx dz 



' * (a + cx^)^ c-z^^ 

and the transformed expression evidently is 

dz 

{Ac - Ca) - ^2*" 



(27) 
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This is reducible to the fundamental fonnula (A), or (/), 
according as ^ — ^ positive or negative. 

Hence, (i) if ^ — > o, the integral is easily seen to be 



2\/A {Ac - Co) \^/A{a + ca^) - x^/ Ac - Cte> 
(^). If — < o, the value of the integral is 

^x 

^x^/Ca - Ac , V 

tan-^ , - . (29} 



^ A{Ca - Ac) -/a {a + cx"^) 



Examples. 



I. I ; T77 TTr ^^8, —~ tan"! [ , ). 

dx^ f / 5a? \ 

(3+4»')(4-3*')»- " JTl vTTr^pr 

f tfg _i. 1 ^V^3 + 4^ + 5^ 

^' J (4 - 3^) (3 + 4^*)*' " 2o'^^,^3-:ri^-5^' 

26. Rationalization by Trigonometrical Trans- 
formation. — It can be easily seen, as in Art. 6, that the 

irrational expression ^a + ihx + cof^ can be always trans- 
formed into one or other of the following shapes: 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making 2 = a sin ; the second, by 
2 » a tan ; and the third, by s = a sec 0. 



Nationalization by Trigonometrical Transformation. 27 

For, (i) when 2 = a sin 0, we have (a* - 2')i = a 00s 6, and 
(fe = a 0O8 ddB. 

(2). When s = a tan 6, .... (a* + 2')* = a see 0, and 

, adB 

as = — 5-^. 
cob' a 

(3). When 2 = a sec 0, .... (2* - a*)i = a tan 0, and 
(£s = a tan d see Odd. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent place this 
dasB of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 



I. 






Let s = tan 0, and the integral becomes 

Q08 ede f d{ain 0) I \/ 1 + a - 



IQ08 Ode C 



din^O sin x 

dx 



2. 



r di 



(a2 - «»)* 
Let iT = a sin 9, and we get 

d0 tan 



h\ 



008*0 a'' a2y^a^-a;2 
This has been integrated by another transformation in Art 15. 

dx 



\ 



Let X =■ sec 0, and the integral becomes 

!9 - ^« V / X * i. sin cos tf 
cos' d <fO ; or, by (3) Art. 3, + - : 

accordingly, the yalue of the integral in question is 

^/x'-i I 

5 — + - sec"!*. 

2X^ 2 
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gaXan x ^j. 



(i+a;«)' 



Let X = tan 0, and we get 

0^9 (a cos B + sin d) 



I cos defl^dQ) or by (23), 



I +a2 



Hence 



J (i+a;2)^ "(i+a^)(i+r»)»' 

Let = sin' 0, or a; = a tan* 8, and the integral becomes 

a + a; 

a J ee?(tan'e), or a Jtf (^(sec'e) : (since 8ec«d = I + tan'tf). 
Integrating by parts, we have 

^ed (sec'e) = e sec^e-jsec^ede = Osec'e - tanO: 
hence the yalue of the proposed integral is 



(a + x) tan-i f - ] - («ir)». 



It may be observed that the fundamental formulae («) and (/) can be at once 
obtained by aid of the transformations of this Article. 

27. Remarks on Integratioii. — ^The student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest method of integration. We have, in Arts. 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions: all that can be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation in each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On exan-ination, however, it will always be found 
that they only differ by some constant ; otlierwise, they could 
not have the same differential. 
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28. Hislic Transeendental Fvnctloiis. — Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the integral cannot, unless in exceptional 
cases, be reduced to any of the fundamental formulae ; and 
consequently cannot be represented in finite terms of a?, or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions. 

Thus the integration 6f irrational functions of a?, in which 
the expression under the square root is of the third or fourth 
degree in Xy depends on a higher class of transcendentals 
called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. OlMserratloiis on Fandamental Forms. — ^From 
what has been already stated, the sign of integration (J) may 
be regarded in the light of a question : i. e. the meaning of 
the expression J F{x) dx is the same as asking what function 
of X has F{x) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functionSy as 
obtained by the aid of the Differential Calculus. The number 
of fundamental formulae of integration must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

i). Ordinary powers and roots, such as a^, a?^, &c. 

2). Exponentials, a% &c., and their inverse functions; 

viz., Logarithms. 
(3). Trigopometric functions, sinar, tanar, &c., and their 
inverse functions ; sin"^a?, tan"^a?, &c. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 



\ 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads; and that tiie proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at th^ general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

31. Hefinite Integrals. — We now proceed to a brief 
consideration of \hQ process of integration regarded as a sum- 
mation^ reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, Uy to vary continuously by- 
successive increments, commencing with a value a, and termi- 
nating with a value ]3, its total increment is obviously repre- 
sented by /3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite increments by 
the equation 

S (Aw) =/3-a; 

a 

and in the case of infinitely small increments, by 

rfi* = /3-a; (30) 



a 
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in which /3 and a are called the limit% of integration : the 
former being the superior and the latter the inferior limit. 
Now, suppose u to be a function of another variable, x^ 
represented by the equation 

u =f{x) : 

then, if when x = a^u becomes a, and when x = by u becomes 
/3, we have 

a =/(«), /3=/(6). 

Moreoyer, in the limit, we have 

du =f^{x) dxy 

neglecting* infinitely small quantities of the second order 
(See DiflE. Calc, Art. 7). 

Hence, formula (30) becomes 



1 



'/[x)dx=f{b)-f{a); (31) 



in which b and a are styled the superior and the inferior limits 
of Xy respectively. 



Tt should be observed that the expression f{x)dxy 



re- 



presents here the limit of the sum denoted by 2 {/{x) Ax), 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element /'(a;) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and b, are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever /(ar), i.e. the integral 
ol f'{x)dXy can be found, the value of the definite integral 

f(x) dx is obtained by substituting each limit separately 

b 



t 



* In a subsequent chapter on Definite Integrals, a rigid demonstration will 
be found of the property here assumed, namely that the sum of these quantities 
of the second order becomes eyanescent in the limit, and consequently may be 
neglected. Compare also Art 39, Diff, Cak, 
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instead of x in f{x)^ and subtracting the value for the low( 
limit from that for the upper. 

A few easy examples are added for illustration. 



I. 



7. 

8. 



ID. 



I x^dx. 



V 

2. I sin do. 
Jo 

f» dx 

^' J aMT?^' 

IT 

4. I BVD?xdx. 

Jo 

IP 

5. I svarxdx. 
Jo 

6. I au^xdx, 
Jo 

J 1 + a? + a;*' 



IT 



coa^xdx. 




f; 

2 I + «*' 



Examples. 








Ana. 


I 

n+i 




19 


I. 

IT 




>> 


4«' 

IT 




W 


4 

IT I 




9} 


8 "4 

IT 




» 


2 




99 


I. 




»> 


2.4 




9> 


3.5 




>> 


i log ^- 



"• I — ^ »} IT. 

J I 



a^/x-a)^fi -x) 
See Art. 11. 

IT 

12. \ xBmxdx. ,, I. 

Jo 

J* dx IT 

— --T -, where a>b. „ ^ 

oa + *co8d -v/a«-fi^ 

J"* dte IT 

I - 2a COS* + a* " i - a* 
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32. Cliaiise of Idmiti. — ^It should be observed that it 
is not necessary that the increment dx should be r^;arded as 
positiye, for we may regard x as decreasing by sueoessiYe 
stages, as well as increasing. 

Accordingly we have 

\'f{x) d» ^fia) -m = - [ V(«) dx. (32) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



re re rb 

ilt{x)dx=\ ip(x)dx-^\ ilt{x)dx; 



and so on. 

A^ain, if we assume x to be any function of a new variable 
£, so mat ^{x)dx becomes \p{z)dz^ we obviously have 

ip{x)dx = \ yp{z)dz, (33) 

^Xo J So 

where Z and Zo are the values which z assumes when X and 
To are substituted for ^, respectively. 

.M dx 

For example, if a? =» d tan », the expression — — -^rr be- 

comes 3 — ; and if the limits of a? be o and a. those of 

z are o and-. Consequently 

C^ dx I f ^ T I 

Also, if we substitute a - s for x^ we have 

ra ro ra 

I ^(a?)e& « - I ip{a - z)dz = I 0(a - z)dz. 

[8] 
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Since neither x nor z occurs in the result, this equation 
may evidently be written in the form 

1 ^[x)dx = i^[a - x)dx. (34) 

.0 Jo 

For example, let ^(a?) = sin*'a?, then f — x\=^ oos% and 
we have 

sin**ire^ = 0OB**xdx. 
And, in general, for any function, 

IT IT 

f[^x)dx = f[QOBx)dx. (35) 

Jo Jo 

33. Talnes of wurnxwinxdxy and ooBmxQO^nxdx. 

Since 

2 sin ma? sin wa; = cos (m - n) ar - cos {m + n) a?, 
and 

2 cos ma;cosna; = cos {m - w) a? + cos {m + n) or, 

we have 

f . . ^ sin(m-w)a? sin(w + w)a; 

sm»w?smwirair = — 7 7 ) 7—, 

J 2 (m - n) 2\m -{- n) 

, f - sin (m - w) a? sin (m ■\-n)x 

and cosim;cosna;aa; = — 7 7- + — ~ r— . 

I 2 {m- n) 2 {m + n) 

Hence,^when m and n are unequal integers, we have 

sin ma; sin nxdx = o, and cos mx cos nxdx = o. (36) 

When m = w, we have 

- cos 2nx , X sin 2nx 

ax = , 



2 2 4n 



I ^xi?nxdx = — 

.•. sin*/w?dir = -, when n is an integer. 
Jo 2 
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In like manner, with the same condition, we have 



I 



IT 



ooB^nxdx = -. (37) 

2 



Again, to find the value of 



1: 



Assume, as in Art. 1 1, 2; = a cos^ + /3 sin^ ; then, when 
fl = o, we have x = a; and when a = -, « = /3. 

Hence, as in the artide referred to, we have 

{ -y.{x-a)^-x)(k! = 2 (/3 - a)M W e cos' Ode. 



Also 2 8in*0cos'0i0°i sin'2 0</9 



['8in»eoo8'erffl = jf a 

f' IT 

= i|^sin«#d^ = g; 
.•.[V('«'-«)0-«)'^=|(/3-«)'- (38) 



[3a] 



36 



Examples. 



Examples. 



I. 



2. 



3 
4 
5 



7. 
8. 



{(i + cos x) d» 
(x + sin xY 



sina;<2r. 



— x 

X 



\x^ 
f- 

Ia?dx 
J (i+«»)taa-ijr* 



I 

ISD^dx 



10. 



II. 



\/5 + 4« - «• 
s^dx 

2 
^ 

;2co82a?+*«8m«af' 



J a + J tan'aj' 

Icos(logjr)<2r 



Am, — 



2 (jT + sin a;)'" 
yy fssix-x^anx. 

„ 2 log (I + a?) - X. 



9> 



2 I 



" 3 (fl^ + «*)** 
„ log(tan-ia;). 



„ 2sm-i^— ^. 

log (a cos^ a? + i sin^ a?) . 



" 2 (* - a) 
„ sm(loga!). 



dx 



12. Show that the integral of — can be obtained from that oix^dx, 

X 

Write the integral of x^dx in the form ; and, by the method of 

w + I 

indeterminate forms, Ex. 5, Gh. iv. Diff. Calc, it can easily be seen that the 
true Talue of the fraction when m + i = o is log [- j , or log a;, omitting the 

arbitrary constant. 

13. fe^* sin ma; cos nxdx. 

This is immediately reducible to the integral given in formula (23). 



idx 
— ; : • 
5 + 48in« 



Ans. -tan 
3 



.(lip). 
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^*"»"*«(a«- i) 



Ant, 



(i + a»)(i+««)i 

i6. I x(a + fl;)*^^;. „ "i-i i_Ll- — i-i. 

J 4.7 

,8 f (P •<- g cos g)<fo 
J a + d cosd; 

TliiB \s equivalent to 

I qdx ph-qa f dx 
b b J a + i CO8 jp' 

and accordingly can be integrated by Art. 18. 



I + » 

Ixdx I 

— :~Za' >» -tan"*(«'). 



21. 



J(a + te»)*' " 3a(a + *x»)*' 

( dx I /y^ I + jg^ - l \ 



22. 

Let «5 + I = ««. 



»3. y „ -log! : . 



34. Integrate 



+ dcO89 



b + a 0080 

by aid of the assumption « = . 

' a + 6 cos 

The ezpression transforms into 

dx 



\/(a« - *«) (i - ix?)' 



accordingly, when a > d, its integral is ^ sin"' x ; and when a<b, it is 



^^7== log (« + v^a;« - I), &c. 



38 Examples. 

25. Deduce Gregory's expansion for tan'i^ firom formula (/). 
When a; < I, we have 

I - a;2 + «* - «® + &c. ; 



I +a;2 

, { dx ^ m^ x^ . 
.'. tan-^a? = I r = «? + + &c. 

Ji + «* 3 5 7 

No constant is added since tan~^ x vanishes with x. 

26. Deduce in a similar manner the ezpansions of log (i + a;), and sin~^ x, 

27. Find the integral of r ?— -. 

a + d cos 9 + sin 

This can be reduced to the form in Art. 18, by assuming - = cot a, &c. 

c 

f ^* 

28. . 

J {a-Vhx)^ i\x^ 

a + bx 



Ana. 






This can be integrated either by the method of Art. 13 or by that of Art. 23. 

29. I — J . Am, - sec"^ I *' I • 

J x^a^ - I « V / 



IP 



Irsina;^:i; i , 



IP 



31 



32 



l!^' " iog(i+-/i). 



OOOSJC 

'2 <fa? 






3«')* 

33. j^ y/lT^dx. 

34. I » versin-^ f - J efe. 



35- 



12 ^a; 
04 + S si 



dx 
sma; 





I 


>9 


8" 




ira2 


» 


• 

4 


n 


• 

4 


n 


ilog.. 



36. \^-^. „ lt^.l(l) 



( 39 ) 



CHAPTER 11. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Rattonal Fractions. — ^A fraction whose numerator 
and denominator are both rational and algebraic functions of 
a variable is called a rational fraction. 

Let the expression in question be of the form 

ga^ + baf^^ + c of*^'^ + &c. 
a'al^ + 6'a^i + cV-* + &c.' 

in whioh m and n are positive integers, and a^b, . . .dyb\ , . . 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new fraction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be imme(£ately integrated by 
Art. 3. The integration of the latter part in general comes 
under the method of Partial Functions. 

35. Klementary Appllcatloiis. — Before proceeding to 
the general process of integration of rational frsKitions, we 
propose to consider a few elementary examples, which will 
lead up to, and indicate in what the general method really 
consists. 

We commence with the form already considered in Art. 7 ; 
in which, denoting by xii and a^ the roots of the denominator, 
the expression to Be integrated may be represented by 

{p + qx)dx 



{x -ai)[x- aa)* 

Assume 

p + qx _ -^1 -4« 



{x — Oi) (x — a%) X — ai X - 02' 
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Multiplying by {x - Oi) (a? - at) we get 

p -¥ qx^- {Aia2 + A2fii) + (-4i + A2)x. 

Hence, we get for the determination of Ai and A2 the 
equations 

p = - Aia2 - A^iy q - Ai + A2; 
whence we obtain 

^1 — y A2 = — • 

cii — da fli ~" da 

Oonsequently 

r {p-{'qx)dx i? + goi f <to i> + $'a2 f ^ 
J (i»- ai)(iP - Oa) Oi - Oa J iC - ai Oi - Oa J a? - Oa 



In like manner 



i-^ I (;? + ^ai)log (a? - ai) - Cp + ^a,) log (a?- oa)! . 



i? + ga;' _ ^1 Ax 

(aj* — ai)(aj* — aa) a?* — oi a^ - aa 

where ^1 and A2 have the same values as above ; hence 

r (p + j'aj*) dSr _ i? + ^^oi r ffo? i> + $'aa f d^ 
J (a?* - Oi) (aj* - oa) Oi - aaj a^ - Oi ai - Oa J a:* - aa* 

But each of the latter integrals is of one or other of the 
fundamental forms (/) and {h) of Chapter I. ; hence the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p ^ qx-\- ra^) dx 



{x - ai)(a? - aa)(a? - as)* 
We assume 

p + qx -^ ra^ Ax A2 Az 

+ ^— + 



(a? — ai) (a? — aa) (a? — 03) a? — oi a? — aa a? — aj' 
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tiien dealing from fractions, and identifying both sides by 
equating the coefficients of a^y of Xy and the part independent 
of Xy at both sides, we obtain three equations of the first 
degree in Aiy ^2,^39 which can be readily solved by ordinary 
algebra ; thus determining the values of Aiy Aty Az in terms 
of the given constants. 
By this means we get 

f {p'¥qx + rix^)dx ^ ^^ [ ^ \ aS ^ + ^, [ ^ 
J (a? - oi) {x - 02) {x - as) J ar - ai 'Ja? - 02 J a? - a, 

= Ax log {x - oi) + -42log {x - 02) + -4s log {x - as). 
We shall illustrate these results by a few simple examples. 

Examples. 
«• [ i T/ — X- ^^* "!<>« (» - 3) + -log (* + »)• 

*• [-2-:^ !• >» -log(« + 3) + 7log(»- i). 

dx I , X— I I ^ 

iATL'lX. 



4 "^ « + I a 



<£r r IX 

'5 62 



J dx 
6. [i2^:ii):^ „ -' log l'-^) + tan-'*. 



Here tlie denominator ia equal to x{x — 2) (« + 3) ; and we haye 



a? (of - 2) (a? + 3) X x-2 a: + 3 ' 
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hence a;^ + a; - i = Ai(3fi + a; - 6) + A2x(x + 3) + Azx(x - 2) ; 

.-. the equations for determining Ai^ A2 and Az are 

Ai + A2-¥Ai= I, -4i + 3-^2 - 2-43 = I, 6^1 = I, 
whence we get 

Ai = -, A2 = -, ^8 = ■:. 

023 

. f (23^ +2x^ + 4X+ i)dx . , , , „ . , ,. 

^- ^2^Ar ' u4fw. «2 + log («2 + a; + I). 

We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — ^The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 
sideration by'^-T'T' 

■ «(^) 
Let ai, a^y as, . . . on denote the roots of ^{x) ; then 

^{x) = (a? - ai)(a? - a^{x - a^ , , .{x- an). (l) 

There are four cases to be considered, according as we 
have roots, (i) real and imequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to discuss each class separately 

37. Real and Unegnal Roots. — ^In this case we may 
assume 

^ (a?) 0? — oi X " Qz X — az x — an 

where Aiy Az^ .... -4„ are independent of x. For, if the 
equation be cleared from fractions by multiplying by 0(a?), 
on equating the coefficients of like powers of x on bom 
sides we obtain n equations for the determination of the n 
constants Aiy Aij . . . An. 
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Moreover, since these equations contain Aiy Azy &q,j only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious : — 

The question (2), when cleared from fractions, gives 

f{x)=Ai{x-a^{x-a^ . . (ar-on) + -^2 (a? - ai) (a? - as) .. (a?-a„) 

+ &c. +-4„(iC-ai)(iP-a2) . . (a?-a,^.l) ; 

and since, by hypothesis, both sides of this equation are 
identical for all values of x^ we may substitute oi for x 
throughout; this gives 

/(oi) = -4i(ai - a^{ai - as) . . . (oi - a„), 

In like manner, we have 

^ (aj) (jt (as) <p (an) 

Hence, when all the roots are unequal, we have 

fM^f^-J- + /W _i_ + &c. + <H -i 

^{x) <p\ai) X — Qi ^'(02) X - at, 0'(a») ^ " «» 

Accordingly, in this case 

The preceding investigation shows that to any root (a), 
which is not a multiple root^ corresponds a single term in the 
integral, viz. 



.(4) 
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one wliioh can always be found, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

38. Case wbere Miiinerator is of liiglier Degree 
than Denominator. — It should also be observed that even 
when the degree of a; in the numerator is greater than, or 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denommator is still of the 
form found above. 

For let 

«(«) *(^)' 

where Q and R denote the quotient and remainder, and let 

A jB . . 

be the partial fraction of — 7-r- corresponding to a single 

(c — a W 

root a ; then, by multiplying by <^[x) and substituting a in- 
stead of ^, it is easily seen, as before, that we get 

For, example, let it be proposed to integrate the ex- 
pression 

afdx 
a^ - 20? - ^x-\- 6* 

Here the factors of the denominator are easily seen to be 

a? - I, 0? + 2, and i» - 3 ; 

accordingly, we may assume 

^ ^ o ^ -8 <? 



a? - 201? - ^x ■\- 6 ^ X- I X + 2 ^-3 

To find a and /3, we equate the coefficients of «* and a? to 
zero, after clearing from fractions : this gives, immediately, 
a = 2y and j3 = 9. 

Again, since ^(a:) = a:' - 2a?' - 5a? + 6, we have 

^\x) = 3^* - 4a? - 5- 
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Acoordingly, substituting 1,-2, and 3, sucoessiyely for x 
in the fraction 



30?' - 40? - 5 
we get 

6 15 10 

and henoe 

aj* - I 32 243 

a!'-2ir*-5a:+6 6(a?-i) i5(a?+2) io(a?-3)* 



•*• Lli 15 T = — -^ar + gx 

Jx^-za^-S^-^^ 3 



log (a?- i) 



- y^ log (ic + 2) + — log(i»-3). 

39. Case of ETen Powers. — If the numerator and 
denominator contain x in eyen powers only, the process can 
generally be simplified; for, on substituting z for x\ the 
miction becomes of the form 

/(f) 

AcooTdingly, whenever the roots of ^{z) are real and 
unequal, the naction can be decomposed into partial fractions, 
and to any root (a) corresponds a fraction of the form 

0'(a) z - a' 
The corresponding term in the integral of 

is obyiously represented by 



dx 



(a) f dx 
>) J^^' 
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Tliis is of the form (/) or {h)j according as a is a positive 
or negative root. 

The case of imaginary roots in ^(s) will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 



Examples. 

[2X + 3) dx 



f {2X + 3) dx 
] 3^ -^ X^- 2x' 



Here the factors of the denominator evidently are a;, a; — i, and x + 2; we 
Accordingly assume 

23; + 3 A B C 

x^ + a^ ^ 2X X X — I X -{■ 2' 

Again, as ^ (a:) = a;' + a:^ — aa?, we have ^'(a;) = ^x'^ + 2X -2; 

(l/{x) 3a;» + 2* - 2' 
Hence, by (3) we have 



^=_|. B = l, C=-l; 



consequently 

{2X + i)dx 



I(2X + vox 3 , 5i / X > 1 / 



f dx 



dx 
Here 

- ' / ' i_V 

(a;2 + a2)(a:2 + b^) a* - *« \»2 + H^ x^ + ««/ * 
hence the value of the required integral is 



bi!>-(J) ->■■(;) i- 



xdx 






(*» + «)(«» + by 
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Sobetitate z for x^ and the transformed integral is 

2 (« + a) (« + b)' 
Ckmsequently the yalue of the required integral is 



I , fx^ + b\ 



f (3^-1)^ 



2(. 

Ant. 3« + II log (j? - 2) — 2 log (a; - i). 



6. 



{(a?* " 7) dz I I ^ 

^ . ^J^ 6 - » -log(af-i)+-log(aJ-2) + ^log(aj + 3). 

{(2a:+i)£te I, , . V 3, / 

;r(^+. )(>+,) • » -log* + log(,+ l)-llog(*4»). 

'^^^^^^ " 7 *"* (71) ^ 7 ^°« (^) • 

g f <to(g^ + yar») 

J «»»*i(a + *a?»») * 

Let a;» = -, 



s 



40. Haltiple Real Roots. — Suppose <p{x) has r roots 
eaoh equal to a, then the fraction can be written in the shape 



(a? - ay^{xy 

In this case we may assume 

f(x) M, M2 Mr 

+ . r:r^ + . . . + + 



(x - aYxl^ {x) {x - aY {x - o)*""* * ' * x - a \p{xy 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, Mi^ M%^ &c. . . . Mry 
cleax from fractions, and we get 

f{x) = M^}\,{x) + Jlfa(a? - a)'^(x) + M^{x - afy\f(x) + &C. . . . (6) 

This gives, when a is substituted for x^ 

f{a)^M4{a),0TM,=^ (7) 

Next, differentiate with respect to x, and substitute a 
instead of a; in the resulting equation, and we get 

/(a) = -afii^'(a) + M4{a) ; (8) 

which determines M2. 

By a second differentiation, M^ can be determined ; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

f{a)=M4{a), 

f\a) = -Sfif '(a) + 2 . M2^\a) + 1 . 2.M4{a), 
r{a)^M4''\a) + 3.-M,rW + 2.z.M,ylf{a) + i.2.^.M4[a), 

+ 1 .2.3.4.-af5^(a), 

in which the law of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 

f{x) dx 



{x - aYxfj {x) 
evidently is 

If ^{x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imastnary Roots. — The results arriyed at in 

•^« 37 ^pply ^ ^® <)^^^ o^ imaginary, as well as to real 
loots ; however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to snow 
that conjugate imaginaries give rise to groups in which the 
coefficients are all real. 

Suppose a + J y^- i and a-h v/- i to be a pair of con- 
jugate roots in the equation ^{x) = o\ then the corresponding 
quadratic factor is 

(a?-o)' + 6*; which may be written in the form a^ + /%r + ^. 
We accordingly assume 

and hence 

f{x) Lx-\- M 



— H * 

^(;p) a^+px + q Q' 

P 

where -^ represents the portion arising from the remaining 

roots, and -r is the part arising from the roots 

a± h ^/^\. 

Multiplying by ^(a?) we get 

p 

/(a?) = (Xa? + JIf) ^ (a?) + (a^ + /?a? + g) -^ ]// (a?). (10) 

If in this, - (px + q) be substituted for a?*, the last term 
disappears ; and by repeating the same substitution in the 
equation 

/(a:)=)/,(a?)(Za? + if), 

it ultimately reduces to a simple equation in a? : on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients Z, M 
more expeditiously, either by equating coefficients directly, 
or else by determming the other partial fractions fibrst, and 
sabtractinfi^ their sum from the given fraction. 

It will also be found tiiat the determination of many 

w 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 

Ixdx 
(i+a:)(i + «2)' 
Assume 

X A Zx + Jif 

(H-a;)(i + a?2) i + x i + «*' 

clearing from fractions, this becomes 

x = A{i+x^) + {Zx + M)(i + x). 

Equate the coefficients, and we get 

i + -4=o, X + if=i, ui + if=o. 
Hence 



and accordingly 



2 2 2 



II I i+a? 

+ - 



(i + a;)(i + a;2) 2 i + ar 2i+aj2* 



2. 
Let 



f _^ 
]i+x^' 



{i+xy 



I 

+ - tan'^a:. 

2 



I -4 Xa; + if 

+ 



., i+a?3 i+a? I— iP + »2' 

consequently, ^ = -, by formula (3). Substituting and clearing from fractions 
we have 

3 = I - » + ip2 + 3 (X« + Jf)(i + «) ; 

hence, dividing by i + 4?, we have 

2 - * = 3 (X» + M). 
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CoBBeqxiently 

{dx _ If ^ I v' (2 - x)dx 
I +«»■■ iJi + ir'*' sJi-ar + ic* 

This can be got from the last by changing the sign of jp. 

dx 



4- 
In this case we have 



I dx 



Let c* s £, and the integral becomes 

I r 21& 

J {X - I)«(*> + !)• 

Aflsnme 

^ ' A JB Zx-¥M 

+ r + 



To find X and M, dear from fractions, and by Art. 41 the values of Z and M 
are found by making ^^s- i in the following equation : 

ic» = (Za? + iO(« - iy» 

This gives inmiediately X =~ -, if = o. 

I J 

Again, by Art. 40, we get immediately A = -. * 

To find By make « = o in both sides of our identity, and we get 

0=u4-J + if; .-.J = -4 = -. 

a 

f4.J 
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FinaUy 

X^ __II II IX 

(« - 1)2(«2 + 1) ~ 2 (a? - 1)2 "*■ 2 «- 1 "* r r+T* * 

Ix^dx III I 

; ^57:3 : = + - log(a? - i) - -log («« + i). 
(a: - !)»(«« +1) 2aj-i2*^ '4**^ ' 

dx 



f dx 



Here fhe denominator is easily seen to be »3(« - i) (^ + i)'(«> + i), and tlie 
expression becomes 



f dx 

J«8(a._i)(a;+,)2(a;3+i)- 



Assume a; = ~, and the transformed expression is evidently 

z 



f z^dz 

JOf-i)(«+i)*(«a+i)* 



The quotient is easily seen to be s - i ; and, by the method of Art. 38, we may 
assume 

«8 A B C Lz-^M 



(«-!)(«+ 1)2 («2 + I) »-I («+!)««+! ««+I* 

Hence (Arts. 37, 40), we haye 

Next, L and if are found by making s' s — i, in the equation 
a8=(i:z + Jf)(2-i)(a+i)2; 

.-. I =2(Za + if)(2+i) = 2{X«»+ (X + if)« + if}, 



which gives 



J + if=o, i-.if=-i; 



4 4 



In order to find the lemaining coefficient C, we make 2 = 0, when we get 

o = - I --4 + 5 + C+ if ; .-.(7=1. 

o 
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hence "we have 



8^ 1 I o s — I 



(2- i)(«+i)«(«*+i) 8(«-i) 4(a + i)-^"^8(«+i) 4{«'+l)' 

(,-.)(».t-.)'(^H-.) ="'+i'^(^-')+4Trr) 

+ 1 log (« + 1) - i log («• + I) + i tan-^r. 
004 

Heice 

1 7 TT":; "n* ulfw. - log . 

J (a?-i)2(« + 3) 2 '^iP+a x-i 



8. 



43. Multiple Imasliiary Roots. — To complete the 

diBOUsdon of the deoompositioii of the fraction ^^-7—, suppose 

the denominator ^{z) to contain r pairs of equal and imaginary 
loots, i. e. let the denominator contain a factor of the form 
\{x - ay + Vy ; and suppose ^(a?) = [{x-aY + li'Y ^i{i^) 
In this case we assume 

fix) _ LiX-\-Mi Inx + Mt 



{{x-ay+b'y<pi{x) {{x-ay + b'}'- [{x - ay + b^y-' 



LrX -{■ Mr P 

+ . . . + -, TT — 7-0 + 



{x-ay^V ^i{x)' 

the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, Xi, Mi^ Xa, Mi^ . . . 
when tne coefficients of like powers of x are equated on both 



To determine Zi, -Jfi, i2, &c. ; let the factor {x - ay + b^ 
be represented by X, and multiply up by X^j when we get 

^ = Zifl; + ifi+ (L2X + M2)X'^ &C. + (LrX + Mr)Xr-^ + ^V (l l) 
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The ooeffioients Xi and Mi are determined as in Art. 41. 
To find L2 and M2 ; differentiate with respect to Xy and sub- 
stitute a + J-v/ ~ ' for X in the result, when it becomes 

where aro = « + i\/ - i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of L2 and M2. By a second 
differentiation, Z3 and Mz can be determined, and so on. 

It is unnecessary to go into further detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <^(x) =0 are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms: 

dx dx {A + B)dx {Lx + M)dx 



x-a' [x- ay' {x - ay + 6*' { (x - af -^ b^ 

The methods of integrating the first three forms have been 
given abeady. We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a)dx {La + M)dx 



[{x-af-vVY [{x''a') + hY 
The integral of the first part is evidently 

-i 

To determine the integral of the other part, we substitute 
zioiX" ay and, omitting the constant coefficient, it becomes 



1 



(8» + bY' 
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Again 

f dz 1 r (s" + y - z^)dz If dz if z^dz 

But we get by iategration by parts 

J (s» + 6')'- " J ^ • (2» + by ~ 2(r - i) J V(2« + 6«)'-V 



e/2 
+ 



2 (r-i)(2* + *»)*-» 2(r-i)J(s« + 6y-^' 

Sabetitatiiig in the preceding, we obtain 

[ dz 2r~3 f dz z , 

J(2»+ 67 " lir- i)b^] (2* + S*)'-^ ■*■ 2 (r - i) J^ (s» + 6*)'-** ^^ '^ 

This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r - i . By 
BucoessiYe repetitions of this formula the integral can be re- 

dz 
duced to depend on that of ^-r — rrr. 
^ {z^ + b^) 

The preceding is a case of the method of integration by 
9ucee88ive reduction^ referred to in Art. 19. Other examples 
of this method wHl be found in the next Chapter. 

The preceding integral can often be found more expedi-,/, 
tiously by the following transformation :^-Substitute b tan ff 

dz 
for », and the expression j-^ — j^ becomes, obviously, 



.r-ij 



The discussion of this class of integrals will be found in 
the next Chapter. 

46. We shall next return to the integration of ^ / , 

which has been abready considered in Art. 39 in the case 
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where the roots of ^(z) are real. To a pair of imaginaij 
roots, a ±b V^- i, corresponds a partial fraction of the form 

{Aa^ ^■B)dx {Aa^-\-B)d x 

{(t'-ay + b''' ^^ ar* - 2ar» + c'* 

where c^ = a' + 6*. 

In order to integrate this, we assume a = c cos 2^, when 
the fraction becomes 

{Aop' + £) dx 



a?* - 20^0 cos 20 + c*' 

The quadratic factors of the denominator are easily seen 
to be 

ar* - ix^/o cos + t;, and ^ + 2a:\/c cos^ + c. 
Accordingly we assume 
Aq?^B Lx-^-M rx-¥ M 



a^ - 20^C cos 20 + C^ X^ - 2X ^C COS + C a:' + 2X^/c COS0 +c 

hence it can be seen without difficulty that 

4 C3 cos 2C 

and after a few easy transformations, we find 



1 



(-4a?' + B)dx ^ Ac- B . f x^ - 2a? y^ cos + g ^ 
^*-2ar*ccos 20 + c*^ " 8cos0ci ^^ \^a?^ + 2a? yJcos + c, 

:^il^ tan-> /^ 2^AAsin0 \ 

c^x" J' 



47. Integration of 



4sin0c3 

dx 



(x - a)*» (a? - 6)*^* 
This expression can be easily transformed into a shape 
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(a? - «)"• (a? - 0)^ 

which is immediately integrable, by the following substitii- 
tion: — 

AflBiiTne a? - a = (a? - 6) 2 ; then 

a-bz (a-b)z , a-b . (a-b)dz 

«= ; r.x-a^' —. x-b = , ax = -, -rr-i 

i-s 1-2 I -z [i - zy 

and the expression transf onns into 

(i - z)'''^^dz 
{a - 6)«+^is»»' 

Expand the numerator by the Binomial Theorem, and the 
int^ral can be immediately obtained. (Compare Art. 4.) 
For example, take the integral 

dx 

{x- ay{x-by' 

Here the transformed expression is 

(l - S)'^2 



{a-byz^' 
or 



I 



a? ~" fl 

Substituting z for 2, the integral can be expressed in 

X ^ 

terms of x. 

x^^^^dx 
48. Intesratioii of 



{a + cx^y 

where m and n are integers. 

Let a + ca? = z^ and the expression becomes 

(2 - a)*^dz^ 

a form which is immediately integrable by aid of the Bino- 
mial Theorem. 



58 Integration of Rational Fractions. 

It is evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 
•fi {xi OS dec 

( \^\n ®^^ ^® integrated by the same transformation, where 

[a T CiX/j 

/[aP] denotes an integral algebraic function of ar*. 



Examples. 

7-0 — :to. ^'w- -r-2 — ?\ + - + »^ log (»' - *'^)- 

(a^ - X'}* 2 {or — x^) 2 

Jt^dx I a 

{a + cxY " - 4C> {a + tfa;^)* "*" 6<j2 (« + ftB*)^' 

49. Integration of — — , 

a?" - I 

where n is a positive integer. 

Suppose a an imaginary root of a?~ - i = o, then it is evi- 
dent that a"^ is the conjugate root : also, by (3), the partial 
fraction corresponding to the root a is 

I a 

or 



na*^^{cc - aY n(x - a)* 

If to this the fraction arising from the root a'^ be added, 
we get 

I I a a^ 1 £ ^ x{a + a^) - 2 i 

w (a? - a a? - a"*)' n [aP - {a + a"*) a: + ij' 

But, by the theory of equations, a is of the form 

ikw y— . ikir 

cos — + V- I sm , 

n n 



dx 
Integration of-— . 59 

•JT ^ I 



where k is any integer ; 

2kir 



.'. a + a"^ = 2 COS 



n 



9 Jt'TT 

Henoe, if be substituted for — , the preceding fraction 

loeoomes 

2 ^ cos - I 



« ' aj* - 2a: COS0 + i' 

The integral of this, by Art. 7, is 

COS 0, , ^ ,. 2 sin , , /a: - COS 0' 

lofi:(i -2a:cos0 + ir^) tan^M — ?— jp- 

w ° ' II \ sm0 

There are two cases to be considered, according as n is 
even or odd. 

(i). Let n = 2r: in this case the equation ic^** - i = o has 
two real roots, yiz., + i and - i ; and it is easily seen that 



I 



dx i-a?-i i„ ^TT, , kir ,v 

= — log + — S cos — log (i - 2a? cos — + a:') 



a?*''-i2r°iP+i2r r ^ r 

/ kw' 

, / a? - cos — 

-ISsin^tan-' — ^1, (13) 

where the summation represented by 2 extends to all integer 
values of k from i to r - i. 

(2). Let ij = 2r + I, we obtain 

f dx \og{x- 1) I „ ikic . I 2kir 

— - — = -^-^ ^+ Scos log i-2a?cos^ 

js^^-i 2r+i 2r+i 2r+i °\ 



, , X - cos 

2 ^ . 2A;7r , , / 2r + I 

Ssm tan~* 



2r + I 2r + I I . 2kTr 

sm 

2r+ I 




60 Integration of Rational Fractions, 

where the summation represented by 2 extends to all integer 
values of k from i up to r. 

50. Intenratioii of , iirbere m Is less than n + i . 

As before, let a be a root, and the corresponding partial 

fraction is —zm -c or -7 r ; hence the partial fraction 

na^^ (x-a) n{x - a) ^ 

arising from the conjugate roots, a and a'^y is 

n\x-a x-aT^J n ar* - (a + a"^) a? + i 

_ 2 a;cosmO - cos(m - i)0 
w a?* - 2a;c6s0 + I ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

I i X "-QO&S^ 

-T-|cosw01og(a?*- 2a?cosfl+ i) -2sinwfltan"^ — ^~S"r ^^^^ 

n 
By giving to A all values from i to — i, when n is even, and 

from I to when n is odd, the integral required can be 

2 

Tnitten do^ as in the preceding Article. 
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Examples. 



^ _ ^ ^ ^ » »» alog(a?-3) + log(« + i). 

Cl^ + Ba^dx A. Ba-Ah. , . ^, 

!«*<& I, «- I \/l^ , / « \ 

•'*^+' 4y/2 a;«-»v/2 + i 2v^2 \i-W 

f (2a?-5)<fe 7 . ",_ /^-t-iN 

J(*+3)(*+i)»' " 2(*+i) + 7^ War 

I dx I I / a;* \ 

ir(a + *a^)«* " 2a(a + 6^) "*" i5 ^* \aT^j ' 

Idx 
4;(a + 2 



Let a + ^^ = «"a, and the tranflformed expression is - ^ ~ — . 



f Ox 2 (£+1)'. J.* 1 L 

12. Apply the method of Art. 47 to the integration of « ■ . 

The transformed expression is - - — ^—r^ — • 

f a^dx . I a:(i + ««) I , i + « 



2)' 
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Examples, 



14. Prove that 



Idx 



transforms 



into - n 



(i + z)^^*^-^dz 



gm 



if we make x = 



1 + z 



Jdx I XI 
-. — ; — —7 : . Ans, ; log sin r log 
8m;r(0 + 6 coso;) a-^-b ° 2 a-b ^ 



X 

cos- 

2 



log (a + b cosar). 



Multiply by sin x^ substitute u for cos x^ and the integral becomes 

J (I -u^)(a-^buy 



6. I — ; --: . Ana. - log sm- - log cos - + - log (3 + 2 cos a;). 

,7. ( /'-ftr » ^^tan-i (Ll;:)- I log ff^i^li) 



Let a?2 = -, &c. 

z 

18. Prove that 
dx 






2 cos 

2n 2» 



log (i- 

r 



2a; cos 



<^* -')%.») 



I ^ ._ (2A; -m i)ir 

94 



a? — cos 



2n 



+ - 2 sin ^— -^- tan-^ 



2» 



2n 



sm 



I 



2n 



where A; extends through all integer values from i to n, inclusive. 



'9- I.T 



rfa; log(i+a;) 



a;2»+i 2« + I 2« + I 



2 (lAr- i)x 

+ ' Ssin 



I _ (2A;-i)ir 
2 COS 



2n 



- i)ir, / (2A;— i)ir ,\ 

— ^logl i-2a;cosi —\-X' ] 

+ 1 \ 2«+I / 

(2;t-i)» 



X - cos 



2n t I 



2» + 



i ^"' ] . (2Ar - 1) 
I sm^ 

t 2»+ I 



2»+ I 
IT 



1. 



where k assumes all integer values from i to n inclusive. 
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CHAPTER ni. 

INTEGRATION BY SUCCESSIVE REDUCTION. 

51. Cases in wbleta sm*^0 cos'^defO Is immediately In- 

tegraMe. — ^We shall oommenoe this Chapter* with the dis- 
cussion of the integral 

/sin*"0 cos'^^rf^; 

to which form it wiU be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
nis an odd positive integer the expression sin*"0 QOB*^OdO can 
1)0 immediately integrated. 

For, if n = 2r + i, the integral becomes 

Jsin"»0cos''^^0rfe, or,jsin"»0(cos^e)''e?(sin0). 

If we assume ^2; = sin 0, the integral transforms into 

jar'{i -a^ydx; (i) 

and as, by hypothesis, r is a positive integer, (i - x^Y can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
X = cos 0, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, since 
other integrals of the same form require tiiis method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Examples. 



Av?BdB, Ana. cosd. 

3 5 



I- 



ojQ^Bcoa'Bde. 



}» 



3 5 

"To 8~* 



Ja.n'^ede I cos'd 
5T-. }} — -- + 2 cose . 

2 8m'9 2 axL^O 



;. (v/si 



sm^cos^defd. 



99 



6. y >» — ' 2cOBJe. 

Jvcosd 5 

7. j-^jg^. „ 3 8mie--8m*e. 

52. Again, whenever m + n is an even negative integer 
the expression sin"*0 oo^^ QdB can be readily integrated. 
For if we assume x = tand, we have 

cosfl = — ;i=z=, sin0 = -—==, and rf0 = 



and the expression transforms into 

sxf^dx 



— +1 

2 



(i + a?') 
Hence^ iim-k-n^- ir^ this becomes 

a form which is immediately integrable. 
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Take, for example, ttj-. 

^ J oos*e 

Let X = tand, and we get 

\a^{i-\-a^)dXy 

Next, to find -:—^ — r^. 

Making the same Babstitution, we obtain 



tan'0 tan>0 
or + . 

3 5 



1 



(i + a^Ycb 



X 

Henoe, the value of the proposed integral is 

tan^0 

+ tan*9 + log (tan B). 

4 

de 



^^8^'*^^^*1S59^^- 



/j a. ^\dx 

Here the transformed expression is ^^ — -j-^ — , and ac- 
cordingly the value of the proposed integral is 

-tan»9- ^ 



3 tanks' 

In many cases it is more convenient to assume ^ = cot 0. 

For example, to find -^—^ff 

Since rf(cot9) = - -r-^, if cot 9 = a?, the transformed 
integral is 

-|(x.<^)^,or-cot«-?f-*. 

The folloTving examples are added for illnBtration : — '- 
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J cos'^d 

r de 



J 81 



de 



Bin B C083 $ 



19^v^ede 
— r- 
cos'd 



f de 

J 8in*dcos*d* 



^- I: 



de 



smi^cos^d 



2 



Examples. 



Ans, 



tan^d 



, ^ 2tan3d tan»^ 
„ tand+ + . I 



tan'd , 
„ — --'+log(tana). 



» 7 tan^^. 



8 



>} 



- 8 cot 20 COt'ltf 



„ 2 tan* d f I + J 



When neither of the preceding methods is applicable, the 
integration of the expression sin'^d oo^^QdQ can oe obtained 
only by aid of successive reduction. 

We proceed to establish the f ormulee of reduction suitable 
to this case. 

53. Formnlie of Reduction for sin'^d oo^QdO, 

sin'^fl oos*^OdO = cos~-*0 sin*"flrf (sin 0) : 

consequently, if we assume 

sin«**e 
u = cos**"*0, V = , 

the formula for integration by parts (Art. 21) gives 

f • m/i nn^n cos~-^ fl sin*"*^ w - I r . 
I em^O ooB^'OdO = + 



«i+ I 



-j-j[sin««dcos'*-*0(3?0. (2) 
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In like manner, if the integral be written in the form 

~ 8in*^^0 oos**flrf(oos 0), 
we obtain 

(Bm-«cos»flrfe=^^^— ^ f 8in«^^e cos»«0rf0 - an^^^flcos;;^ ^^ 
J w+ij n+i ^ 

It may be observed that this latter formula can be de- 

rived from (2) by substituting — ^ f or 0, and interchanging 

the letters m and n in it. 

54. Case of one PositiTeand one ITegatiTe Index. 

— The results in (2) and (3) hold whether w orn be positive 
or negative ; accordingly, let one of them be negative (n sup- 
pose), and on changing n into - n^ formula (3) becomes 

f sin'^fl^ _ sm*^^ Q m-i C sin*"-'g ^ ,.. 

J ^^^^ "" (^-i)cos~-ifl " iT^J ^^8^ ' ^^ 

in which m and n are supposed to have positive* signs. 

sin*'*^ 
By this formula the inteirral of — -ri^dQ is made to de- 

^ ^ cos* 9 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If in be an odd integer, the expression is integrable im- 
mediately by Art. 51. If mbe even, andn even and greater 
than m, the method of Art. 52 is applicable ; if w = w, the 
expression becomes / tan*"0(/0, which will be treated subse- 
quently ; if n < w, the integral reduces to that of sin*^"*0 (ffl. 

Again^ if n be odd, and > »^, the integral reduces to — ;;— « ; 



♦ The fonnulsB of reduction employed in practice are indicated by the capital 
letters Ay B, &c. ; and in tiiem tiie indices m and n are supposed to have always 
positiye signs. By this means the formulse will he more easily apprehended 
and applied hy the student. 
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r sin***'***' d9 
and if n < m, it reduces to j: — -. The mode of find- 

J COS ^ 

ing these latter integrals mil be considered subsequently. 

A^ain, if the index of sin be negative, we get, by 
changing the sign of m in (2), 

f cos'^O ^ oos^^g n - I f cos^'-'O ^ ,^ 

Jsin*"fl ~ (m- i)sin"*~^0~ m-i Jsin*^'fl * ^ ' 

We shall next consider the case where the indices are 
both positive. 

55. Indiees both PositlTe. — ^If sin*"0 (i - cos^0) be 
written instead of sin"*** 6 in formula (2), it becomes 



I- 



• «/i «/ij/i cos"-* sin«»+^ 
sm*"0 cos"0rffl = - 



+ 



m + I 
n- I r . -./. / «o/i -./«v ,/» cos**-* sin"*+^ © 



+ 



- f sin"*0 (oos«-'0 - cos'^fl) dO = 
m+ I J m + I 

n - 



- — ^ fsin*«e cos~-*0t?e - ^- — ^ f sin"*e cos~0rf0: 
w+ I J m+ I J 



hence, transposing the latter integral to the other side, and 



dividmg by ^^-j-^, we get 



sm~9 oos"0OT = + sm»»©oos'*"*9rf0. ((7) 

J m+n m-i-nj ^ ' 

In like manner, from (3), we get 

f • m/j n/j j/i *^"^ f • «2/i n/ij/i sin~"^ cos*^© ,_. 

sm*»0 oos~0rf0 = sm*"-*0cos~0rf0 .(2)) 

J m->rn) m-\-n ^ ' 

By aid of these formulae the inte^al of sin'^ cos** Odd jb 
made to depend on another in which the index of either 
sin 0, or of cos 0, is reduced by two. By successive appli- 
cation of these formulae the complete integral can always be 
found when the indices are integers. 
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56. FommlaB of Reduction for sm** dO and oo^^OdO, 
These integrals are evidently oases of the general f ormulee 
(C) and (Z>) ; however, they are so frequently employed that 
we give the f ormiiUe of reduction separately in their case, 

f «/»j/i sinOoos"^>0 n-if ^,/i,/i /v 

eoB'^OdO = + oos*^^OdO. (4) 

J n n i 

Bm'^ddO = + sin^-'flOT. (5) 

J n w J 

The former gives, when n is even, 



I 



oos»erf« = — fcos-'fl + ^^ — ^ oos-^e 

n \ » - 2 

(«-!)(«- 3) ^,^g^^,\ 

(n - 2)(m - 4) / 

^(«-i)(n-3)(«-.5l.--:_Lg. (6) 

n(n - 2)(n- 4) ... 2 ^ ' 

A similar expression is readily obtained for the latter 
integral. 

Examples. 

t^ , ^ , sin d COS d/ sin* ^ sin'tf i\ ^ 
co6»«aiii«»<f9. „ {^— IJ--gj + l6- 

Isindcos^d/ « ?\ ? / . \ 

C08««rf9. „ g (cos^tf + -j + -:^(8mtfcosd + aj. 

57. Indices both UTegatiTe. — It remains to consider 
the case where the indices of sin and cos are both 
native. 

Writing - m and - n instead of m and w, in formula (C), 
it becomes 

f dO -J. n+ I f dO 

J Bin"'0 co8"0 " ^ + w) cos*»*^ fl sin'"-^^ m + n] sinT'O cos'^+^O ' 
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or, transposing and multiplying by , 

r rfO I m+n f dO 

J fourB oos~+-il " (w + i) oos""e sin"»-'e "^ w+ i Jsin*~ecos"fl* 

Agtdn, if we substitute n f or n + 2 in this, it becomes 



[ 



dQ 



6in*"fl cos" fl (^ - I ) cos~-' sin"*-> 

?» + n - 2 f c?0 



m + n- zC dO ,_. 

■^ n-i J sui^Ooos^* ^^ 

MaMng alike transformation* in formula (D), it becomes 

dO - I 



1 



sin*"0oos'*fl (w - i) sin"*~*0 oos""^0 

m + n- 2C dO 



+ - 
m 



n- I J sin*^*© cos**fl* ^ ^ 



In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultiniately to those of 

one or other of the forms — 7. or -: — j, : these have been 

COS0 sm0 

already integrated in Art. 17. / 

The f onnulsB of reduction for -r-^rj. and — -7; are so 

sm**0 cos*'© 

important that they are added independently, as follows : — 



* It may be observed that fonnulflB (S), (D), and (JP) can be immediately 
obtained from {A), (C), and {E), by interdianging the letters m and n, and 

IT 

substitating - ~ ^ instead of $, For, in this case, sin 9, cos 9, and d$, transform 

Z 

into cos ^, sin ^, and - d^, respectiyely. 
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J cos" 61 " (» - i) coeT' fl "*" n - I J oos'-*6l* ^^^ 

f (ffl ~ oosfl n - 2 f dO ,. 

It may be here observed that, sinoe sin'd + cos^d = i, we 
have immediately 

f dO f ff fl f (ffl ,. 

J sin«(? cos'»0 ~ J sin-^^e cob'*0 ^ J sin^fl oos'-'fl ' ^^^ 

and a similar process is applicable to the latter integrab. 
This method is often useful in elementary cases. 

Examples. 

f d$ _f siiie<^ f d0 i_ 

]an0coB^d~ ] eoa*0 Jsinfl^costf ^ 2' 

I de C mnOde f dO 

sm0oos^0~J co8^0 Jsm0oo8^0' 

and 18 accordingly immediately integrated by the last 

Ide . CO80 I, . « 

-r-T^. An%. - ^ . ^. + - logtan-. 

8m'0 2sm^0 2 2 

I <^ I CO80 3 

8in80co820' " CO80 2 sin* ''' 2 °^ l' 

58. Applleatlon of Hethod of DiflRerentlatloii. — 

The formulee of reduction given in the preceding Articles 
oan also be readily arrived at by direct differentiation. 
ThuSy for example, we have 

d^ /sin"*e\ _ msin"»"^6 n sin*""© 

SeVcos^ey cos"-^e "*" cos'^^^e ' 

and, consequently, 

J cos***^© " n cos^ 'n] cos**~^ 
This result is easily identified with formula {A) . 
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Aizrain. 
d 

li we substitute for oos^+^fl its equivalent oos**"^fl ( i - sin'^fl) , 
we get 

d 
^ (8in*"6 cos"0) = m sin*""^© oos**"^9 - (»i + w) sin'"+^0 oos**"^0 ; 

hence we get 

f sin'"*^^ (^o^^'OdO = - ^"^^^^""^ + _^ f sin~-^0 oos«-»0rf0, 
J m + n m + nj 

a result easily identified with (D). 

The other formulae of reduction can be readily obtained 
in like manner. 

59. Integratloii otian^^OdO and t — ^. 

These integrals may be regarded as cases of the preceding : 
they can, however, be amved at in a simpler manner, as 
follows : — 

Since tan^O = sec^fl - i, we have 

[ tan«0 rf0 = I tan'^-^e (sec'0 - i) rf0 = [ tan«-^0 d (tan 0) 

- f tan«-^fl dO = ^^^® - ftan'^-^e dO. (10) 

By aid of this formula we have, at once, 

f. «/i^/i ^^^"^'0 tan*»-«0 tan^^-^e ^ . . 

tan'^erffl = + &c. (ii) 

J n- I n- z ^-5 

(i.) If w = 2r + I, the last term is easily seen to be 

(- i)'^4off(cos(?). 
(2.) If w = 2rf the two last terms may be represented 

by (- i)'^^(tane-0). 
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In a Bimilax maimer we have 

J taii*e " J tan'»6l J tan**-'© " (n- i) tan^-^O J tan'^-^O* ^^^^ 

Examples. 

{taii'9 
taii*e rfe. uifw. iane + e, 

- I 



cot'0 
cot^e rf9. „ + cot e + tf. 



6o. Trigonometrical Transforinatloiis. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulee of reduction by aid of the 
transformations given in Art. 26. For example, if we 

assume x = a tan 0, the expression ; transforms into 

(a* + a^y 

rin"*0 co&^'^'^OdO (neglecting a constant multiplier). 

In like manner, the substitution of a sin for x trans- 

^ ., . afdx . , «"»-'•+» sin'"6 ^6 , .. 

forms the expression ; into ^^{e • *^^> " 

(a^ — od^)^ ^^® " 

« = a sec 0, the expression ; transforms mto — . ^^^ — 

(ic*-a-)' sm if 

(neglecting the constant moltipUer). 

A similar transformation may be applied in other cases. 

For example, to find the integral of - — ^, ; 

{2 ax ^ X j^ 

let X - la sin^d, then dx = ^asmd cos dO, 

and the transformed integral is 

2""a'»Jsin-»0rf0: 
accordingly the formula of reduction is the same as that in (5) ; 
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EXAKPLES. 

!x^dx . 1.3., a?\/i -a^ , ., 

(TT^i- ^'"- TTl "'" i (J + ^* '• 

^^;7==. .. jlog ^^. 

! dx X x^ 

The integrals considered in this Article admit also of 
a more direct treatment. We shall commence with the 
following : — 

61. Cases in ^irhieh ; Is imiiiediately inte- 

srable. ^ {a + cix?Y 

We have seen, in Art. 48, that the proposed expression is 
. integrable immec^atelj when m is an odd positive integer. 

Again, when m is an even integer, if we assume a + cx^ 
= (x?z^y the transformed expresssion is 



. 


(.'. 


n - 

-0)- 


- m 
2 


-3 

dz 




H 


t-m- 1 







a ' s~-* 



This is immediately integrable when n -m - i is even 
and positive, i.e. when m is either an even negative integer ^ 
or an even positive integer^ less than n - i. 



!».S 



-CI 1 ^ 1- (z^ -c)^ dz _ 

For example, becomes - ^.i^ , and 



(a + CX^)- „ 2 ^n-i 



a r 



accordingly is always integrable by this transformation, 
anoe n jb an odd integer, by hypothesis. 



Binomial Differentiak. 75 



I. 



I dx 
(a + «c2)5* 






(a + <a»)* 



f 



EXAHPT.ER. 






ulfM. 


a«(a + «r«j* j' 


C3^ ) 

3(« + «'))* 


w 




ACS ) 


» 


- (2a« + 3*2) 





r <fo 

4- 1- 

The differentials considered in this Article are cases of a 
more general class called binomial differentiab. 

62. mnomial BliKereittlals. — ^Expressions of the form 

in which m, n, p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials. 

Such expressions can be immediately integrated in two 
cases, which we proceed to determine by transformations 
analogous to those adopted in the prece^g Article: — 

(i). Let a + 6a^ = s ; then x = f — — |, 

1 



■n-l ^i 



hence a^(a + baf^ydx = ^ ^^^ . 

Consequently, whenever is a positive integer^ the 

transformed expression is immediately integrable after ex- 
pansion by the 3moimal Theorem. 
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(2). Again, if we substitute - for a?, the difEerential 
becomes 

This is immediately integrable, as in the preceding 

, - (np + m+ 1) . .i. . i . -I 

case, whenever —^-^ is a positive integer ; 1. e. when 

n 

+ JP is a negative integer. In this latter case the inte- 



n 
gration is effected by the substitution of z for ax"^ + b. 



I. 



2. 



3- 






dx 



\ — 

!dx 






r dx 



EXAIfPLES. 






9 




X 




" (i+a:8)*' 




(I + a^)^ 

^ ' X ' 




20^ 



When neither of the preceding processes is applicable, the 
expression, itp be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 



63. Redaetlon of 



(f^a^'dXf 



where n is an integer. 

Integrating by parts, we have 



f sf*^*^ ft f 

af^dx= \ixf'^^dx. (iz) 

J mm] ^ ^^ 

By successive applications of this formula the integral 

is made to depend on ^^ dx, i. e. on — . 

J «» 



Reduction of I af* {log xY dx. 77 



Again, to find — dx. 



- I 



Aflsuming u = e"**, v = ^ r;^i> ^^^ integrating by 

parts, we have 

IF' ~ (n- i)af»-^ "^ n- ij a^^ * ^^"^^ 



1^ 



Bj means of this the integral is reduced to depend on 

e'^dx 






X 



The value of this integral cannot be obtained in a finite 
form; it however may be eidiibited in the shape of an 
infinite series ; for, expanding ^ and integrating each term 
separately, we have 



1 



f^dx , mx m^a^ m^x^ - , ^ 

= loga? + — + z + 5 + &c. (15) 

X ^ I 1 . 2' I . 2 . 3* ^ ' 



The integral of cfaf^dx is immediately reducible to the 
jHreceding, since (f = ^^^^1^. Consequently, by the substitu- 
tion of log « for m in (13) and (14), we obtain the formula 
of reduction for 



I (faf^dx and -^dx. 



In like manner we have immediately 

je-^'af'dx= -e-'af^ + n je-^af^-^dx. (16) 

64. Reduetlonof jaf^(JiogxYdx. 

Let y = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

f af» QogxYdx ^ ^'(^^e^y ^ {(xf^aogxY-'dx. (17) 
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EZAMPLBS. 

I. \x^eP*dx. Ans. — {a:* ~-af +^-V- g- ^ ' V ' }» 

J a { a a* c^ ) 

65. Redaction of jfxf* ooQ axdx. 

TT f^ ji af'siaax n[ ^. . . 
Here af* cos axdx = af^^ sin ewjao? ; 



again 



henoe 



\af"^smaxdx = + x^^oosaxax^ 

J a a J 



f ^ - af^'^iaxBUiax -h noosax) w(w-i)r^. , 

|aJ"cosfla;^= ^^ ; ^ — ^Imf^^^QOBOxax. 

J a^ a^ J 

The formula of reduction for af^ ^axdx can be obtained 
in like manner. 

Again, if we substitute y ioi sin"' a?, the integral 

j {sia^^xYdx 

transforms into 

j y"" COS ydy, 

and accordingly its value can be found by the preceding 
formula. 

Examples. 
I. [s^coBxdx, u^»«. »38ma; + 3a;'cosd;-3. 2.«8ind;-3 .2 . 1 . cosjT. 

Ans, - X* CO8X + 4x^ Bin X + 4 . 2 .x-cosx-^. 3. 2. a; sin ^-4. 3. 2. i. oosx. 
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66. Keductloit of j e^ ooB^xdx. 
Integrating by parts, we get 

f , oos"a?e*^ nc 

\€i^oos''xdx = + - e^oos'''^xsmxdx. 

J a a] 

Again, 

e^oos*"^a?sina?(& 



1 



ef^ 008**"^ 



^^x fflTi X I r 

gfl* {cos"a? - (n - i) oos**"*a;8in'a;)e3te 

c"* 008*^^3? Bin a? (w-i)f ^* «, , *if -. - .T 
a a J a] 

sobstitating, and solving for / e^ cos"irfl^, we get 

« T €^oos^^x(a cos a? + w sin a?) 



f 



a^ + n' 



n(w - i) 



■^ — l^{^GOsr^xdx. (i8) 



The form of reduction for e'^ mn^^xdx can be obtained in 
like maimer. 

67. Redaction of / cos"* a; sin nxdx. 
Integrating by parts, we get 



1 



cos*"a? cos fw? mC , . , 

QOB^xsmnxdx = cos'^^ircosiiaysmajdir: 

n nJ 



replacing cos wa? sin a? by sin wa; cos a? - sin (n - i) a?, after one 
or two simple transformations we get 



1 



^ . , cos*^a? cos wa; 
cos'^arsm wa?oa? = 



+ 
m 



m + n 
m 



— I cos'"""*a?sin(n - i)xdx, (19) 



The mode of reduction for cos*^a? eos wa:^, sin*"a? cos nxdx, 
and sin*^^ eijinxdx can be easily found in like manner. 
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Examples. 



{giiT gin jy 
««* siji*xdx. Ana. (a sina? - 2 cos a:) + - 

4 + a* ^ ^ a 



2e^ 



t. I cob' d; sin 44? (fa:. 



4 + a* «(4 + fl*) 

cos^a; COB 4a; cos a; . cos 3a; cos 2x 

" 6 15 iT' 



er*coa^xdx. „ (cos' a; - sin la? + 2). 

5 

68. Redaetion by Diflnerentlatloii. — ^We shall now 
return to the discussion of the integrals already considered in 
Ar^. 60 and 61 ; and commence with the reduction of the 

expression 7 rrr. This, as well as other formulse of re- 

duction of the same type, is best investigated by the aid of a 
previous differentiation. 
Thus we have 



ax ( ^ ) ' (a + cjr*)* 

(m - i)of^~^{a + ca?) + caf^ 
{a + ax?)^ 



{a + ca^)^ {a + cx^)^ ' 

hence, transposing and integrating, we obtain 

r x^dx _^ af^^ (a + cji^)i (m-i)aC x^'^dx . 

J {a + ca?*)i " mc /?/c J (« + cx^)^" ^ ' 

By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ex- 
pression can be sdways integrated when m is a positive 
mteger. 

The formula (20) evidently holds whether m be positive 



Reduction 



f af* 
ionqf]-: — 



af^dx 



caj*)**' 



81 



or n^;ative ; aoooidingly, if we change m into - [m - 2), we 
obtain, after transposing and dividing, 

€lx {a + cs^)^ [m - 2)c 



f dx 



69. More generally, we have 



-2)c r da 






Henoe 



I aj~ (« + ean^^dx = 7 — ^ 7- 

J ^ ' (m+ 2»- i)c 

- , ^^"^)^ faj«^(« + ^)»-iefo. (22) 
(m+2«-i)cJ ^ ' ^ ' 

Oonsequently, when m is positive the integral can be 
zeduced to one lower by two degrees. If m be negative, 
the f oimida can be transformed as in the preceding Article, 
and the integration reduced two degrees. 

We next proceed to consider the case where n is negative. 

f af^dx 

70. IKedueltoit of 7 r-—- 

' - . J (« + ex) 

m and n being both positive. 

Hero f ^^ ^ f^i ^^ 

J (a + (Jjr*)" J (a + oa?*)*' 

Liet af^* = «#, and I ; r- =■ v* 



or 



- I 



and we get 
af^dx 






2(n- i)c{a + CO?) 



- af»-i 



n-i 



= r. 



fW - 



cap)" 2 (w - i)(j (a + ca?*)""* 2 (w 



7)cJ(a + caj»)«-^' ^^^^ 
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2d 

By sncoessiye applications of this form the integral admits 
of being reduced to another of a simpler shape. We are not . 
able, however, to find the complete integral by this fonntda, / 

unlees when « is either an integer, or iB of the fonn ^, whe«, " 

r is an integer. l! 

f af^dx 

7 1 . Reduetloii of 7 r rri. 

J (a+ 2&r + ca?*)* 

By differentiation, we have =' 

— [ixf^'^{a + ibx + ca?)^ = (m - i)aJ**"'(a + ihx + cxy^ 

af^^{b-\-cx) _ (m- i)aaf*"'^+ (2m- i)&i^^+weaj~^ 
[a + 2hx-¥ cx^)^ {a + 2bx+ ca?)^ ' 

- f af^dx af^'^ la + ihx ■¥ csi?)^ - 

hence 7 r ^rr = ^ - 

J (a + 2hx + car)* mc 

(2m-i)ftr oif^'^dx {m-i)a[ of*~^dx 



mc 



J (« + 25a? + caj*)i mc J (a + zbx + ca?*)*' ^ 



This furnishes the formula of reduction for this case : by 
successive appKcations of it the integral depends ultimately 
on those of 

xdx - dx 

and 



{a + 2bx + ca?*)i {a + 2bx + axi^)^' 

These have been determined already in Arts. 9 and 12. 

dx 

Afirain, the integral of -—7 7 tti can be reduced to 

the preceding form by making x = -. 

z 

72. The more general intecral 

ctf^dx 



1 



{a + 2bx + ca?*)** 
admits of being treated in like manner. 
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J (a + 20X + carY 

For if a + 2&p + ca?* be represented by jT, we have, by 
differentiatioii, 

£[—\ - (*^ " O^'^ _ 2(n~ i )x^^{b + ex) 

(m- i)3^*(g+ 2^a? + ca^) - 2(n- i)Q!f"'^{b+cx) 



(w-i)aaf^* 2b{m- n)sf^^ (2»-m-i)ftr** 

J^n y^S yrn * 



Hence, we get the f ormnla of redaction 

Caf^dx _ -af^^ 2{m'-n)b Caf^'^dx 

J "T*" " (2n-m-i)cr'»-^ "*" (2w-»i-i)cJ T» 

(m - i)a Caf*-^dx . 
"*■ (27^- w- i)cj "T^" ^^^^ 

By aid of this, the integral of ^^ , when w is a positive 

xdx dx 

integer, is made to depend on those of -^ and •;=^. Again, 

X dx 

it is easily seen that the integral of -=^ is reduced to that of 



txdx it{b+cx)dx bfdx 



-I bCdx . 

- - U^- (26) 



2 (» - i)c J*-' cj T»' 
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f dx 

73. Reduetlon of ;- 



+ 2hx + ca^Y' 



In order to reduce -7^^ we have 



d fb + cx\ _ c 
dx \W) " T» 



2» (6 + cxY 



'n+1 



_ c 2w (flkj - J*) 2nc 2n{ac- V) {zn - i ) c 

By aid of this formula of reduction the integral of 7=^ can 

be found whenever n is an integer, or when it is of the form 

f* 

- (r being an integer). 

f dx 
74. Reduetlon of 7 r r-, 

' J(«+6c0SiU)* 

when n is a positive integer. 

Let TJ= a + J cos a?, then -r- = - * sin iP> cos « = — 7 — . 

da> 

Again, by differentiation, we have 

d (sin a?) _ cos a? (n - 1)6 sin* a? 
Tx \U^^) " "^^ "^ W" 



COS a? (n- \)b (n - \)b cos*a? ^ 



77"— /7 

substitute — ? — for cos a; in the numerators of these fractions, 


and we get 
d{wix\__\ «__ (n - i)ft n - I 2(w-i)a 

(w - i)a* _ - (n - 2) (2w - 3)a (n - 1) (a' - 6*) 
bW" bU"^^ "*" JZ7''»-^ JP^ • 



Bedtuition 



ion of 1 7 



dx 



6 cos a?)** 



85 



HencSi transposing and integrating, we get 

Cdx - bmix (2» - 3)a f d 

J ^ " (n - I ) (rf^ - y ) Cr«-^ "^ (»- i){a'^b') J "^ 






w - 2 r efo 



(28) 



By this formula the proposed integral can be reduced to 
depend on 



1 



dx 



a + booBX* 



the yalne of which has been found in Art. i8. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than by as follows: — 



dx 



dx 



{a + booBxy 



X 



{a + b) cos* - + (a - 6) sin'-| 



dx 



( 



-4 cos*- + 5sin'- 
2 2 



.n 



( 



xV^ 
I + tan* - 1 dx 



^ + 5tan* 



j)" 



(where A = a -h by B = a - b). 



X \A 
Next, assmne tan - = /-^ tan 0, then 



( 



I +tan' 



f>-ji< 



I + tan*^)c?^: 
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and we get 

I + tan*- j dx /"J ( ^ "*" "r t*^'^ ) ^^ 



A + Biosi?- 



x\ SB ^"Beo*'»-'*0 



2 {B cos*^ + ^ sinV)**-^ (^0 

Hence, replacing A and jB by a + J and a - J, we get 

[ dx ^ r (a - 6 cos 20)**-^ (/^ . , 

J(a+6cosa:)""^J (a* - 6^)"-^ ' ^^^^ 

When n is a positive integer, the integral at the right- 
hand side can be found by expanding (a - J cos 2^)**"*, and 
intes;rating each term separately by formula (4). 

Again, if in (28) we make h = a cos a, and 2<^ ^y^ we 
obtain 

( dx if 

J (I -^oosaoos.)" = ri^^aj ^' -^-^Vr'^y^ (3°) 

where tan^^ tail «tan^. 

2 2 2 

Hence, if we take o and - as limits for x. we have 

I ; x7= . 2L1 I (^ -cosacosy)'»-^<?y. 

J (i + cos a cos a?)" sm'''*"*aJo 



76. Integratloii of 



^ {x)^a-\-2hx-\-c{x^ 



We shall conclude this Chapter with the discussion of the 
above form, where /(^) and (^{x) are supposed rational alge- 
braic functions of x. 

li/{x) be of higher dimensions than 0(a;), the fraction 
may be written in the form 



<^{x) ^(a;)' 
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Agshiy since Q is of the form^ + qx •¥ nx? + &o., the inte- 

gratioa of can be found by the method of 

^/a + 2bx + c«* 

Art. 71. 

p 

The fraction —r~\ ^®^ ^^ decomposed by the method of 



6{x) 



partial fractions (Chap. II.). To any root a, which is not a 

if 

multiple root, corresponds a term of the form , . and the 

X — a 

corresponding term in the expression under discussion is 

Adx 



{x - a) v^a + zbx + car* 



The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 



{x - aYva + 2bx + cm^ 

This is reducible to the form of Art. 71 on making 

ji* - a = ~. Again, to a pair of imaginary roots corresponds 

an expression of the form 

{Ix + m)dx 
[{x - aY + /3'} \/a -¥ zbx + c^ 

If % be substituted for x- a^ the transformed expression 
may be written 

{L% + M)dz 

(z^ + P') ^A + iBz+'C^' 

where X, jSf, -4, B, (7, are constants. 

To integrate this form ; assume* z = j3 tan (0 + 7), where 



* For this simple method of determiniiig the integral in question I am 
indebted to Mr. Cathcart. 
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is a new variable, and y an arbitrary constant, and the 
transformed expression is 

[Lfi sin (g + y) + Jf cos [0 + y)]dQ 

/3yulcos*(fl + 7) + 2Bfi oos(fl + 7) sin(fl + 7) + (7/3* sin'(fl + 7)* 

A&fain, the expression under the square root is easily 
trans&d into "^ ^ 

^{^+ (7i3' + (-4- C)3*) cos 2(0 + 7) + 2^)3 sin 2(d + 7)) 
= ^r^ + (7/3'* + cos 20 [[A - (7)3^) cos 27 + 2J?/3 sin 27} 

+ sin 20 {2J?)3 cos 27 - (^ - C7/3*) sin 27} . 

Moreover, since 7 is perfectly arbitrary, it may be assumed 
80 as to satisfy the equation 

2J?/3 cos 27 - (-4 - (7/3*) sin 27 = o, or tan 27 = ^ '1^^ : 

and consequently the proposed expression is reducible to the 
form 

(X^cosO + M' ^mS)dQ 

yp+ Q cos 20 

(in which i', M\ P and Q are constants), or 

Vd (sin 0) __ Jtdjfio^ 0) 

v/P+Q-2Qsin»0 yP-Q+.2Qoos*0' 

each of which is immediately integrable. 



ExampkB. 89 



I. I eo6>9 sin 29d9. Ans. — cos^tf. 
J 5 



1. (si 



BSR^eeosflede. 



" 1 F 



3. \ an^ecos^ede. „ - ^ jcos2d--co8'2d + ico8«2«| 



fcos^Bdd cob' 9 
"3i-:r-* >i + co8d + 



J Bind 



3 



log(tan0. 



5- I^- " H^-!^«0^e-f^^**^6) 



•'(i+r»)5 \5.3 3 /(!+«*)* 

J n(p+i){p + 2)b* 

8. I r*coB^xdx. „ — J3(8in«-cosa?) + cos'«(3 8ina:-oosa;)j. 

If f ^ _ -^ f <fg 

J sin'"9 coB"0 ~" Bin"^*d cos»-i J 8in"^*0 cos»»d' 

determine the yalnes of A and 3 by differentiation. 

"• \', ::^- ^fw. 2tan--«. 

J (1+ cose)* 2 

, _ f sin*'*0 d9 » , , f Bin*"A ^0 

12. Prove that the integral 1 7 -r- transforms into 2'»-»»*^ I — =^^— ^, 

rhere 9 = 2^. 
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Am, — — + J tan-i J ( -— r ) tan -J. 

i/tan -\ 
(5 + 4 cosO)' 9 5 + 4 cos e 27 \ Z J 

15. I (am'^j?)*da; = « {(ain'^a;)* -4.3. (sin-^a;)* +4.3.2.1} 

+ 4\/i - ** sin'^a? {(sin'^a?)* — 3.2}. 

/(cos x)dx 

16. Prove by Art. 74, that any expression of the form -. r r- is 

^ '^* i^ 1- («+dC08«)* 

capable of being integrated when /(cos x) consists of integral powers of cos x. 

17. Show, in like manner, that the expression 

f(coBXfanx)dx 
(a + b cos «)» 

can be integrated when /(cos x sin x) consists only of integral powers of cos x 
and sin jp. 

J (a + /8a:)(a + te + tfa;') 

r <fa 

J a + 3a? + ««** 

find the values of P, Q, and JS. 

f<fd ^ (a + i)0 (fl?-6) sm2^ 
. ^ns, ' r- — r 1 
(a cosse + * sin2 0)^ 2 (a*)* 4 (a*)« 

where tan ^ = /. tan e, 

20. Find the values of « for which f ■ ■ is integrable in finite 

terms. 

21. Prove that 

I : — ; :- - . o , ■ I (i - cos a cos yY'^dy, 

J (I + cos a cos xY sin*»-io J ^ ^i * 
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CHAPTEE IV. 

INTEGRATION BY RATIONALIZATION. 

77. Integratloii of Honomlals. — If on algebraic expres- 
aon contain fractional powers of the variable x it can 
evidently be rendered rational by assuming x = 2*, where n 
is the least common multiple of the denominators of the 
several fractional powers. By this means the integration of 
Bach expressions is reduced to that of rational functions. 
For example, to find 

(i + a^)dT 



1 



I + oc^ 

Let X = s^, and the transformed expression is 

2^(1 + z)dz 



1 I + 



z" 



Gonsequentiy the value of the integral is 

-^ + 2iP* - 4irf + 4 tan"*^(a:*) - 2 log (i + a^). 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + ^ is immediately reduced to the preceding, 
by the substitution of s f or a + bx. 

Examples. 
,. [ -f!^ Ans. l^^^IHil^ + 6x« + 8^ + 16]. 

w^-i 5.7 •■ 

xdx 2 (2a + bx) 



IXi 

(» + 



(« + bx)^ '* *' A/a + bx 



^ x + ^/x-i V3 ^ V3 ' 
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78. Ratlonalizatloii of F{xy ^/a + 2bx + ca?)dx. It 
has been observed (Art. iS) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 

a single radical of the form ^a + 2hx + ca^j where a, J, c are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Beduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* —7-^—-== can be made ra- 

^^K^) ya + 2bx+ca^ 

tional in several ways, which we propose to consider in 
order : — 



(i). Assume ^/a-^- ihx-^-ax^ = z-x ^s/o. (i) 

Then a + ibx = s* - ixz ^c ; .*. hdsxi - zdz - v^ (^^2 + gdfc), 

or dx{b -h z a/c) = dz{z - a? y^) = dz ^/a + 2bx + ca^ ; 

dx dz , . 

(2) 



^/a + 2bx + cx^ b-{-z^o 



y - a 



2{b + z^/c) 

This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 



* It will be shown subsequently that the integration of all expressions of 
the form 

JF{x, *s/ a + ihx + ftp') dx 

is reducible to that of the aboye when J^ is a rational algebraic function. 

It may also be observed Uiat, in general, the most expeditious method of in- 
tegration in practice is that of successiye Beduction (Arts. 71, 72, 76). 
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When J = o, we get 

das dz - «' - a , * . x 

:, and X = (see Art. 9). 



V^a + ca^ Z\/c 2z*y~c 

'Sij aid of the preceding substitution the expression 



tcansf OTins into 



(a? -p) */a + 2hx + ca:* 



(Art. 13) 



«* - 2zp ^/c - a - 2p6 

6^ 



For example, to find — . 

J (^ + go?) v^ I + ar 

-- a* - I - efo 2cfe 

Here a?= , and 



2Z ' (^ + ga?) a/i +a?» g»^ + 2pz- q' 

:. f ^^== = -4= logfg^-^^-^^'') . 

J (i> + ga?) a/i + ir^ VP^-^t \qz-\-p + yp^ -{-q^J 

When the coefficient c is negative the preceding method 
introduces imaginaries : we proceed to other transformations 
in which they are ayoided. 

(2). Assume* ^/a + 2 Ja? + co^ = y/a + xz, (4) 

Squaring both sides, we get immediately 

26 + ca? = 22 ^/a + xz^ ; 
/. dx{c - 2*) = 2dig(\/a + xz) = 2dz ^a + 2Ja? + ca^. 

Hence —y==== = • (5) 

V^fl + 2Ja? + ca?' c-^ 



* This is TedQcible to tlie preceding, by changing x into -, and then em- 
ploying the former traiviformation. 
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And a> = i(iv^. (6) 



c -Z^ 



This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



J X\/ I - x^ 



Assume v i - a?* = i - ^rs, and we get 

1 ;;7fe = j Y = io»« = log C-^4^) 

(3). Again, when the roots of a + 2fta; + Ciz?* are real, there 
is another method of transformation. 

For, let a and j3 be the roots, and the radical becomes 
of the form 

a/c {x - a) (a? - /3), or ^c{x - a)(j3 - ^), 

according as the coeflScient of a?' is positive or negative. 

In the former case, assume ^/x - a = is ^/x - /3, and we 
get 

a- Bz^ y ^ a - S <3?iC 22C?2 

0? = ^ ; hence x-Q = ^ ; .*. pj = •«. 

Accordingly 

dx dx 2 dz 



\/c{x-a){x-(i) 2(a?-j3)\/c y^i-z^ 
In the latter case, let ^x - a = 2 v /3 - a?, and we get 

a +)32' 



(7) 



a? = 



I +J5*' 



and . ^^TT" -^ ^ -7= • (8) 
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?or example, the integral 

dx 



J(p+ 



{p^^qx)^/l -0^ 

transforms into 

2dz 



\{p+ 



on making x = 



2* - I 



2* + I 



The student can compare this method of integrating the 
preceding example *with that of Art. 13, and he will find no 
difficulty in identifjdng the results. 

It may be observed that in the application of the fore- 
going methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
inu^maries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 



/ 1 IT /6' -ac-icx - bf 

V - a + 20X - car, or J ^ — 

is imaginary for all real values of x unless J' - ac is positive ; 
i.e. unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that the 
expression 



F{xy ^/a + 2bx + CiT*) dx 

can be always rationalized ; F denoting a rational algebraic 
function of x and of \/a + zbx + cx\ 
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EXAJCPLES. 

. Am, — -^ log 7=. 

(2 + 3a?) \/ 4 -a:* 4\/2 v^4+2a;+v/2-« 

Assume 2 = (a' + »')i + a;, and we get for the yalue of the proposed integral 



r 



2 . 2 a* 

3 S ^ 



2 flj« + a? v^i2 + «* - 2 



3. I oaf V a; + v 2 + «*. ^>w, 

4. f »» {(a* 4- «*)* + a?}*»<fo. 

Making the same assumption as in Ex. 2, the transformed ezpressioiL 10 

which is immediately integrahle when m is dk positive integer. 

f dx [(i + g»)i 4- a?>^^ [(I + g»)* + »y^ 

^ 

y^a + 2to + M?2 (v/a + 23« + ««* ± x^/cf 

Let 'v/a + 23a? + «c» + « v * = ^ then, as in Art. 78, we get 

dx ^ dz 



s/ a\ 2bx + ex^ b ±z y^o 

hence the proposed expression transforms into 

dz 
P^{b±zy/c) 



— > 
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79. Seneral InTestfsatloii. — The following more 
general investigation may be worthy of the notice of the 
flfcadent. 

Liet jS denote the quadratic expression a + zhx + csi^\ 

then, since the even powers of ^/1R are rational, and the odd 
contain ^/lR as a factor, any rational algebraic function of x 
and of ^/R can evidently be reduced to the form 

where P, Q, P', Q' are rational algebraic functions of x. 
On multiplying the numerator and denominator of this 

fiaction by the complementary surd P' - Q' v P, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

where M and N are rational functions. 

The integration of Mdx is effected by the methods of 
Chapter II. 

Also r'^^^^l^yW" 

which is of the form 

f{x)dx 



1 



0(a?) ^/^^¥2bx^¥^ 

Let, as before, ^a + zhx + car* = vc{x - a){x - j3), and 
substitute ^t — ^7 rs instead of ar, when the radical becomes 

A +2flZ + vZ 
\/g{x-a\^-t-2(/i-a/)g + (y-ayTg'}{\-iBV-f2(/ii-iB/)g+(y--/8iO^ 

V + 2ufz + VZ\ 

(9) 

Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously beoomes 
rational. 

[7] 
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The simpleBt method of fulfilling these conditions is by t 
reducing one factor to a constant, and the other to the term ii 
containing 2'. 

Accordingly, let 

X - aX = 0, II- ail =0, |i - ^fi =0, v - /3i/' = o ; 
or A* = 0> II = Oy X = aX', V = j3v'. 

On making these substitutions the expression (9) becomes 

X + v'z' X' + v'z' 

In order that v - cX'v' should be real, X'and v must have 
opposite signs when c is positive, and the same sign when c 
is negative. 

It is also easily seen that without loss* of generality we 

may assume X' = i, and v' = ± i. 

a-Bz^ 
Hence, when c is positive, we get a? = — ^-t-> ^^^ when 

1 — z 

c IS negative, x = ^ . 

These agree with the third transformation in the preced- 
ing Article. 

More generally, when the factors in (9) are each squares, 
we must have 

Ou-a,x7-(X-aXO(i;-ai/0=0, 
or f^-Xv^ {\v + vX - 2fif/) a + (ji^- XV) a' = O, (lo) 

and a similar equation with j3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ba + ca^ = o. 



/«« 



♦ For the substitutioii of y* for —7- transforms 

z r-r- into r ; .'. &C. 
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Aooordingly (lo) is satisfied if we assume the constants 
X, fly &o., so as to satisfy the equations 

/Lt*-Xv = a, X'v4-Xl/'-2/U/x'=26, fl^-W = C. (ii) 

Ag^ain, solving for z from the equation 

x{X' + 2fAZ + vV) = X + 2/is + vz\ (12) 

we obtain 

=-v/a+ 2Aa? + caj^. (13) 

Also, by differentiation, we get from (12), 
(X'+ 2/iz + vz^)dx= 2 {ju + vs -a?(/ti'+ v'2)}c/s 

= 2 V'a+2J^+Cfl?(3fe; 

• _^ 

\/a+ 2bx-¥ca^ X' + 2/3 + vV 

Now, since we have but three equations (i i) connecting 
A, fly &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
fonnations. 

(i). Let a be positive, and we may assume v = o, and 
fi=o; this gives 

fi =■ ydy Xv = 2J, X'l/' = — C. 

Again, without loss of generality, we may assume v'= - i, 
which gives 

X = - 26, X = c; whence x = ^ — - — -^ 



(14) 



and 



c -Z' 

dx 2dz 



*ya + 2hx + cx^ e - s*' 



These agree with the results in (5) and (6). 

[7aJ 
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(2). In like manner, if be positive we may assume 

v' " o, /tc = o, and v = i, 
which gives 

1/ = v^c, X = - er, and X = 2b; 

%' - a , ete dz 

.'. X = ;=-, and 



as in (2) and (3). 

It may be observed that since these results do not contain 
the roots a and j3, they hold whether these roots be real or 
imaginary ; as already shown in Art, 78. 

it is easily seen that if we make ju = o, and fi = o, we 
get the third toansformation. 

80. If the expression to be integrated be of the form 

f{x)dic 



^a + 2bx-^cx* 



where f{x) is a rational algebraic function of ir, it is often 
more convenient to proceed as follows : — 

The substitution of is — for a? transforms the proposed 

c 

mto ^ ^ ^ where a = • 

If the even and odd powers be separated in the expan- 
sion of /*( s - - ), it can plainly be written in the form 

0(2^) + z^p{z% 
and the proposed integral becomes 

r <t,{z^)dz C z\P{z^)dz 
J ^a' + cz^ J y^a' + cz^ 

The fo rmer of these is rationalized (Art. 24), b y making 
\/c^ + cz* = y«, and the latter by making \/^a' + cz^ = y. 
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It may be observed that in general the expression 

/{a^) dx 

is also made rational by the transformation 



\/a + ca^ = (ty, 

8i. Case of a Recurring Biquadratic under tlie 
Sadical Sign. — ^As the solution of a recurring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
mtegral (Art. 28), in which the biquadratic imder the radi- 
cal sign is recurring, is reducible by the corresponding sub- 
stitution. 

Writing the expression in the form 

A(x)dx 4>(x)dx 
iLLJ. _.^ or •'-^^ 



* X \a\ or} A- — \ 



Ja(x^^r^^2b(x+'^ 



+ c 



and, assuming a? + - = s,the radical becomes A/as* + 2 ^s + c - 2a; 

X ^ 



and also 



— fir — ) = dz. 
X \ xj 



Consequently, in order that the transformed expression 
should he of the required type, it is obvious that ^ {x) must 
be reducible to the form 



( 



x-r\fL^L]. 



(x--)/(x + -]dx 

In this case - / V ^ ^Z 

V a + 2bx-\:cx'^-h 2ba^-\-ax* 

transforms into — — "^^^^ 

^az^-h 2bz-\-c - 2a 
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In like manner, the Expression 

^a+zbx^'Cx^-zbix^+asif' 

f(z) dz 
transforms into y - j ty tt© assumption 

vaz^ - 2^15 + 2a- c 
I . 

X = 2. 

CD 

When b = q the expression can in some cases be reduced 
by assuming either 

ar or 

EXAHPLES. 



^ X^/l + 



I. I ^ — Am* log 



iC* 



a; 



3. I y }» log 



X 



J a?v/i +a:4 

t^ dx I ,_ v/ i+a^4-g\/2 



f I + a;2 <to I 



This and the preceding were given by Euler {Calc, InU^ torn. 4} : the 
connezLon, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 






X 



Let ^ + :^ = Zi &c. 
ar 



'■ I 



{x^- i)dx 



a?'v/(«* + CUP + 1) («* + iBa; + i)' 



Ans, 2 log 



a; 
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Aflsiiine x = (i -^-'j^)^ sm 0, &c. 



II. 



f i — " «^Y — ^Y 

J (i + «*»){(! + ««»r - «'}* MI +«^)V 



12. 



AwmTno i + je = s". 

^3" J{l-:E*)(i+ar*)r 

f (i + ai*)&; ^ jp 

I (i+g*)>ito 

2\/2 \ i-«" / 2^^! -s/i + a;* 

16. [-L^l^ ^ _ . 

J I+atfar + ar2 y^ i + aa* + 2te« + 2«;r3 + ar» 



II - «»» dir 

I + ac* -V/ I + 2«p2 + a* a;* 

><«* ' , irv^2 (c - «) + a/i + 2tf«* + a«a^ , 

\/ 2(<?-a) ° I + aa;* ' 

I . (x*y2{a-c)\ . 

„ — r ■ sin"^ ( —^ — ^— - — I , when a> c. 
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CHAPTER V. 

MISCELLANEOUS EXAMPLES OF INTEGRATION. 

^ _ , . _ (Aqo8cc-\- B smx-\- C)dx 
82. Integration of ^ ; — : — . 

acoBx + 6 sina? + e? 

Let a coBic + b siax + c = Uy then - a sin. x + b qoqx - ■-=-, 
Next assume 

A coBx ■{■ B siax + C = Xu + fx--^ -^Vf 

CUJP 

m 

and, equating coefficients, we have 

-4 = Xa + /u6, B = \b - fittj =Xc + v* 
Solving for X, /u, v, we get 

Aa + Bb _ Ab-Ba _ {Aa + Bb) c 

T-r , (-4 cos a? + -B sin a? + (7) (^^ 
Hence * 



r (-4 cos a? + B sii 
J acosa; + b si 



sina; + c 



(Aa + Bb)x Ab - Ba ^ f , . . 



{a" + 6^ ) (7- (^fl ^Bb)c[ dx 



«- 



a' + 6^ J a cosa: + 6 sin a; + c' 

The latter integral can be readily found ; for, if we make 
a = r cos a, 6 = r sin a, we get 

a cos a: + 6 sin a: = r (cosa; cos o + sin a? sin a) = r cos (a? - a). 



/(cos *c sift i)c\ doc 
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a cosa? + 6 sma? + c 



1 



On making a? - o = 0, the integral reduces to the form con- 
sidered in Art. i8. 

Ab a simple example, let us take 

{A-\-B tan x) dx 
a '\- b tan x 

TT A + B tan x A oosx + B Binx 
Here ____ = 

a + b tana? a cos a? + b sina? 

and we evidently have 

'(A-{-Bts3ix)dx iAa + Bb)x Ab-Ba, , , . x 

. a^btan^ ^TW "^ -^r^log(acos^+JBm^). 

83. Integration of /(<">«^> ^i"'^)^ . 

a cos a: + sm a; + c 

where /is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume x = + a^ and the 
expression becomes of the form 

(cos 9, sin 9) d9 
Acos9 -\- B 

Again, since sin^ = i - cos'^ 0, any integral function of sin 
and cos can be transformed into another of the form 

01 (cos 6) + sin 02 (cos 9), 

Accordingly, the proposed expression is reducible to 

01 (cos 9) d9 02 (cos 9) sin 9 d9 
Acos9-\-B Acos9-*'B ' 

The latter is immediately integrable, by assuming 

-4 cos + £ = s. 

To integrate the former, we divide by -4 cos + By and 
integrate each term separately. 
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84. Integration of 

/(00s x)dx 

(ai + 61 cos x){a2 + 62 cos a:) ... . (a„ + 6» 00s a?)* 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos x and decompose 



by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A + B oosa?' 
each of which can be immediately integrated. 



'•I 



ExiJCPLES. 



0OBx{s + 3 cos a?)' 
dx 



10 ® \i -sina;/ 10 \ 2 / 



Idx 
. 2 , . . r, when a>6. 
ea^x (a -f 6 cos x) 

. b-acoBX i* ./b + acoBx\ 

An», COS"* I ■ I . 

(a2-J2)8ma: (a« - J*)* Va + 6cosa?/ 

Jdx . tana; d , I-k x\ ^ f 
r— 7 r r. -4#W. rlogtan(-H — |+— I 
cofl»a;(a+dcosa:) a a* ^ V4 2/ a«J 



a+dcoBo; 



85. Integration of {/(a?) +/'(ir))e*tf^. 

The expression eFPdx is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P = f{x) ■\f{x\ 

then J d'Pdx = / e'f{x) dx + j ^f(^x) dx. 
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Again, integrating by parts, we have 

j €f'f{x)dx =f(x)€i' - j e'f{x)dx. 

Aocordingly, 

For instance, to find 



J (I 


X 

+ xy 


dx. 




X 


I 




I 



{i + xy I + a? (i + xy ' 

consequently the value of the proposed integral is — 



EXAKPLES. 
I. I 0* (coBJP 4- siiLa;}<^. Ans. e^emx. 



X 



3« l^; ^*^« >» '^ — T";- 



I' (jfp) 



»> 



I + X'' 



86. mflRerentlatloii under the Sign of Integra- 
tion. — ^The integral of any expression of the form 0(.r, a) dxy 
where a is independent of Xy is obviously a function of a as 
well as of X. 

Suppose the integral to be denoted by F{xy a), i. e. let 

F{Xy a) = ! ^{x, a) dXy 
then ^{-F(^>«)) =0(^>«)- 
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Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 

d^'. F{x,a) _ d . 0(a?, a) 
dadx da ' 

or (Art. 119, DifE. Calc), 

d^ fd . F{xy a)\_d.^ {xy a) 
dx\ da J da ' 

Consequently, integrating with respect to x, we get 



d . F{x, a) Cd . ^(ar, a) 



=1 



da da 



dXg 



i.e.^|0(.-,a)^=|^^rf=r. (i) 



In other words, if 

u = jfp{x, a)dx. 



then 



du rc?0 
da ] da 



provided a he independent of a? ; in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 



u X d-<t^{x,a) 

«"J da- "^^ ^^^ 



where t^ = J 0(0:, a) dx^ a being independent of x. 
For example, if the equation 



e^dx = 

a 
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l)e diSerentiated n tunes with respect to a, we get 



k'"*'- {DXt) 



-<-m 



(See Art. 49, 'DiS. Calc.). 

Again, in Art. 2 1 we have seen that 



1 



^ . , €1^ (amimx-moosmx) 

€i^smmxax = — ^ — 



w* + a* 



Accordingly, 

d\[€f*^ (a sin «M? - w cos ;wa?)' 



U^e«*sin;wirdir = f — j (- 



w* + a^ 



We now proceed to consider the inverse process, namely, 
the method of integration under the sign of integration. 

87. Integratloii under the Sign of Integration. — 

If in the last Article we suppose <^{xy a) to be the derived 
with respect to a of another function v^ i.e. if 

then v = j^{Xfa)da. 

Also by the preceding Article we have 

— M t?efe j = J ■£ dx=U(x, a)dx = F(^x, a). 

Henoe vdx = jP(a?, a) da. 

In other words, if 



jP(ic, o) = (a?, o) dx^ 
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tixen |^(.. «).«=}[/♦(., «)*.]e^. (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of sudi 
application will be given in the next Chapter. 

88. Integratloii by Infinite Series. — ^It has been 
already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In sndi 
cases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral oif[x)dxm the 
form of an infinite series consists in expanding /(^) in a 
series of ascending powers of x^ and integrating each term 
separately : then if the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion oif{x) be a 
convergent series, that of jf{x)dx is also convergent. 

For let 

f{x) = ao + ttiX + a^x^ + . . . ttnixf^ + &c., 
then 



1 



f{x) ax = aoX + — + + . . . + + . . . 



w + I 



Now (Diff. Calc, Art. 73), the expression for /(a?) is 

ft Ql* 

convergent whenever -^ is less than unity for all values 

of n beyond a certain number ; and the latter series is con- 

ft ax 

vergent provided — be less than imity, under the same 

n •\- 1 afi^i 

conditions. 

Accordingly, the latter series is convergent whenever the 

former is so. 
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Ill 



EXAHFLES. 



f dx « I «• 1 . 3 «w I . 3 « 5 «" ^ . 
I. I = - + + 1- 1- ac. 

'Vi — «* I a6 2.4 II 2.4.616 

Idx /-'. — / I sin'a; i . 3 8in*ar \ 
= a\/8ma; I i + + +. . . J. 

(I +«ir»)«a?"»-i<fe = ipm f _ + £ + ^^ ^\ + &c. 1 . 

* \« ^m + M I. 2. J* m + 211 / 

89. Sxpanston of log (i + 2 m coBo; + n/") dx. 

We shall oonolude by showing that the integral 

log (i + 2mcoBa; + ni?)dx 

can be exhibited in the form of an infinite series. 
For we have 

I + 2m oosx + w' = (i + meF "^)(i + mer^'^^). 

Hence 

log (i + 2wcoSiP + m^) = log (i + m^"^) + log (i + me'*^'^) 

= m {(f"^' + e-*"^) ~{^^-^e^ + &c. 



-( 



m^ 



m^ 



mco^x cos 2a; + — cos 3a? - &c. ). 



Accordingly 
|log(i+2wcosa?+m'*)cte=2(msinaj-w'* — 



sin 22; «sm32; 



- . (4) 



This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be 
easily obtained. 
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[ ^^^\ [ e~^^\ 
For I + 27W cos a? + w' = i»'( I + ) i + 1, 

and accordingly 

, , ox , /cosa? cos 2a? cos 3a? « \ 

lOfffl +2WC0Sa? + «j') = 2l0fl:W + 2 r-+ r--aC. . 

Consequently, when m> i, we have 

fi t •., , /sina? sin2aj sinaa; \ 
log(i + 2mcosa?+m')cte=2a;lofl:w+2 r-r+ ,\, -... . 

From the above it is easily seen that the integral 

Jlog(i + acosa;)cte 
can be exhibited in the form of an infinite series when a is 
less than imity : for making a = 5 we have 

log (i + a cosa;) = log (i + 2m cos a; + n?) - log (i + m*). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan -. 
Making this substitution in (4), we get 



log(i + sinacosa?)c?a? = 2aj logf cos- j 



+ 2 



(tan - sina- - tan* ^ + &c. j. (5) 



ExanupkB, 
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EXAXPLES. 



-\ 



(2co6ap+ 3amg)<fo ^ _ i2« 5 



3C0B«+2sma; 

e 



-4fi#. log (3 COS* + 2anx). 

13 13 

„ -tane-i- — j:itan-*(tantfv^2). 
2 2y^a 



J I - Bm*( 

4- I -: X :— :; = zl0g(l + COStf) + -l0g(l - CO86) - -log (l - 2 008 6). 

J8in20— fin^ 6 ° ' a ^ 3 



\/i + 



5- 



$ $ / * 9 

mn-teoi-dd /i-sm- 

= log ( I ] + --- log 



I + em - 
2* 



a/3 am- + I 
a 

/- • ^ 

V a sin I 



6, When a:* < i, prove that 
dx 



I 



a; I «* I . 3 x^ I . 3 . 5 a;i3 

^ — ^ — -|- >— — — — ^ —^—^^— — + , , , J 



V^i +a;* I 25 2.49 2. 4. 6 13 
and whan «> > i 



I 



<£k _ I I I I . 3 I 1.3.5 I 
V^ I +a5* X 2$sfi 2 4 9«9 2.4.6 13a;" 



7. Prove that 



(b + xY 



and detennine when the series is convergent, and when divergent. 
8. Prove that 



• • • i> 



I 



If + e^*" . „ ^ Sin <0 \* + I* Bin I 
sin^ <od<o = + 



(i> 



M+i 



I . 2 



M + 3 



u+5 



1.2.3.4 /* + J 
Substitute o» for sin-^a? in the expansion of e^**" ^'{Dif, Cole., Art. 87), &c. 

I /i + 2 



^ I 



e^_,-^ A sin'^^^w X(x2 + 22)6in'***a, 



sin' 



1.2.3 M + 4 



t+6 



X(A2+22)(\2 + 42)8in'*''« ^ 

+ :r- + &c. 

1.2.3.4.5 /* + 6 

[8] 
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CHAPTER VI. 



DEFINITE INTEGRALS. 



90. Integratloii regarded as Snmmatloii. — ^We have in 
the commencement observed that the process of integration 
may be regarded as that of finding the limit of the sum of 
the series of values of a differential/ (a?) ^;p, when x varies by 
indefinitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose ^\x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and x^ ; 
suppose also that X - Xq is divided into n intervals Xi - «o, 
X2 - Xiy X3- Xiy . , . X - Xn-\ ; then by definition (Diff. Cialc, 
Art. 6), we have 

»(a?i)"»(a?o) ^ ,, . 

Xi- Xq ^^ ^f 



in the limit when Xi = Xq; accordingly we have 

*(^i) - W = {Xi - Xo){^\Xo) + 60), 
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where co becomes infinitely small along with Xi - ^o. Hence 
we may write 



where co, £1 . . . 6»-i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

^ (X) - (iTo) = {Xi - Xo) <l>\Xo) + {X2- Xi) j^(Xi) + . . . 

+ (X~ a^i) ^'Ca^n-i) + {xi -iTo) £0 + (a-a -ar,) €1 + . . . + (X-a;„_i) Cn-i. 

Now if 1) denote the greatest of the quantities €0, fi, . . . fn-i, 
the latter portion of the right-hand side is evidently less 
than (X - ^0) 1 9 ^^'^ accordingly becomes evanescent ulti- 
mately (compare Diff. Calc, Aft. 39). 

Hence 

f (X) - ^ (a?o) = limit of [(a?i - x^ ^\xo) + (iTz- x^ ^\xi) + . . . 

+ (X-ar„.i)0>„.i)]» (0 

when n is increased indefinitely. 

This result can also be written in the form 

(X) - (xo) = S0'(a?)efo, 

where the sign of summation Sis supposed to extend through 
all values of x between the limits Xo and X. 

91. Definite Integrals, Iiimits of Integration. — 

The result just arrived at, as already stated in Art. 31, is 
written in the form 

/(Z)-/(a%) = r/Wrf;r, (2) 

where X is called the superior, and Xo the inferior limit of the 
integral. 

f8a] 
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Again, the expression 






dx 



is called the definite integral of f^{x)dx between the limits Xq 
and X, and represents the limit of the sum of the infinitely 
small elements {x) dxy taken between the proposed limits. 
From equation (i) we see that the limit of 

(^1 -^o)/(^o) + (^2 - iX!i)/{^i) + . . . + (X ^ ^«-i)/(a?ii-i), 

when Xi - XoyX2- Xi, . . . X - Xn-i become evanescent, is got 
by findhig the integral of /'(a?) dx (i. e. the function of which 
/"{x) is the derived), and substituting the limits a?o, X for x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 

/w-/w = (V(^)^. (3) 

in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq may be assimied arbitrarily, /(ii?o) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the fimction is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should ohserve that in (3) the letter x which ."iands for the 
- - - f'(x 



superior limit and the x in the element f*(x) dx must he considered as being 
entirely distinct. The want of attention to this distinction often causes much 
confusion in the mind of the beginner. 
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• i: 



EXAVPLES. 






V « + a + v « -» 

' Jo a2 + aj8' 



i- c 



dx 



v/a« - a*' 



6. I ^««d^(apo6itiYe). 
Jo 

fi dx 

Jo I -^^x coa<b + x^' 



8. 



Jo I + 



dx 



la? cos ^ + »** 

9. I €"** Bill fnx dx. 
Jo 

10. I r^'cosfiwp^fe. 9, -o . ., 

Jo «^ + *»' 



9) 


2a 




v 


}» 


2 




I 


)) 


a 




1> 


9) 


2 Bin ^' 







)} 


sin^* 




m 


» 


«2 + m*' 




a 



It. 



{. = — = , when ac ^h' is positive. 
., a-\-2bx + ex^ ^ ae - b^ 



92. To proTe that 

Jo ^ ^ Jo ^ ^ w(n+i)..(w + w-i/ 

ifAtfn w ffwc? n are positive^ and mis an integer. 
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The first relation is evident from (31), Art. 32. 
Again, integrating by parts, we have 

r of* m — 1 C 
of-' (i - x)'^-^dx = - (i -x)""-' + \(xf'{i - xj'^-^dx. 

Moreover, since n and m - i are positive, the term 
a^*(i - a?)"»"^ vanishes for both limits ; 

(1 m - I r^ 
ixf-'{i-x)"'-'dx = af{i -xY^'^dx, 
.0 ^* Jo 

The repeated application of this formula reduces the in- 
tegral to depend on a^+^-2 dx^ the value of which is . . 

Jo tn •\' n ^ 1 

Hence we have 

1; 

This formula, combined with the equation 

j aj«-' (i '-x)'^'^dx= \ cif^'{i - xy-^dx, 

shows that when either m or n is an integer the definite 
integral 

ri 

can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 

Examples. 

'• I a^(i -xydx. Ant, 

Ja ^ ' 7.7.1 



o^-K I - x)-^-' dx = / '2^^... {m i) ^^ 

n(n + i) . .. . (n + m- 1} 



I. I «*(i -«)*<to. 



3-7. ".13 
" S. 7.9. 13. 17' 
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w^xdx and < 



93. Talues of ^ax^xdx and ao^^'xdx. 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
oonsidered in the commencement of Chapter III. 

We begin with the simple case of 



IT 

I ^iiH^xdx. 



If in the equation (Art. 56) 

cos X sin'*^*^? 



f . ^ , cos a? sm'*^*^? n - i f . 

I sin"^ cw? = + 81 

J n n ] 



siibP^xdx 



IT cos X sin**"'.?/ 

we take o and - for limits, the term vanishes 

2 n 

for both limits, and we have 



ir » 

I sin**d?tfa? = mi^~'^xdx. 

Jo n Jo 



Now, if fi be an integer, the definite integral can be 
easily obtained ; its form, nowever, depends on whethw the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2m ^ 
then 

mi^^xdx = sin^"*"^a:rfir. 

Jo 2m Jo 

Similarly, 

IT V 

sin^'"-*a?c^= -\ &iv?"'-^xdx\ 

Jo 2m-2jo 

and by successive application of the formula, we get 



I 



2.4.6.... 2m 2 
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(2). Suppose the index odd, and represented by 2m + i, 
then 

ir V 

Jo 2W+1J0 

Hence, it is easily seen that 



ir 



[W'»«;rdb. = ^-4-^---\ ^"^ ,. (6) 

Jo 3 . 5 . 7 . . . .(2OT+I) 



Again, it is evident from (31), Art. 32, that 



ao^^xdx = \ sin**a?e&, 

and consequently (5) and (6) hold when cos x is substituted 
for sin x. 

94. IiiTestigatioii of siDJ^xQOfS^xdx. 

Jo 

From Art. 55, when m and n are positive, we have 



v 



Wi^xGO^^xdx = sin"*a?co8'*~'irdSi?, 

Jo m + wjo 

tr ir 

and sin"* a? cos** a? dx = sin"*"' a? cos** a? dx, 

Jo w + wJo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 



* The result in this case follows also immediately from Art. 92, by making 
cos^ii; = 2 ; for this substitution transforms the integral into 

Jl *»-! 

(i -«)«« » dz. 
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For, writing 2i?» + i instead of m, we have 



JO 

Hence 



fBin"*"a?cos'*iPcfe = 8in'"'"*a?oos"a?(&. 
,0 2W + n+lJo 



(BVD?^^^XQO^xdx 



JO 



imlim-i) .... 2 f 2 . . , 
^ £ — ^ ^ smxQO^xdx 

+ n+ i)(2w + n- i) . . . . (n+3)Jo 



(2m 

2.4.6 ... (2m) 



(7) 



(n + i)(n + 3) . . . (w + 2«t+ i)* 
In like manner, 

9 re 

I Bin'**a?co8'**a:efo= —7 r sin*"*a?ooB***''a?(&. 

Jo 2(w + w)Jo 

Hence 

V IT 

f * • 2« on ^ I . 3 . 5 . . . (2n - i) f 2 . ,« , 

Jo (2m+2) .. . (2m+2«)Jo 

^ 1.3.5... {in- 1) . I . 3 . 5 . . . {2m- i) ^ . 
2.4.6 (2m+2n)'2' ' 

in which w and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0, we get 



w 



Jo(l+iC*)" Jo 2 . 4 . 6 . . . (2^-2) 2 ^""^ 

ra at 

Similarly, by a? = a sin 0, \ of* (a* - x^Ydx transforms into 

^n+m+iKinn(JooS»»*^0rfO. 
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In like manner | {lax - oiP)^dx^ 



on making x = a{i - cos 0), becomes 

IT 

Jo 

The expressions for these integrals, when m and n ar^ 
fractional in form, will be given in a subsequent Article. 



Examples. 



IT 

sin^^ C06^« dx. Am. 



.. f'si 

Jo 

t. I fOJD^X 

Jo 



COS 



?« dx. 



3. jjsin'^-i 

4. I (' - a;*)"*?^- 



"^afcos**-^**?:!:. 



3-5-7 • " 

5 . 10 . 20 . 30 . 40 
" 9. 19. 29.39.49' 



I . 2 . 3 . . (m — i) 



ft . (n+i) . . . (» + m- i) 
2.4.6... (2n) 



^- 1: 



" 3-5- 7 . . • (2»+ j)' 
I a;2"£f« I . 3 • 5 • • • (^^^ - l) 



}9 



-v/i-ar^ 2.4.6... 2» 

1 .t2»+i £fi; 2 . 4. . 6 . . . 2» 






» 



v/l -«*- * 3 .5 .7 . . . (2»+ I) 

7. Deduce Wallis's value for » by aid of the two preceding definite integrals. 
• a?*dx J 2.4.6... (fi— I) I 



8 



\. . Ans. y » 

l(a + ixr" 3. 5.7.... » a/"*"' 

when n is an odd integer. 

9. I a^{2aX'-x^)^dx, 
J 
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95. Talue of I er^af^dxy when n U a posltiTe intecer. 

In Art. 63 we have seen that 



1 



e-*af*dx=--e^(xf^ + n 



er'af^^dx. 



Again, the expression -^ vanishes when a; = o, and also 
when a; = 00 (DifE. Calo., Art. 94, Ex. 2). 

Hence er^oifdx^n e-'af^^dx. (10) 

Jo Jo 

Consequently c^a^efo? = i . 2 . 3 . . .n. (11) 

Jo 

Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a? = as we get 

J>.«cf. = ^-^;^.---" , (12) 

in which a is supposed to be positive. 

Again, to find af^ Qjog xY dx \ let x = e^", and the in- 
tegral becomes ^ 

(- 1)» r e-^^'^y^ z^ dz = (- 1)- V'^'^ ;:;/' . 

Jo (m +!)'»*' 

Since log a? = - log f - 1, this result may be written in the 
form 

[;.'-(iogiY.fe=iiii^. (.3) 
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/•« 



The definite integral e^af^'^dx is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of w, it is denoted by the symbol r(w), and is styled the 
Gamma-Function. 

It follows from (lo) that 

r{n+ i) = nr[n). (14) 

Also, when n is an integer we have 

r(n + i) = I .2.3 .. .n. (15) 

Again, when x is less than unity, we have 

I 



1 - X 



= I + a? + a?'* + iT^ + &o ; 






•1 ^/j. fi 
logx = loga?(i +a? + a?' + . ..)dx 

I "~ i^ Jo 



II \ tt' 



(by a well-known result in Trigonometry). 
In like manner we get 



[ 



^ log xda^ _ it' 
^0 I +x ~ 12 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this Chapter. 



* The integral I «"»"* (i — a;)"-' dx, considered in Art. 92, is sometimes called 
Jo 

the First Eiilerian Integral ; we shall show suhsequently how it can he ex- 
pressed in terms of Gamma- Functions. 
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Examples. 

Am, I . 2 . 3 . . . M. 

I • 2 ... If 



.. j;{iog(i))"<^*. 

Jo !-*• 



3 



f^ log* J «» 



f> «fc (log «)»•-» , , ,r I I -\ 

96. Ifu and V be both Junctions of a?, and if v preserve the 
same sign while x varies from Xo to Xy then we shall have 



rX rx 

I uvdx = U \ vdXf 

J '0 J J^o 



where IT is some quantity comprised between the greatest and the 
least values ofuy between the assigned limits. 

"FoTy let A and B be the greatest and the least values of 
Uy and we shall have, when v is positive, 

Av > uv > Bv ; 
when V is negative, 

Av <uv < Bv. 

Consequently, for all values of x between Xo and X the 
expression uvdx lies between -4«;flb and Bvdx, and accord- 
ingly, if the sign of v does not change between the limits, 

rx ^ ex rx 

uvdx lies between A I vdx and B\ vdxy 

which establishes the theorem proposed. 
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Cor. If f{x) hQ finite and continuous for all values of x 
between the finite limits x^ and X, then the integral 



fA' 

f{x)dx 



/ 



will also have a finite value. 

For, let A be the greatest value of /(a?), and B the leasts 
ex 
then f[x) dx evidently lies between the quantities 

ex rx 

A dx and B\ dx; 

.-. I f{x)dx>B{X-x^) a.ni<A{X-Xo). 

97. Taylor's Theorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor's series. 

For, if in the equation 

rx+h 
/(X + /0-/(X)=J^ f{x)dx 

ive assume x = X + h - z,we get tf^ = - dz, and also 

[X+h rh 

I f{x)dx = \ f{X-\-h-z)dz; 

.-. /(X + h) -/(X) = {\r{X + A - z)dz. 
Again, integrating by parts, we have 
f{X + h-z)dz = s/(X+A-s) + J zf\X + h- z)dz. 



1 



Hence, substituting the limits, we have 



J^ /(X -\-h-z)dz = hf[X) + (* zf\X + A - 2) dz. 
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In like manner, 

which gives 

[^ zf\X+h^z)dzJ-f{X)A^'^^r\X+h-z)dz', 

J ^ 2 J 2 

and so on. 

Accordingly, we have finally 

/{Z+ A) =AX) + ^/(X) + -^/'(X) + . . . + -^/(-)(Z) 



.j^/(-)(Z.A-c)-^^. (.6) 



I' 

This is Taylor's well-known expansion.* 

98. Remainder in Taylor's Theorem expressed 
as a Definite IntegraL — ^Let Bn represent the remainder 
after n terms in Taylor's series, then by the preceding Article 
we have 

ii, = \fi-){x-vh-z)r—^. (17) 

Jo M W- I ^ 



There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
For, by Art. 96, we have 

J 1 . 2 . 3 . . . (w- i) I , 2 ., .n 

where U lies between the greatest and least values which 
/'C»)(X + h - z) assumes wmle z varies between o and h. 



♦ The student will observe that it is essential for the validity of this proof 
(Art. 90), that the successive derived functions, /'(^})/"(^)y &c., should be 
finite and continuous for all values of x between the lixnits X and X + h. 
Compare Articles 54 and 75, Diff, Gale. 
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Hence, as in Art. 75, Diff. Calc. (sinoe any value of z between 
o and h maybe represented by (i - 0) A, where 0> o and< i) ; 
we have 

Rn = /('»)(X + Bh) 

1 • 2 • • • 7v 

where 9 is some quantity between the limits zero and unity. 

99. Bernoulli's Series. — If we apply the method of 
integration by parts to the expression /(a?)(fa? we get 

J f{x) dx = xf{x) - f xf{x)dx ; 

.-. 1^ f(x) dx = Xf{X) --j^ f{x)xdx. 
In like manner, 

JO 1.2 Jo 1.2 

and so on. 

Hence, we get finally 

[""rndx = ^/(X) - ^f{X) + -f^/"(X) - &c. ... (1 8) 

JO I 1.2 1.2.3 

Compare Art 66, Diff. Calc, where the result was obtained 
directly from Taylor's expansion. 

100. £]Leeptlonal Cases In Definite Integrals. — 

In the foregoing discussion of definite integrals we have sup- 
posed that the function f{x)^ under the sign of integration, 
has a finite value for all values of x between the limits. "We 
have also supposed that the limits are finite. We purpose now 
to give a short discussion of the exceptional cases.* They may 

* The complete inyestigatioxL of definitb integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to 
M. Moigno's Calcul Intkgral^ as also to those of M. Seiret and M. Bertiand. 
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be classed as follows : — (i). When/(a?) becomes infinite at 
one of the limits of integration. (2). When/(^) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral f{x)dx may still have a 

. . J*® . 
finite yalue, or it may be infinite, or indeterminate : depend- 
ing on the form of the function /(a;) in each particular case. 
The following investigation will be found to comprise the 
oases which usually arise. 

10 1. Case in ^rliich/(;r) becomes infinite at one of 
flie Utniits. — Suppose that f{x) is finite for all values of x 
between Xq and X, but that it becomes infinite when x = X. 

The case that most commonly arises is where /(a?) is of 

the form /y w ? ^ which \l/{x) is finite for all values 

(JL — X) 

between the limits, and n is a positive index. 

Let a be assumed so that \P{x) preserves the same sign 
between the limits a and X; then 

f^ \P{x)dx _ f^ \l,{x)dx f ^ xl,{x)dx 
],^(X^'''l,{^'^r''L{X-xr 

The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(i). Let n < I, and also let A and B be the greatest 
and least values of \l/{x) between the limits a and X : then, 
by Art. 96, the integral 

I /^ \^ hes between A 7= r- and-B 7= — r-. 

Moreover, since n < i, we have evidently 

dx {X- ay-'' 



I 



{X-xY I -n 



and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > I, and, as before, suppose A and B the 
greatest and least values of ^(^) between a and X; then 

7^ — ^ li®s between -4 7= r- and J5 ,-= r-. 

Again, we have 

dx I 



I 



(X-a?)» (n- i)(J-a?)'-^' 



Now 7= — r-T becomes infinite when x == X. but has a 

{X - a?)'*-* * 

finite value when a? = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When /i = I, TY- — r = - log (X - x). This becomes 

infinite when a? = X ; and consequently in this case also the 
proposed integral becomes infinite. 

The investigation when f{x) becomes infinite for a? = aib 
follows from the preceding by interchanging the limits. 

102. Case where /{x) becomes infinite betweeM 
the liimits. — Suppose f{x) becomes infinite when x ^ a, 
where a lies between the limits x^ and X; then since 

I f{x) dx = \ f{x) dx +\ fix) dx, 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if we suppose /{x) = ^^ ^ , it follows, as in 

the last Article, that f{x)dx has a finite or an infinite 

value according as n is less or not less than imity. 

The case in which /(a?) becomes infinite for two or more 
values between the limits is treated in a similar manner. 



Case of Infinite Limits. 



131 



For example, if 



f{(h) = 00, /(«2) = 00, . . . /{an) = 00, 

iriiere ^, 02 . . . rir^ lie between the limits X and ^0 > then 
\f{x)dx=\^f{x)dx+\y{x)dx + &o. + \ f{x)dxy 

each of which can be treated separately. 

103. Case of Infinite Idmito. — Suppose the superior 
limit X to be infinite, and, as in the preceding discussion, let 

/{») be of the form , ^ ^. , where \p{x) is finite for all values 



dx. 



(x-a) 



As before, we have 



f{x)dx^\ /(a?)efo+ f{x)dx. 

JXq J Xq J a 

The integral between the finite limits x^ and a has a finite 
Talue as before. The investigation of the other integral con- 
sists again of two cases. 

(1). Let w > I, and let A be the greatest value of -^{x) 
between the limits a and 00, then 



{x - ay 



But 



, is less than A 

f-^ dx _ ^ r I I 

J« {x - af " n - I L(a - «)'*^' " (X - 0)""^ * 



The latter term becomes evanescent when X= 00 : accord- 
ingly in this case the proposed integral has a finite value. 

^ In like manner it is easily seen that if n be not greater than 
unity, the definite integral 



1: 



dx 



{x - ay 

[9a] 
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has an infinite value ; and consequently 

'* \p{x)dx 



I 



[x - ay 



is also infinite, provided \p{x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 



I 



\l/{x)dx 



'0 (a? - «)* 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity : \Ij{x) being supposed finite, 
and Xq being greater than a. 

If X become - oo, a similar investigation is applicable; for 
on changing x into - a*, we have 

-X 



f{x)dx = -\ f{-'x)dxj 



in which the superior limit becomes oo. 

104. Principal and C^eneralTalues of a Definite 
Integral. — We shall conclude this discussion with a short 
account of Cauchy's* method of investigation. 

Suppose /(a?) to be infinite when a? = a, where a lies be- 
tween the limits x^ and X ; then the integral f{x)dxia re- 
garded as the limit towards which the sum 



f{x)dx+ f{x)dx 



approaches when c becomes evanescent ; n and v being any 
arbitrary constants. 



* This and the four following Articles have been taken, with some modifica- 
tions, from Moigno's Cakul IniigraU 



Principal Value of a Definite Integral. 133 

This value depends on the nature of /(a?), and may be 
finite and determinate, or infinite, or indeterminate. 

If we suppose ju = v, the limiting value of the preceding 

lom is called the principal value of the proposed integral ; 

wbfle that given above is called its general vsdue. 

ex j^ 

For example, let us consider the integral — . 

J-Xq ^ 

Also, making x = - Zj 

— islogi — ); while 

its general value is log f — J + logf-j. The latter expres- 
sion is perfectly arbitrary and indeterminate. 

Again, let us take --z. 

J-tq or 

But f^ = I-^;andr 1^ = 1-1; • 

Jk, or vs JL J^o or fit Xo 

(-^ dx ^. ., [ I I I I " 
.*. -^ = Imut — + = . 

Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 



-^ efo? -. ., ^ I / I I I I 
— = limit of — + •==- 1. 

Hence the general value of the integral is infinite, while 



t 



its principal value is - ( — - —\ 

2 \Xq JL J 

It may be observed that the principal value of 

[^ dx. , . [^dx 



"^ 



This holds also whenever fix) is a function of an odd 
order: i.e. when/(- x) = -f{x). 
For we have 

I f{f>)dx = yf{x)dx + I f{x)dx. 
But r f{x)dx=-[ f{-x)dx = ['■f(^-x)da; ; 

J -*o -^ *o Jo 

.-. p f{x)dx = p {/(ar) +/(- ar))^;r. (19) 

J-^Q Jo 

Accordingly, if /(- x) = -/(a?), we get 



J-^Tf 



/(a?) dx= o. 



Again, if /(a?) be of an even order, i.e. if /(- x) =/(a?), we 
have 



f{x) dx= 2\ fix) dx. 



105. mingular Definite Integral. — The difference 
between the general and the principal value of the integral 
considered at the commencement of the preceding Article is 
represented by 

f{x) dx. 



To + fit 
Jo + fe 



in wliioh/(a) = oo, and e is evanescent. 
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Such an integral is called by Cauchy a singular definite 
ktegraly in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

1 06. Infinite Idmito. — ^If the superior limit be infinite, 

z 

we regard f{x) dx as the limit of f{x) dxy when c becomes 
evanescent. 

Also f(x) dx = limit of f{x) dx when c is evanescent. 



fie 



In the latter case the value of the definite integral when 
/li = V is, as before, called the principal value of 



L 



f{x)dx. 



In this we assume that /(a;) does not become infinite for 
any real value of x. 

107. Example. — Suppose =^^ to be a rational algebraic 

J^ \Xj 

fraction, in which /(a?) is at least two degrees lower in a? than 
F{x)^ and suppose all the roots of F{x) = o to be imaginary, 
it is required to find the value of 



1 






Prom the foregoing conditions it follows that '-^^ cannot 

° ° F{x) 

become infinite for any real value of x : accordingly the true 

value of the integral is the limit of 



1 



fit 



when € vanishes. 
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To find this value, suppose ^~-t decomposed by the me- 
thod of partial fractioiis, and let 



x- a - J-v/- I a? - a + Jy/^ 
be the fractions corresponding to the pair of conjugate roots 

a + b^- I and a - b^- i, of F{x) - o ; 
then the corresponding quadratic fraction is the sum of 

and 



X 



- a - b*y^\ a? - fl + J\/- I 



2 A ix- (i)-\- iBb 
i.e. ^ 



{x - of + 6' * 



I 
•'• T : 7^ — 7^ = 27r5 when c vanishes. 

I 
f" 2^(a; -a)<fa- tju' (i - avt)' + y^V ) 

'*■ J, J. (a- - «)" + J' " ^^ (p' (i + afitf + 6ye'i 



N M* 



= 2^1og -, when « = o. 
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Hence J_^ ^ (a.-«r^fc' 2^1og^^j + 2»5. (20) 



**« 



Now, suppose F{x) to be of the degree 2n in x, and let the 
TalneB of A. and ^S, corresponding to the n pairs of imaginary 
loots, be denoted by Aiy Aty . . . Any and Biy £2, . . . ]S», re- 
^ectively ; then we have 

X 

+ 2ir{Bi + ^2 + . . . + Bn). 
Again, since /(a;) is of the degree 2n - 2 at most, we have 

Ai + A2 + , . . + -4|, = o. 
For, if we clear the equation 

/(a?) 2Ai{x-ai) + 2BA , , 2 An {x - an) + 2Bnbn 

+ . . . + 



J?(a?) (a; -«,)' + *!' (a!-fl„)» + fe 



2 

n 



from fractions, the coefficient of a?*^^ at the right-hand side is 
evidently 

2 [Ai + wiia + . . . + -4«) ; 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case. 



J 



•^^''' dx '^ 2ir(£i + Bt + . . . + £„). (21) 



..F{x) 



* It may be observed tbat wben f{x) is but one degree lower than J'(«), 
tbe principal value of I ^ ' dx is still of the form given in (2 1). 
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We proceed to apply this result to an important example. 
1 08. Talue of r- ^rhen m and n are Positive 

Jo I+iC"** • 

Integers, and n > m. 

Let a be a root of ar^** + i = o, and, by Art. 37, we have 

Jim ^2m+i 

A - B^/- I = r— r '■= . 

Again, by the theory of equations, a is of the form 

(2A;+i)7r / — . {2k + i)ir 

cos ^ ^— + ^- I sm ^^ ^— , 

2n 2n 

in which k is either zero or a positive integer less than » ; 

.-. 0'^'"+^ = cos (2A; + i) + a/^i sin {2k + i) 0, 

2n 

Hence 5 = — ^^ ^ ; and accordingly we have 

2n 

5i + ^2 + . . . + -B» = — {sinfl + sin30 + .. . +sin(2n-i)0}. 

2n 

To find this sum, let 

iS = sin0 + sin30 + . . . + sin(2n- i)6; 
then 

2iSsin0 = 2sin'0+2sin0sin30 +. . . + 2 sinOsinf2n- i)9 
=? I - cos 2O + cos 20 - cos 40 + . . . + cos (2» - 2) - cos 2nO 

= i-cos2«0=2sin'n0 = 2sin'(2/»+ i) — = 2 ; 



.'.S^-^ 



BinO . {2m -\- i)7r 

sm^ 

2n 



4oTT^-''" 
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A.ooozdmgl7, we have 






_, I +{r^ . {2m+ l)7r 

2n 
Qenoe, "by (19), 

Joi +ic^" ""21^1+ a?'""" 2« . (2m + i)7r' ^^^^ 

2;) 

We now proceed to consider the analogous integral 

—y where m and n, as before, are positive integers, 

and n> m. 



J 7} 

1 - ar 

We commence by showing that 

f* dx 

This is easily seen as follows : 

(* dx ^ C^ dx f* dx 
Joi-a?' ~Joi -a^' Jii -ic'* 

Now, transform the latter integral, by making iP = -, and 

we get 

r dx _ r </2 f ^g _ r ^^ 

- 1: 



= o. 



I -x'' 



Again, proceeding to the integral 

x^*^dx 



. 



"til 
I - x^^' 



140 Definite Integrah. 

we observe that i -v x and i - x are the only real factors of 
I - aj***, and that the corresponding partial quadratic fraction 
in the decomposition of 

iX?"^ . I 

IS 



Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 



1 



2Tr[Bi + -B2 + . . . + Bn-^j 



where £1, £2, - - - Sn-i have the same signification as before. 
Again, since the roots of a?'** - i = o are of the form 

kir / — . hv 
cos — ± a/- I sm — , 
n n 

it follows, as in Art. 108, that 

5. + ^2 + . . . + Bn-i = — [sill 20 + sin 40 + . . . + sin 2 (w - i)0\ 

where 6 = —. as before. 

271 

Proceeding as in the former case, it is easily seen that 

sin 2O + sin 4O + . . . + sin 2 (n - i) 
cos - cos (2n - i) , 2in + i 

= 7-^ -^— = cot TT. 

2 sm u 2n 



TT f* iX^"^dx TT . 2m + I 

Hence -^ = ~ cot — — — n ; 



_„ I - a;*" n 2n 



r x^'^dx TT , 2m + I . . 

.'. r- = — cot TT. (23) 

Joi - a?*** 2» 2n ^ ' 
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Again, if we transform {22) and (23) by making x^^ = 2 

- 2m +1 
and a = , we get 

I = -; , = 7reotair. (24) 

Jo I + 2 SmflTT Joi - s 

The conditions imposed on m and n require that a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > ;n, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we proceed to add a few. 

Por example, on makiag t^ = 2^ in (24), we get 

f* du an r du , 
rx = -^ ; I -^ = air cot air. 

Joi+t^a sin^TT Joi-a» 

If - = r, these become 
a 

['^ du IT C du W , IT , V 

; = , r = - cot -, (25) 



rsm— 
r 



where r is positive and greater than unity. 
Again 

af^dx 



r afdx _ P afdx 



I + a;*' 



Now, if in the latter integral we make a? = -, we get 

z 



r (xfdx _ r z^dz __ n x-^dx 



.-. 1 = 5-dar. (26) 

Joi +a;^ Jo I +iP' ^ ^ 
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Moreover, from {22)^ when n is less than unity, we have 

a^ ~ rnr' 

2 cos — 






(27) 



Accordingly 



1 



a? + ar* a; 



nTT 
2 cos — 
2 



In like manner, it is easily seen that 



1 



^ ir" - a;"'* c?a; tt , wtt 
— = — tan — . 

a? - ar* a; 2 2 



(28) 



(29) 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making a? = er^ and 
nir = a, and we get 



1; 



az I ^-az 






a 



,«fe = -sec-, 



^«a _ ^-az 



oC 



■iirZ __ fi—irZ 



(fe = -tan-. 



(30) 



We add a few examples for illustration. 



Examples. 



• ! 



« dx 



^n«. 



. IT 

fisin- 






'' 2ab(a + by 



r dx 



»> 



4. I Uji^$d$f where n lies between + i and - i. „ 



nit 

2 cos — 

2 
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I* a:» + x'"* dx , x 
--——----, where «> m. Ans. . 

o a?* + ar* a; wt 

2ltC06 — 

2n 
a b 

(^+^x)(^ + ^ 2 COS-COS - 



6. f (^+^0(g^ + <r>') ^^ 
Jo c'-^r^ 



lo ^w«_tf-»* » cosa+cosA' 



** cosa+ COS&* 

J< "" 

It ahoold be observed, that in these we must have a •{- 6 < ir. 
8. Hence, when J < w, prove that 



.e' + e * J cos - 
cos axax = 



f . 

i 



•• ^ - ^-fa sin i 

COB axdx = 



e^-~ e-v* e« + 2 cos i + r^ 

r 

Jo 



sin axax=- 



lo «»* + «~f' 2 e« + 2 COS d + r" 

&. Ans, IT cot flw — . 

1 — z a 

III. Diinereiitlatloii of Definite Integrals. — It is 

plain from Art. 86 that the method of differentiation under 
the sign of integration applies to definite as well as to in- 
definite integrals, provided the limits of integration are 
independent of the quantity with respect to wMch we dif- 
ferentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e. 
let 

u = 0(.r, a)dxj 
where a and b are independent of a. 

__ fLl£ 

To find -J- let Aw denote the change in u arising from the 
aa 

change Aa in a ; then, since the limits are unaltered. 
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At* = {^(ir, a + Aa) - fp{x^a)]dx; 

. Am ^ p »(3r, Q + Aa)-»(ar, g) ^^^ 
' ' Aa Ja Ao 

Hence, on passing to the limit/ we have 



du _ r 

da L 



ei^a a tsfa 



dx. 



Also, if we differentiate n times in succession^ we oV 
viously have 

d^u _^ p e?*^(a?, a) 



fl^a** L doT^ 



dx. 



The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by DiflTerentlatloii, — If 

tibe equation 



1 



CO 

e'^dx-=- 
» a 



be differentiated n times with respect to a, we get 

I . 2 .3 . . .n 



1 



a"*' 



as in Art. 95. 

Again, from the equation 

dx IT I 



\ 



a^+a 2 ai' 

we get, after n differentiations with respect to a, 

dx _ TT I . 3 . 5 . . . (2» - i) _i_^ ^ 
(^T'o)^ ""22.4.6... 2/» a"*i ' 

which agrees with Art. 94. 

* For exceptions to this general result tHe student is referred to Bertrand's 
Caleullntdpral, ]^, i8i. 
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Agam, if we take o and oo for limits in the integrals (23) 
sad (24) of Art. 2 1, we get 

r^ cos iwa? (fe = -r — ;, e'^Bmnixdx = — -,. (31) 

Now, differentiate eaoh of these n times with respect to a^ 
and we get 

_ [n . co s (n + i)0 
(a' + m') « 

Jo «+_! J V32; 

where «» = a tan 0. (See Ex. 17, 18, Diff. Oalc, pp. 58, 59.) 
Next, from (24) we have 



j: 



= IT cot air. 



i- X 

Aooordingly, if we differentiate with respect to a, we have 

af^^ log xdx ir^ 



r a^-^ log 

Jo i-x sm'^TT 

Agidn, if the equation 

bo transformed, by maJdng 2^=^, it evidently gives 

af^^dx I 



r 

Jo {a + bx)"^^ nab'^ 

[10] 
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Now, differentiating with respect to a^ we have 



i: 



af^"^ dx I 



(a + bxY^^ n{n + i)a^b^' 



If we proceed to differentiate m - i times with regard to 
a, we have 



f 



00 



af^^dx 1 . 2 . 3 . . . (wi-i) 



(a + &r)****" n . (n + i)(n + 2) . . . (w + w - i) * a"»6'*' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
We shall illustrate this statement by one or two examples. 
Ex. I. To find 



/I 

J 



log(i + sin a cosa*) 



COS 2; 



Denote the definite integral by u, and differentiate with 
respect to a ; then 



= ; = n (by Art. 18). 

Joi+smacosa? ^ '^ ' 



du f*^ cosadx 
da 



Hence, we get 



1 



"■ dx log (i + sm a cosa?) 

= 7ra, 

coso? 



No constant is added since the integral evidently vanishes 
along with a. 



-i 



^ , e'^^smma? . 
JbiX. 2. tc = \ dx. 

X 



e'^ COB mxdx = 



In this case 

dm Jo a + w 

.-. u=^a\ -r , = tan-^ ( — ). 

}a^ + m^ \aj 

No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 



. [• log (I 

Jo I + 



« = l '-^^■^^'^• 



^) 



TT da f* laoi^dx 

_ I r r 2adx _ r 2a(fo 1 
"a«-i'Ljo 1+6V Jo i+avj 

^ ¥^^\^'^r^h{a + by 

.'. t* = 7- r = T log (a + 6) + const. 

]a-\- ^ ^ ' 

To determine the constant : let a = o, and we obviously 
have ti = o. 

Consequently, the constant is - t^ log J; 

The method adopted in this Article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and h are functions of 
the quantity with respect to which we differentiate. 

114. Diffferentlatloii inrhere the lilmito are Ta- 
rlable. — Let the indefinite integral of the expression 
0(a?, a)dx be denoted by F{x^ a) ; then, by Art. 91, we have 



u 



= 0(ir, a)d^ = F{by a) - -P(a, a); 
. du d . F{b, g) 

-Tb^ db =*(^'")' 

flOa] 
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du dF{ay a) 



dx 



da 



= -<tt{a, a), 



Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 



^= f 
da Jfl 



du {^ d<p{Xy a) . dudb duda 
lo da db da da da 



By repeating this process, the values of ^, -1-5, &o., can 

be obtained, if required. 

115. Integratton under the Sign of Integration. — 

Beturning to tiie equation 



ti 



0(a?, a)dxy 



where the limits are independent of a, it is obvious, as in 
Art. 85, that 



t^a = 0(^> a)^a ^> 



provided a be taken between the same limits in both cases. 
If we denote the limits of a by ao and ai, we get 

uda = i>{'^9 <^)da dx, 

<li{x, a)dx\da= <ti{x, a)da dx. (34) 



or 



This result is easily written in the form 



0(^, a)di 

J cLoJa 



rb 



^xda = 



^{Xy a)dadx. 



(35) 



»0 
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These expressioiis are called double definite integrahy as in- 
volving successive integrations with respect to two vaiiaUes, 
taken between Hmits. 

It may be observed that the expression 



0(a?, a)dxda 



is here taken as an abbreviation of 



fit 



0(^y €L)dx 



day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits a^ and at. 
The principle* estabUshed above may be otherwise stated, 
thus : In the determination of the integral of the expression 

<p{Xf a)dxda 

hiween the respective limits Xq^ Xi, and oo, oi, we may effect the 
integrations in either order ^ provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

1 1 6. Applications of Integration under the Sign /. 

Ex. I. From the equation 



i; 



af-'^ dx = - 



« 

we get 

[^-^ da . fax 



ri 

x"-"^ da dx = 



„ =log(r)- 



Vao> 



* It should be noted that this principle fails whenever <p{x, o), or either of 
its integrals with respect to a, or to x, becomes infinite for any values of x and a 
contained between ^e limits of integration. The student yhH. find that tho 
examples here given are exempt from such failure. 
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Hence 

Again, if we make a; « ^"^ in this equation, we get 
Ex. 2. We have already seen that 

I 

Henoe 



30 

e"^ cos mxdx = 



a' + w*' 



e'^da\(iOBmxdx=\ -^ 

Jo J Lao J Jaoa' + 



da 

"2 



^ 



I , /ai* + m?^ 



= -log 



2 ^\a^^ + mrr 

CO _ , _ -. V+WZ'^' 



or ooBmxdx = - log 

Jo ^ 2 

Ex. 3. Again, from the equation 



.Oo' + m' '* 






a' + w*' 



we get 

Jo Ja„ iaa'^m^' 



lo •'aio 



sin mxdx = tan"M — ) - tan^^ ( ~ |. 

Jo i» \m/ \mj 

Compare Ex. 2, Art. 1 13. 

If we make oo = o and ai = 00 in the latter result, we 
obtain 



i 



smmx ^ w 

dx = -. 

X 2 



Value of \ e^dx. 



4 



£x. 4. To find the value of 

» 



I. 



Denotmg the proposed integral by ky and sabBtitnting 
ax for a?, we obviously have 



i er^'^'adx^k; 

Jo 



Henoe 



r-'da = F. 



But 



Hence 



Jo. 2 1 + a!" 

2joI + i»' 4 

e^'ete = * = - ^/tT. (36) 

Jo 2 



This definite integral is of considerable importance, and 
several others are readily deduced from it. 
117. For example, to find 



(A) « = J^ 






Here 

-«'-z:: dx 



du _ 



/.» a« 



e '"fl — . 







*» 



Again, let s = -, and we get 

X 
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Jo'' ^=r ''' = "' 

/. -T- = - 2w ; henoe u = Ce"'^. 
da 

To determine C7, let a = o, and, by the preoeding example, 
w becomes '^^. 



Consequently 



I 



e"* "'^dx = '^e-^". (37) 

2 



Again, to find 



(B) n = I" 



6r«'*'cos 2 6a? dip. 

_ 

Here 



-rr = - 2 e"^'**cos ihxxdx. 
do Jo 

But, integrating by parts, we have 

f . e~^***sin 2J;r 26 f 

2 e'***' sin ihxxdx = 7 + -7 ^"^''"eos 2hxdx\ 

J a' fl'J 

e"^"*"sin zhxxdx = —r c"^'*' cos ilxdx. 



Henoe 



du _^ 2bu du _ 2bdb 
db" a* ' IT " a^ ' 



6 

Hence u= Ce ^'; 

Also, when 6 = o, w becomes ^^ ; 

2a 



.-. [ e-^''^'ooQ2bxdx^^i^\ (38) 

Jo 2a ^^ ^ 



Examples. 



153 



Again, if we differentiate n times, with respect to a, the 
equation 



Jo Ia/q, 



and afterwards make a = i, we get 



(C) 



1/ 



«^n^. . 1.3>5»->(^n- l) y- 



fl^V"£fo = 



,n+i 



Next, to find 

a>) 

We obviously have 



cos9?2a;6£r 



JCOB7W 
I + 



X 



,8 • 



/t» 



I 



I + or 



r j r cos w?3? ^^i? 

.-.2 ar»'(^+*')cosww?rf!a?c?a = —7-. 

Jo Jo Jo I + ir- 



But, by (38), we have 



ft 00 



e~'^''^' 008 mxdx = ^-— e"^^ ' 



a 



-to 






-1, 



cos m<rdx 
I +x^ 



Henoe, by (37), we have 



I, 



cos mxdx 



TT 
2 



-e-^. 



(39) 



Again, differentiating with respect to w, we obtain 

xsinmxdx tt 

I + x" 



j 



= — e 



,-m 



(40) 
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Examples. 



I. 


f " tf-« + «-«» , 

xax, 

, «** - t^' 


2. 


' ^ a;a"^^ + ar^ dx 

,2 I +« X 


when 


a>oand < i. 


9 


f 1 «• + 5-« - 2 dz 



s logz 



4- 



c. 



J* log (I + COS oosa?) . 
cos a; 



I a 
-4fM. - seo^ -. 
4 * 

„ log^tan^j, 



„ log (-7^^). 
" ° \sm. air I 

■■ Ht-)- 



* a** log a ^:; 



, r-.Mog 

Jo I + 



'■ I 



* ebioBdO 
0ft9 —g"^ 





. nr 

Rin — 

IT* 2 


>> 


"^ C0fl2 — 

2 




I «a- r 


»> 


4 tftt + i' 



1 1 8. The values of some important definite integrals oan 
be easily deduced from formula (31), Art. 32. 
For example,* to find 



IT 

f'log(sinfl)£?e. 

Jo 



Here 



log (sin fl) dO = log (cos 61) dB. 



Hence, denoting either integral by w, we have 



2u = {log (sin 6) + log (cos 6) ) 



dO 



* These examples are taken from a Paper, signed ''H. G./* in the Ckimbridg$ 
Mathematieal Journal, Vol. 3. 
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= log (sin 2ff)dO - - log 2. 

Jo 2 

Again, if z = 26, we have 

IT 

log (sin 20)dB = - log (sin z)dz 

Jo 2 J 

= - log (sin z)dz + - log (sin z)dz ; 

2 J ^ jZ 

2 

but, since sin (tt - s) = sin 2, 

IT 

I log (sin z)dz = log (sin z) dz, 

Gonsequently 

f ' log (sin 2e)de = [' log (sin ff)dQ ; 

Jo Jo 

.-. riog(8ine)rfd = -^log(2). (41) 

Jo 2 

Again, to find 

['fllog(sinfl)e?fl. 

Here 

[ ' tf log (sin e)rffl = [ ' (tt - 0) log (sin 6)^0 ; 

.-. [' fllog (sin e)de = - ['log (sin ff)de = - - log (2). 

Jo 2J0 2 

119. Theorem of Frullanl. — To prove that 
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f*»(g)-»(o)... 



H 



Let u = I ^^^^^ — ^^^^^ dz ; substitute ax for s, and we get 

2 



-I: 



a^{ax) - 0(o) 



(£r. 



a; 



If we substitute h for a, we get 



h 



u 



__ f ft ii{bx) - 0(o) 



=i: 



iZ? 



eir; 



■I 



<p{ax)dx [b^{hx)dx 



X 



-\ 



^ 



= «(o) 



h 



0(o)log-. (42) 



Hence f*Mzl(^rf,f^*(^ 
JA a? J* ^ 



j;)6?ir 



0(0) log (- 



a 



If we suppose h = 00, we get 



f CO 



^ ^ ^ ^ &r = 0(0) log - , 



provided 



h 






dx = o when h -00. 



X 



(43) 



(44) 



For example, let 0(;r) = 00s ^r, and, since the integral 

h 



6 cos hx 

h X 
a 



dx 



evidently vanishes when A = oc, we have 



f 



cos ax - cos hx . . b 
dx = loff -. 

JO ^ a 
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Emllani's theorem plainly fails when fp{ax) tends to a 
^bfinite limit when x be^mes infinitely great. The f ormnlse 
oan be exhibited, however, in this case in a simple shape, as 
was shown by Mr. E. B. Elliott.* 

For, in (42) let h = ah^ and it becomes 

r* 6lax)dx r* 6(bx)dx , x , /6\ , v 

X — ^— ^ ^^''^ ^^fi^v« • (^5) 

Jo X Jo X \aj 

Again, if 0( 00) denote the definite value to which ^(00;) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute ^(oo) instead of <it{bx) in the 
integral 



1: 



h 

* ii{bx) 



h X 



dx; 



a 



in which case it becomes 

h 



. . (b dx , . - /a\ 

«(oo)J^-=^(oo)logy. 

a 

On making this substitution in (43), we get 

For example, let ^{ao^ = tan"^(air) then we have 0(o) = o, 

and 0( 00) = -. 
2 

Accordingly we have 

f * tan-^fla; - tan"* hx _ 't [* e/a? tt , fd\ 
Jo ^ "2]*"^"" 2 ^V*/ 



* Zdwational Times, 1B75. The student will find some remarkable exten- 
aions of the formulee, given above, to Multiple Definite Integrals, by Mr. Elliott, 
mite Proeeedtngs of the London Mathematical Society, 1876, 1877. Also by 
Hr. Lendesdorf, in the same Journal, 1878. 
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119 a. Remainder in liagrange's Series. — ^We next 
prooeed to show that the remainder in Lagrange's series 
(Diff. Calo., Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. PopofE {jOomptea Mendus, 1861, pp. 795-8). 

The following proof, which at the same time affords a 
demonstration 01 the series, of a simple character, is due to 
M. ZolotarefE : — 

Let z = a; + y 0(2) ; and consider the definite integral 



Sn = 



'3 

[p 0(w) +x-u}^ F\u)du, 



X 



Differentiating this with respect to x, we get, by (33), 
Art. 114, 

dst 

" = «8^.-y"{0(a;)rJ?'(a;). (47) 



dx 



If in this we make n = i, we get 



but 



s, = F{z) - F{x) ; 



dsi 
dx' 



.-. F{z) = F{x) + y 0(a?) F'{x) + 
In like manner, making n ^ 2, we have 



dsi 
dx 



(48) 



dsi ^ y^ d 
dx 1 . 2 dx 



{i>ix)rF'{x) 



+ 



I d^82 



I , 2 dx^' 



Substituting in (48) it becomes 



y 



f d 



F{z) =^F{x)^^<t>{x)F{x) + -^^ 



Again, 



1.2 dx 



{^{x)}^r{x) 



I d% 
1.2 efo*' 



»^=f{«('^)}'i^(^)+^'; 
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(P 8% 



p" 



f2 r 



I . 2 da^ I , 2 . ^da^ 



{<i>{x)yy{x) 



+ 



1.2.3 ^' 



da 



n- I <foJ^' 



I . 2 . . . w tfe" 



^.[{*(-)}"^H 



rf***. 



1.2 . . . n {3^ * 



+ &a 



Hence we get finallj 

Consequentlj the remainder in Lagrange's series is always 
represented by a definite integral. 

We next proceed to consider a general class of Definite 
Integrals first introduced into analysis by Euler. 

120. CSamma Fanctloiis. — It may be observed that 
there is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple ; nor in which 
the results arrived at are of greater elegance and interest. 
It would be m'anifestly impossible in the limits of an 
elementary treatise to give more than a sketch of the results 
arrived at. At the same time the Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties. With such an outline 
we propose to conclude this Chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz.. 



is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation -B(w, w). 
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Thus, we have by definition 

af^^{i - xy-^dx = B{mj n), 

I A 



I e-'ar^dx = r{p). 



(50) 



The constants m, n, are supposed positive in all oases. 
It is evident that the result inequation (14), Art. 95, still 
holds when p is of fractional form. 
Hence, we have in all cases 

r(i?+ i)-pT[p). (51) 

. This may be regarded as the fundamental property of 
Gamma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter^ is comprised between any two consecutive integers. 
For this purpose the values of r(^), or rather of log r[p\ 
have been tabulated by Legendre* to 12 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma Functions. 

It may be remarked that we have 

r(i)=i, r(o)=oo, r(-i))=oo, 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of or, where 2 is a con- 
stant with respect to a?, we obviously have 



Jc 






Z«» 



* See Traits det Fonctums Elliptiquea, Tome 2, Int. Euler, chap. 16. 
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With respect to the FJist Eulexian Integral, we hare 
already seen (Art. 92) that 

j a!~-^(i - x)'^^dx - I a^-^ (i - x)'^^dx', 

.', B (m, n) = JB («, w). 

Henoe, the interehange of the constants m and n does not 
alter the yalue of the integral. 

Again, if we substitute -^ — for x^ we get 

Jo ^ ' J« (i+yr- 

Henoe |^ ^^^^^ = £(«», «). (53) 

We now prooeed to ezpiess B (m, n) in terms of Gamma 
Fimotions. 

121. To prove that 

„/ « r(»») r(« ) 

From equation (52) we have 
Henoe 

.0 Jo LJo 
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But, if s (i + a?; = y, we get 



Jo (i +^)"*^*Jo "^ "^ (i +a?)~^» 



(i +^)"»^*Jo " "^ ^^ (i +a?y 






Accordingly, by (53), we have 
Again, if m = i - w, we get, by (24), 



(54) 



r(n) r(i -n) = 
If in this w = -, we get 



TT 



I +3? BinWTT 



(55) 



This agrees with (36), for if we make a?* = s, we get 



/« OB 



. SD 



e'^^'dx = - C 2"i (fo = 



r(i 



2 lo 



(56) 



Again, if we suppose in the double integral 



X and y extended to all positive values, subject to the condi- 
tion that X -{- y is not greater than unity ; then, integrating 
with respect to y, between the limits o and i - a?, the 
integral becomes 

I r(m) r(n+ i) 



I 
n 



ar"»-ni -x)"dx=^ 



n r(w + n+i) 



, ty (54) ; 






(57) 



in which x and ^ are always positive, and subject to the con- 
dition a? +y < I. 
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122. By aid of the relaticm in (54) a number of definite 
integrals are reduoible to Gamma Functions. 
f*or instance, we have 



Jo(i+y)"** Jo(i+2^)''*^'*"^Ji(i + 



(i +y) 



m-Ht 



N0W9 substituting - for ^ in the last integral, we get 



J,(l+y)«« J,(l + 



Hence 



1 



(1+^)"^'^ " r(m + n)- ^58) 



ay 



Next, if we make a? = ~^, we get 

6 









(«y + 6) 



0(1 +a?)"»+" 

y'^-^dy^^ _ r{m) r(n) 



rn-Fn 



1 



(59) 



Again,* let a? = sin* 0, and we get 

I oj^' ( I - a?)~-^ &j = 2 [' sin'^"*-^ 6> cos"^' 0d0 ; 

IT 

.-. ['sin'-' e oos'^'Ode = £W£(^. (60) 

Jo 2 r(m + «) ^ ' 

This result may alsu be written as follows : 



'sinP-' e 008«-' Odd = ^7 W. ^6 1 ^ 



♦ These resells may be regarded as generalizations of Uie formnlce given in 
-^z 93> 94> to which the student can readily see that they are reducible when 
the indices are integers. 
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If ve make j' = i, we get 

Again, if I? = ^ in (6i) it becomes 

Kf)r 



V IT 



I 'an?-' e oosP-' erf© = -I:j f 'sin'-' 2erfe. 

Jo 2*^ Jo 



2r(i>) 

Let 20 = 2, and we have 



rsin^'20rfd = - sin'^^sife = rsin^-^zefs 

Jo 2 Jo Jo 




Hence ^(JJ^^^j = ^r(i>). 

If we substitute 2m for j9, this becomes 

r(m)r(m-i)=^r(2«,). (63) 

Again, make y = tan'^O in (59), and we get 
'? sin^"^^6>cos*«-idfi?6> r{m)T{n) 



i 



(a sin'O + ft eos'6>)«^ la?^ bT{m + n)' 
123. To find the Talae* of 

;©r(£)r(|)...r(^> 

;i being any integer. 



(64) 



* This important theorem is due to Euler, hy whom, as already noticed, the 
Qamma Functions were first inyestigated. 



r*.«,r(i)r@r@...r(^) 
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Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 



tt"-^ 



. TT • 27r . 37r . (n- ilir 

fan — Bin — sin ^^ ... sin -^ — 

n n n n 

To calculate this expression, we have by the theory of 
equations 

1 -x" 



«=1 I - 2XCOB- + X^ 1( I - 2irC0S 

n 



n J \ n J 



Making successively in this, a? = i, and a? = - i, and re- 
placing the first member by its true value w, we get 



. wXy . 27rV f . {n- i)ir 
w=i2sm— 2sm- — ...2sm 



2nJ \ 2nJ \ 2n 



)■ 



ttXY 27rY / {n- i)7r V 

W = I 2 cos 2 cos — 1 ... 2 cos — * 

2nj \ 2nj \ 2n 

whence, multiplying and extracting the square root, 

„ . . w . 27r . (n - i)7r 

n = 2'*"^Bm — sm — . . . sm -^ . 

n n n 

Hence, it follows that 



n-l 



Di^-^C-^y^- (^^) 
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124. To find the Tallies of 

e'^ cos hx3if*^~^ dx^ and e~^ sin bx m^^ dx. 



e'^QOB bx3(f^~^ dx^ and 



If in (52) a - 6 v^- I be substituted* for 2 the equation 
beoomes 



Let flr= (a^ + J^^cose, then ft = (a* + ft^)^ sin (?, and the 
preceding result becomes 

r"^(cos hx + v^- I sin bx)x^'^dx 



(cos + v^- I sin 0) 



m 



m 

\2 



{a' + bj 

= — ^— —; (cos mO + -v/- I sin md). 
(a" + b'y 

Hence, equating real and imaginary parts, we have 



r{m) 



e'^^QOS bxx"''^dx = ^'"^^ ^ cos md 

{a' + bi 



e'^da bxaf^'^dx = ^-^ sin mO | 



> , (66) 



in which = tan~M - j. 

If we make a = o. becomes -, and these f ormulsa become 

2 



* For a rigorous proof of the yalidity of this transformation the student is 
refeired to Serrett's Cale, Int., p. 194. 
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cos hxaf^'^ dx = , ^ cos — , \ 
Jo h^ 2' \ 

r . rim) mn t' ^^^^ 

sin bxa^^ dx = -7^ sin — 

Jo 2 J 

It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows : — 
Erom (52) we have 

^ , . cos hz 1 * ,^ ^ , , , 
r^(^) — r' = e'^^Tf-^ COS 62 dx ; 

2 Jo 

•'• r'W n — = ^~"* COS fe;i^"*rfircfe. 

Jo S Jo Jo 



But, by (32), we have 



X 



Jo 


C/ wo l/A Uf 


--&' + 


a?' 


r " 


COS iz C^S 

z" 


1 r 


«"<& 


• 
Jo 


r(«)Jo 


6» + «' 




A»-» »r 







V / 2C0S — > by (27), 
2 



in which n must be positive and < i. 
In like manner we find 



/. 00 • 



sin 6s dz b^'^ w 



• 



^ ^0^) . WTT 

2 



.^" 



The results in (67) follow from these by aid of the relation 
contained in equation (55). 
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EXAXPLBS. 

I. I d^(i - ifi')Pdx. Ana, [ 

Jo I ffi ■¥ n\ 

fi giw-i(i , g)i»-itfj; r(m)r(») 

*' Jo (« + «)"•♦* * " a»»(i+a)"»r(m+«)* 

3. Prove that 

Jo(i _.ir4)| Jo(i + ^)4" ay^i' 

X r(ii+i)co8(n^) 

4. j^ coe(i«")(fo. „ j; . 

f^ <to y/y Vn/ 



« /I l\ 



6. I or. 



'• r 

Jo 



IT 



>> 



123. IVmneiical Calculatton of Cfamma Func- 
tions. — ^The following Table gives the values of log T{p)^ 
to six decimal places, for all values of p between i and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = r(2) = i, and 
that for all values of j» between i and 2, r(i?) is positive and 
less than unity ; and hence the values of log F {p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtoined 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 
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Examples. 

2. If /(«) =/(« + «) for all values of x, prove that 

lAae ft 19 an integer. 
dx 



I 



i; 



^/ax - «* 

2 £te 



«v^«*— I 

isin-^icrfjf. 




6. r — ^ — ■ 

Jo(i+«)\/i + 2a;-«2 

I* d!r » 



>> 


IT. 




IT 


t> 


3 




ir 


l> 


I. 

2 




IT 


99 


4\/2 




» 







8. Ftorefhat 



Jo a + iJ*«+oii - 2^^ . '«fli«™ A = a (^/«« + *). 



•• Jo' FT 



dx 



lo 



II 



Ja I + 



1 

• I 



COS cos 2; 
dx 



cos d cos X 
dx 



"• II 



oa'sin'jf + i^cos^a; 

IT 

dx 



(a'sin'af+^^cosijr)* 



Ans. 


IT 

sin0* 




e 


>> 


sm0' 


>> 


2ab' 




ir(a2 + A^) 


99 


4a3*3 • 
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+ — . 
4 



14. [ 

J-l (a^ 



dx . . 

d>h. 



.5. j 






«V^(«-a)0-3r) 



,, ». 



16 f**^" * __Jy^+_*^)y^__ 



„ 7r«2. 



01- XI- X f 8"^ ^* COB Jar _ IT _. . , 

1 7. Show that I d!a; = -, or o, according as a > or < 6; and 

Jo ^ 2 



IT 



tliat when a = J the yalue of the integral is -. 

4 



18. I . ■ =1^= — , ab< I. Afu, —7=log I -=. . 



w 



19. r tan*«<fe. „ -(log2 — J. 
4 emxdx t . ^ , i 

V^2 



!4 emxdx t . . 

I + cos'* a; 4 



21. If eyery infinitesimal element of the side c of any triangle he divided 
hy its distance from the opposite angle C, and the sum taken, show that its 
value is 



log [cot— cot —J. 



22. Being given the hase of a triangle ; if the sum of every element of the 
hase multiplied hy the square of the distance from the vertex he constant, show 
that the locus of the vertex is a circle. 



i^coB^Bsimede . x tan"'tf 

I + tf* cos*6 e^ «3 



IT 



'2 cos^asindrfO -v/i+tf* log(tf + ^i+f«) 



!2 cos'* 6 
-7= 
a/i + 



-v/i + d« cos'e ^*' a** 



Xkeamplea. 17S 

25. Dednoe the expansions for sin « and cobx from Bemomlli's series. 
36. Show that the integral 

I a?»(logar)"»£fo 

can be immediately eraluatedby the method of Art. 1 1 1, when m is an integer. 
^7- I — i la\ ' -4iw.-log(i + fl). 

iS. Find the yalne of 

I log (i - 2a cos « + a^)dXf 

distingiiishing between the cases where a is > or < i. 

Ant. a < I, its yalne is o. 
„ a > I, its yalne is 2t log a. 

29. Jlf{x) can be expanded in a series of the form 

ao + aicos« + a2COS2a; 4- . . . + <(nCOSiM;+ . . . , 

show that any coefficient after oq can be exhibited in the foim of a definite 
int^raL 

Ana. 0» = — I fix) ooanxdx. 

IT Jo 

30. Find the analogous theorem when/(2r) can be expanded in a series of 
sines of multiples of x ; and apply the method to proye the relation 

(sin 2« sin 3« . \ 
smx + «c. I , 
2 i J* 

when X lies between ± ir. 
31* Proye the relation 

V IT 

fa d$ f2 

32. Express the definite integral 

rr de 

in the form of a series, k being < i. 

--:(-0"-*(H)"''*(H-^)"-*-)- 
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Iilog{i + coBacOSx)dx ^ i /ir^ -\ 

-2 ~ — . Ans, - I a' ) . 
D C08« 2 \ 4 / 

34. I irr«^C08 bxdx, where a > o. „ . , , --,^ . 

Jo (a* + (r) 

• Jo — ii — ^- " r^^M"^J^i8?-r 



35 



36. f ^log (o'cos^a + fi*eaji^0)de. „ ir log 



a + ^ 



IT 

38. (' ^ 



■ c 



dx 

39. 1^ i. 

° (I - iC")* 



'T cos rd?rf!a; 



t'T cos rd?aa; 
_. 
I — la COS a? + a* 



41. Find the sum of the series 





IT 


>9 


3 




IT 


>> 


nsm — 
n 




Tcar 


>» 


i-a^" 



^2 n n n 



w'* + i^ n^ + 2* »* + 3* an' 

\N'hexi n is increased indefinitely. 

This is eyidently represented hy the definite integral 



?^ dx TT 

J I + «*' 4 



42. Find the limit of the sum 



I I I 



-v/w* - 1« v"^"* - 2- v^n* - 38 >v/»« - (» - 1)2* 

2 
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43. Proyethat 

Ir , mim - i) f- , _ 

C08»« cos MX <te = — 5 =^ 1 C08"»-'«C08fMF<ir ; 
m» — n' J 

and henoe, deduce the values of the integralfi 

ir IT 

i"* cos'"* X COS (211+ i)xdXy and I coe***^ * coe 2iMf rfr, 
vben m and n are integers. 



44. I log(i - 2a CO6 9 + a^) GoanOdB, when a^ < r. 
Jo 



91 



,. I 



45. \ COS — ax. 

. fU0g(l+«), TT 



47. PrOYe the following equation : 

1^ do I fir 

( I - 2a COS e + a*)»» (i - a»)»-* Jo 

48. Proye the more general equation 

I» vm^BdB _ I f«- Bin«arf0 

(I -2acoee + a*)* ~ (i - a»)2»-»»-Oo (i - 2a cos d + a*) *♦•-»' 

in which m -I- i is positiye. 
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CHAPTER VII. 



AREAS OF FLAXE CURVES. 



1 26. Areas of Cnrres. — The BinipleBt method of regarding 
the area of a curve is to suppose it referred to reetangnlsr 
axes of co-ordinates; then, the area induded between the 
curve, the axis of x, and the two ordinates corresponding to the 
values Xo and Xi of x, is represented by the demiite iBtegral 



ydx. 



For, let the area in question be represented by the Bpaoe 
ABVT, and suppose BF" divided into n equal intervals, and 
the corresponding ordinatea drawn , 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMJVq. 

Hence the entire area A B VT is 
less than the sum of the rectangles 
represented hy pMNQ, and greater 
than the sum of the rectangles - 
PMNq ; but the difference Be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (eince the rectangles have equal 
bases) the rectangle under MN and the difference between 
JTand AB. Now, by supposing the number n increased 
indefinitely, MN oan be mside indefinitely small, and hence 
the rectangle MN {TV - AB) also becomes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at tiie 
same time. 




Areas of Curves. 177 

If now the oo-ordinates of P be denoted by a? and y, and MN 
by dor, it follows that the area ABVT is the limiting value* 
of 2(y £ix) when the inorement £^x becomes infinitely small ; 

orarea-4-BFr= ydx; where jTib OF, a?©- OB. 

It shonld be observed that this result requires that y 
continue finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
out the axis of ^, the preceding definite integral represents 
the diSerenoe of the areas at opposite sides of the axis of x. 

In such oases it is preferable to consider each area sepa* 
utely, by dividing the integral into two parts, separated by 
the vrnne of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sinuil ydXf 



where w represents the angle between the axes. 

In applying these formulae the value of y is found in 
terms of x by means of the equation of the curve : thus, 
if y ^f(x) be this equation, the area is represented by 



f/(^)^, 



taken between suitable limits. 

Conversely, the value of any definite integral, such as 



i 



f{x)dx, 

may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y =/(^)' 

* This demoDBtration is substantially that given by Newton (see Principia, 
lib. I., Seet. i., Lemma 2) ; and is the geometrical representation of the result 
establidied in Art. 90. 

The modification in the proof when the elements of ^F* are considered 
imeoTial, but eadi infinitely small, is easily seen. It may be remarked that the 
lesiut here given is but a particular case of the general principle laid down in 
Arts. 38, 39, !>♦/. Cafc. 
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On account of this property the process of integration was 
called, by Newton and the early writers on the Calculus, 
the method of quadratures. 

Again, it is plain that the area between the curve, the 
axis of t/y and two ordinates to that axis, is represented by 



j^d^y 



taken between the proper limits : the co-ordinate axes being 
Ap pos ed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

127. Tbe Circle. — Taking the equation of a circle in 
the form 

a^ + y^ = a^y we get y = v «* - a;% 

and the area is represented by 



y/a^ - n^dxy 



taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in tne accompanying figure. Let 
iP = a cos 6, then the area in ques- 
tion plainly is represented by 




Fig. 2. 



f* . a^ , 

sin' OdB *= — (a - sin o cos o) ; where a = Z DC A. 
2 

This result is also evident from geometry ; for the area 
BPAE is the difference between DP AC and DCEy or is 



a^a a^ siTLa COS a 



The area of the quadrant ACB is got by making a = - ; 



ira' 



and accordingly is '-^ : hence the entire area of the circle 
is Tra'. 
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128. Tlie Enipse. — From the equation of the ellipse 
^+1=1, wegety= -y^TI-^^ 

and the element of area is 

h ' 

h 
bat this is - times the area of the corresponding element of 

the oiicle whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

tt 

of the circle. This is also evident from geometry. 

The area of the entire ellipse is irab. ^ 

Again, if the equation of an ellipse be given in the form 

ttC 

Aa^ + jBy* = C, its area is evidently 

As an application of oblique axes, let it be proposed 
U find the area of the segment 
of an ellipse cut off by any chord 

Djy. 

Draw the diameter AA\ con- 
jugate to the chord, and BB' 
parallel to it. Then, C being 
the centre, let 

C4' = fl', CBr^b\ ACR « o, 

and the equation of the ellipse is -^ + ^ = i ; hence the area 
DA' If is represented by 

b' . fC^' y- 

2 -> sin bi va^ - x^dx = a'V sin cd (a - sin a cos a), 
a J CE 

, CE 

where cos a = -=-7,. 

(JA 

Again, a' &' sin w = aft, by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in question is 

ab(a - sin a cos a). 
[18 a] 
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This result oan also be deduced immediately from the 
circle by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are a?, y; by /S, we may write 

X 28 p . 28 . 

- = cos -7- = cos a, - = sm — T- = sm a. 
a ah ab 

129. Tbe Parabola. — Taking the 
equation of the parabola in the form 

y* = pxy we get y = \/px. 
Hence the area of the portion APN is 



f 2,2 

pi I a^dx, OT- pix^yi,e,-xy. 




Fig 4. 



Consequently, the area of the seg- 
ment PAP", cut off by a chord perpen- 
dicular to the axis, is f of the rectangle 
PMM'F. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y = amf^y 
where n is positive. 



Here 



ydx = a 



ixf^dx = + const. 

n + I 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 



or 



xi/ 



n + I w + I 

Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion, when n is negative, is left to 

the student. 

Example. 

Express the area of a segment of a parabola cut off by any focal chord in 
terms of /, the length of the chord, and p, the parameter of the parabola. 

Ana. -T- . 
o 



The Hyperbola. 
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130. Tlte Hyperbola. — Tlie simplest form of the 
equation of a hyperbola is where the asymptotes are taken 
far oo-ordinate axes ; in this case its equation is of the form 

Hence, denoting the angle between the asymptotes by oi, 
the area between the curve and an asymptote is denoted by 

where Xi and Xq are the abscissse of the limiting points. 
If the curve be referred to its axes, its equation is 



c* sm 01 1 — , or r sin 
J ^ 






.2 ja - I ; 



and the element of area ydx becomes 

- va^ - a^dx, 
a 

Hence the area is represented by 

a] 
taken between proper limits. 

Again, I ^/ar* - a^dx = ^ - a^ 

J J y^^^' J ^x^ - a" 

Also, integrating by parts, we have 

\/a^ - a^dx = X */x^ - c? - — . 




Adding, and dividing by 2, we get 



J y^^^T^ 



dx = 



x 



vx^ - a^ c? 



-"^s 



dx 



\/oir - a' 



1 jlog {x + ^x" 



-a") 
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Accordingly, if we suppose the area counted from the 
summit A^ we have 

APN = — x^x^ -a^ log ) 

za 2 \ a J 

Again, since the triangle CPN ^ ^xy^ii follows that 

sector ^CP = ^ log g+|\ 

For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon's Conies^ Art. 395. 

130 (a). Hyperbolic fifine and Cosine. — If 8 repre- 
sent the sector ACP^ the final equation of the prece^g 
Article becomes 

which may also be written 

a"" b '' 
introducing a single letter v to denote the quantity 

(x y\ 28 
Henoe, by the equation of the hyperbola, we get 



a 



Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolic cosine and hyperoolic 
sine of «?, and for brevity writing them cosh t?, and sinh t?, 

e^ + e"*' = 2 cosh r, e^ - er^ = 2 sinh «?, (2) 

the co-ordinates of any point on the curve are 

- = cosh V = cosh -7, - = sum v = smh — r. 
a ab b ab 



The Catenary, 
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We miglit have treated the matter differentlj by iritro- 
duoing the angle defined by the equation a; = a sec ^, and 
therefore y = ft tan (for the geometric meaning of this 
tiansforniation, see oalmon's Conies^ Art. 232) ; whence (i) 
may be written* 

— - s t? = loff tan (-+ — ): 
ab ® \4 2; 

and we see that the hyperboUc cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle. Also, since 

sinh V 1,1 cosh v 

gujA = — _ — cos <b = — , — , cot = -t-t; — , cosec <b = -7-1 — , 

cosh V cosh V smh v ^ sinh v 

we can obYiously extend the names of the other trigono metri cal 

fonotions likewise. Again, putting in (2) for r, uv - i, or 
ttt, they become, by Art. 8, 

cos u = cosh iuy i sin u = sinh iu. 

131. The Catenary. — ^If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived 
at from elementary mechanics, as f ol- aN 
lows: — 

Let Fbe the lowest point on the 
curve ; then any portion VP of the 
string must be in equilibrium imder 
the action of the tensions at its ex- 
tremities, and its own weight, TT. 

Let A be the tension at V; T that 
at P, which acts along PjB, the tangent at P; z. PRM = ^. 
Then, by the property of the triangle of force, we have 

W:A = PM:RM\ 
.'. TF=-4tan0. 




Fig. 6. 



• When ^ is related to r by this equation, ^ is what Professor Cayley 
{Elliptie FunctionSy p. 56) calls the gudermannian of v, after Professor Guder- 
mann, and writes the inverse equation <p = gdv. 
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Again, if « be the length of FP, and a that of the portion 
of the string whose weight is Aj we have, since the string is 
uniform, 

a 
.'• 8 = a tan 0. 

This is the intrinsic equation of the catenary. (Diff. 
Gale, Art. 242 (a).) 

Its equation in Cartesian co- . 
ordinates can be easily arrived at. ^ 

For, on the vertical through V 
take VO = rt, and draw OX in the 
horizontal direction, and assume 
OX and OF as axes of co-ordi- 
nates. Let 



then 



■4- = tan 0, 
ax 




Fig. 7- 






= sin 0, 



dx 
ds 



= COS0 ; 



di/ dy ds _ sin dx _ a 
d<p ds d<^ cos*0' ef0 cos0* 

Hence y = a sec 0, x = a log (sec + tan 0). (3) 

No constant is added to either integral, since y = a, and 
a? = o, when = o. 

EVom the latter equation we get 



also 



sec + tan = ^ ; 



sec - tan = 



sec + tan 



9 



Ilenoe, we have 

2 sec = e* + e **, 2 tan = e* - e ". 
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Gonsequeiitly, 

y ^^(J^i-y (4) 



a ' ' 



Also « = - ( ^ - e « ). (5) 



2 



In the notation of last Article these equations may be 
wntten 

- = oosh - and - = sinh -. 
a a a a 

Again, if NL be drawn perpendioular to the tangent at 
P, we have 

iVi = Pi\r OOS0; /. NL--a. (6) 

Also Pi = iVZtan^; .-. Pi: = « = PF. (7) 

The area of any portion VPNO is 

- fe« + e «Jt/^= -fe«-e «J = a(y'-a')J. (8) 

Accordingly, the area VPNO is double that of the triangle 
PNL. 

Examples. 

I. To find the area of the oval of the parabola of the third degree with a 
doaUe point 

The area in question is represented by q 



y- I (b — x) \/ X — adx. 




Fig. 8. 



Let a; — a as 2*, and we easily find the area* to be -^ ^. 

3-5^ 

2. Find the whole area of the curve a^y^ = x^ {2a - x). Arts. ira\ 

3. Find the whole area between the cissoid x^ = p^{a - x) and its asymptote. 
P __ 

* The student will find little difficulty in proving that this area is — — 

times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate a^tes. 
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Since ^ — a = o is the equation of the asymptote, the area in question is re- 
presented hy 



Let X = a sin^d, and this becomes 



2 



!> 



2a- I an^edd: 



hence the area in question is | xa^. 

4. Find the area of the loop of the curve 

This curve has been considered in Art. 262, Di£P. 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 



1 f . ^V 







b + X dx. 



Let b ^^ X- z^^ and it is easily seen that the area 
in question is represented by 

8.^5 




Fig. 9. 



5. Find the area between the witch of Agnesi 

ary- = ^a^ {la - x) 
and its asymptote. Ans, 4va^. 

132. In finding the whole area of a closed curve, such as 
that represented in the figure, we 
suppose lines, PM, QiV, &o., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = 3^2, P^M = yi, the 
elementary area PQQfP" is repre- 
sented by {t/z - i/i) dXj and the en- 
tire* area by j4 

OB' 

(^2 -yi)da>\ 




UN 



COB' 
JOB 



B*X 



Fig. 10. 



in which OB, OB" are the limiting values of x. 



* This form still holds when the axis of x intersects the curve, for ttie ordi- 
nates below that axis have a negative sign, and (ya - yi) dx will still represent 
the element of the area between two parallel ordiiiates. 
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For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

aa^ + zhry + by^ + igx + 2/2/ + c = o. 

Here, solving for y, we easily find 

^2 - yi = I yih" - ah) x^-\-2 (hf- hg)xVf'' - he. 

Also, the limiting values of a? are the roots of the quadratic 
expression under the radical sign. 

Accordingly, denoting these roots by a and )3, and observ- 
ing that h^ - ah is negative for an ellipse, the entire area is 
represented by 

1 J y{^ - c«)(/3 - x)dx. 

To find this, assume a? ~ a = (j3 - a) sin^'fl ; 
then /3-a;= (]3-a)cos'0, 

and we get 



[ 



p 

•/(« - a)(/3 -«)<& = 2 (/3 - a)' 

a 



a 



sin'^ecos^etf© 

•/ 



Again, 0-a) =4. (^^-^^iji 

_ /^h{qp + ^.7^ + ch' ' - 2fgh - abc) 

Hence the area of the ellipse is represented by 

7r(a/* + hg^ + ch^ - 2fgh - ahc) 
{ab-h')^'. ^- 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by j ydiCy 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from AtoA^ 
along the upper portion of tne curve, the corresponding part 
of the integral f pdx represents the area APA^B^B. Again, 
in returning from A' to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
oiji/dxi& also negative (assuming that the curve does not 
intersect the axis of a?), and represents the area AP^ABP^^ 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral \ydx^ taken 
for aU points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



f 



da , 



taken through the entire perimeter of the curve^ the element of the 

curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 

double point. If the curve cut itself, so as to form two loops, 

C dx 
it is easily seen that y -r-ds^ when taken round .the entire 

perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

133. In many cases, instead of determining y in terms of 
Xy we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a? = a sin ^, we 
get y = 6 cos 0, and ydx becomes ab cos*0 c/0, the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 




Let x^ a sin^^, then y ^b cos^0, and ydx becomes 

Zab sin-0 cos*^t/0 : 



The Cycloid. 

« 

henoe the entire area of the curve is represented by 

IT 

I iah " sin*^ cos*^ ^^ = i 'raS. 

J a o 

Examples. 
I. Find the whole area of the eyolute of the ellipse 



18i> 






. 3 >(a' - y )« 



2. Find the whole area of the curve 



2.4.6 2 (m + n + I) 

134. The Cycloid. — In the cycloid, we have (Diff. 
Galo., Art. 272), 

a? = a (fl - sin 6), y = a (i - cos 0) ; 
.-. f yci^ = a'* [ (i - cos eyde = 4a» [ sm^-dO. 

Taking Q between o and tt, we get 37ra* for the entire 
area 'between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
g^metrical deduction, as follows : — 




It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc BP = arc DP^ : draw MPp and M'Pp' perpendiculax to 
BB. Take MN and M'N' of equal length, and draw ISq^ 
and iV'j', also perpendicular to BB : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc PP, and P^?' 
■= arc PP' : .'. Pp + Pp' = semicircle = ttat. 
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Now, if the interval MN be regarded as indefinitely small, 
the sum of the elementary areas PpqQ and Fp'i^Q^ is equal 
to the rectangle under MN and the sum of Pp and P'/?', or to 
ira X MN. 

Again, if the entire figure be supposed divided in likia 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ita multiplied by the sum of 
the elements MN^ taken from B to the centre C, i.e. equal to Tra*. 

Consequently the whole area of the cycloid is Sira*, as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordinates. — Suppose the 
curve APB to be referred to polar co-ordinates, being the 
pole, and let OP^ OQ, OiJ represent consecutive radii veotores, 
and Pi, QM, arcs of circles described with as centre. Then 
the area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 

r^dO 
tary area OPQ = area OPL = ; 

r and being the polar co-ordi- 
nates of P. 

Hence the sectorial area AOB 
is represented by 




Fig. 12. 



I 

2 



/3 



r'dO, 



where a and (i are the values of corresponding to the limit- 
ing points A and B. 

136. Area of Pedals of ISllipse lind Hyperbola. — 

Tor example, let it be proposed to find the area of the locus 
of the foot of the perpendicular from the centre on a tangent 
to an ellipse. 

Writing the equation of the ellipse in the form—, •¥ j-=iy 
the equation of the locus in question is obviously 

r'^ = a'cos^O + b^ sin'^O. 
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Hence its area is 

- [ oos*fle?fl + - [ sin'Orffl = ^^'fl + ^^' sinfloos fl. 
2 J 2j 4 4 

The ^itLre area of the locus is 

The equation of the corresponding locus for the hyperbola 
is 

r' = a^ cos'O - 6* sin'O. 

In finding, its area, since r must be real, we must have 
^oos'O - 6* sin'fl positive : accordingly, the limits for 9 are o 

and tan"^ r . 



Integrating between these limits, and multiplying by 4, 

we get for the entire area 

d • 

ah + (a* - 6^) tan"^ 7 . 

In this case, if we had at once integrated between = o 

and = 27r, we should have found for the area (a' - h^) -. 

2 

This anomaly would arise from our having integrated 

through an interval for which r* is negative, and for which, 

ther6K>re, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 

respect to any origin will be given in a subsequent Article. 

Examples. 

1 . Show that the entire area of the Lenmiscate 

r^ = a2 cos 2B 

2. In the hyperbolic spiral 

ra = a, 

prore that the area bounded by any two radii yectores is proportional to the 
difference between their lengths. 

3. Find the area of a loop of the curye 

n 
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4. Find the area of the loop of the Folium of Descartes, whose equation is 

Transforming to polar co-ordinates, we have 

3a cos sin 



r =. 



sin'^ + cos^d' 



Again, the limiting values of are o and - ; 

2 






Let tan $ = Uf and this expression becomes 

9a2 f* u^du 



9£ p u^du _ 

TJo (TT^"* 



2f. 

2 



5. To find the area of the Lima^on 

r = a cos 8 + J. 

Here we must distinguish between two cases. 

(i). Let b> a. In this case the curve consists of one loop, and its area is 

-I (acos0 + J)2<fa= U2 + -jir. 



When b — a, the curve becomes a Caidioid, and the area 

(2). Let b <a. The curve in this case 
has two loops, as in the figure (see DifP. 
Calc, Art. 269), the outer loop correspond- 
ing to 

r = cos 9 + ^, 
the inner to 

r = a cos 8 - ^. 

To find the area of the inner loop, we 
take $ between the limits o and a, where 



Sira* 



= cos"^ ( - J ; and the entire area is 
(acosa-*)Va 



= f V' cos'e - lab cos e + b"') dB 
Jo 

— + i^ J a + — sin a cos a - 2ub sin a 




Fig. 13. 



®os"'--;i'/«2-*«. 
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It is easily seen that the sum of the areas of the two loops is obtained by in- 
tegrating between the limits o and 2ir, and accordingly is 



(?-). 



as in the former case. 




137. Area of a Closed Curre by Polar €o-ordi- 

u— In finding the whole area of a closed curve by 
polar co-ordinates we distinguish between two cases. When 
the origin is outside, we sup- 
pose tangents OjT, 0T\ drawn 
from O, and vectors OP, OQ, &o., 
drawn to out the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is -J- (n* - ra') dOy where 
OP = ri, Op = ra. 

Hence, the expression 

i ! {ri^ - n^) dOy Fig. 14. 

taken between the limits corresponding to the tangents OT 
and 07^< represents the entire included area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by ^j{ri^ 4 ra'*) rffl, taken between the limits 
= 0, and 6 = TT. 

We shall illustrate these results by applying them to the 
circle 

r* - zrc cos fl + c* = a*. 

If the origin be outside, we have c>a, and rj + ra = 2c cos 0, 
and rira = o* - a' ; . •. n - ra = 2 ^/a*- c*sin*6. 

Hence (n^ - ra'jrffl = 4c cos O^a^ - (^ sin'Oc^O; and the 

limiting values of fl are ± sin"^-. 

Hence the whole area is 



«ii-»? 



2C 



I cosflv/a^-c'sin'Oe^e. 

[13] 
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Let c sin 9 = a sin 0, and this integral transforms into 



2a^ * oos*0rf^ = Tra*. 



I; 



Again, if the origin be inside, we have c <aj and 

- {r^ + r^) = a* + c^ cos 2O ; 

.-. ['(ri* + r^^) ^0 = ["(a' + c" cos 2B)d9 = Tra\ 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the spiral of Archimedes. 

138. The ifpiral of ArcUmedes. — The equation of 

this curve is r = aOy 
and its form, for 
positive* values of 0, 
is represented in 
the accompanying 
figure, in which 
is the pole and OA 
the line from which 
Q is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q, jR,&c. : 
then, if OP=r, and 
ZPO^ = 0, we have, 
from the equation 
of the curve, ^JS* ^S* 

OP = aO, OQ^a(B + 27r), OR^a{0 + 47r), &o. 




* It should be noted that when negative values of are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA, 
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Hence PQ = QR = &o., = lav = c (suppose) ; i. e. the 
intercepts between any two consecutive brandies of the spiral 
are of constant length. 

Again, let OQ = n, OR = ra = n + c, and the area between 
the two corresponding branches is 

^ [ (ra' - n') de = c LdO + jldO. 

Now, suppose MN and mn represent the limiting lineSy 
and let and a be the corresponding values of ; tnen the 
area nNMm will be equal to 

c\ a9dQ^-\ rf0 = -(j3-a)(aa + flj3 + c) 

Ja 2 Ja 2 

= ^0-«)(0Jf4 0«). (9) 

If /3 - a = TT, this gives for the area of the portion 
between two consecutive branches QE^Qf and RFR^ inter- 
cepted by any right line RR drawn through the pole, 

— jRQ. QR^ i.e. half the area of the ellipse whose semi-axes 

2 

are RQ and RQ. 

139. Another Expression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ah repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move roimd any closed boundary, the included 

area is in all cases represented by - r^dBy taken roimd the 

entire boundary, whatever be its form ; the elementary angle 
dO being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions a? = r cos 0, y = r sin 0, we get 

^ y c?0 xdy-ydx 

tan0 = -; .'. — 5^= — ^^--= . 

X cos*0 ar 

Hence t^dO = xdy - ydx ; 

[13 a] 
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and the area swept out by the radius vector is represented by 
the integral 



^Uxdy'-ydx)j 



taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of ISUIptle ifector. Iiambert's Theo- 
rem. — ^It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 
This can be arrived at by inte- 
gration from the polar equation 
of the curve; it is, however, a' 
more easily obtained geometri- 
cally. 

jFor, if the ordinate PN be produced to meet the auxiliary 
circle in Q, we have 




N A 



Fig. 16. 



area^JP = - x area AFQ = -{ACQ - CFQ) 

ab . . . 

= — (u - e smt*), 
2 ^ ' 



(10) 



where u = lACQ. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities^ 
and of the chord joining them. 

For (Fig. 17), let QFP re- 
present the sector, and let 
FP = p,FQ = p\PQ = S; then, 
denoting by u and t/ the eccen- 
tric angles corresponding to a^ 
P and Q, the area of the sector 
QFP.hj (io),isrepresentedby ^'^' '^* 




' M ir A 



— Itt - w' - ^(sinw - sintf')!. 
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We proceed to show that this result can be "written in 
the form 

— {# - 0' - (sin^ - sin^')}. (11) 

where ^ and ^' are given by the equations 



2 2^ a 22\a 

For, assume that ^ and ^' are determined by the equations 

« - tt' = ^ - ^', e (sin w - sin tt') = sin - sin ^'. (a) 

The latter gives 

. u - u' u-\-u' . (b - d/ + 0' 

eem cos = sm-^^ — ^ cos-^- — -. 

2 2 2 2 

or by the former, e cos = cos ~ — ^. 

Again, since the co-ordinates of P and Q are a cos u^ 
b sin ti, and a cos t/, ( sin t/, respectively, we have 



g* = a'(coB« - cost*')* + &^(sinw - sinw') 
= 4sm' fl^sm' + o*cos* — 



= 4(r sm* [ I - r cos' 1 

2'2^"0 •20"*"0 

e 4a' sm' ^- — — sm' -^- — ^ ; 
2 2 

.-. 8 = 2a sin - — ^ sin ^ — ^ = « (cos <j>' - cos 0). (6) 

Again, from the ellipse, we have 

/o = fl(i - eco&u), p = a(i - ccosw'), 

, / ,v ii ■\- u' u - n 
.'. jo+/t) = 2a - fl^ (cos w + cost*) = 2a -2ae cos cos 



A + — rf> / 

2(J - 2acos-^- — - QOQ- = 2a^ a(cos0 + cos^). {c) 
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Hence, adding and subtracting (b) and {c)y we get 

- — = 2 (i - cos 0) == 4 sin' -, 

a ^' ^ 2 

p + p'— 8 , ^^ .2^ 

^- — = 2 (i - cos 00 = 4 sin' — , 

wjiich proves the theorem in question. 

Consequently, the area* of ani/ focal sector of an ellipse can 
be eapressed in terms of the focal distances of its extremities^ of 
the chord which Joins them^ and of the axes of the curve. 

141. We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. :— 

The area of any portion of the curve represented by the 
equation 

4 1) ■ « 

IS ab times the area of the corresponding portion of the curve 

F{x,y) =c. 

This result is obvious, for the former equation is trans- 

X 11 

formed into the latter, by the assumption ^ = a?', t = y' ; and 

hence ydx becomes aby'dx ; 

.'. ydx = ab t/d/y 

the integrals being taken through corresponding lindts — a 

result which is also easily shown by projection. 

x^ t/' 
Thus, for example, the area of the ellipse -^ + -5^=1 



* This reniarkable result is an extension, by Lambert (in his treatise eititled : 
Inaigniores orbita cometarum proprietates, published in 1 761), of the corrcpond- 
ing formula for a parabola given by Euler in Miscell. Berolitiy 1745. I* 
furnishes an expression for the time of describing any arc of a planet's oibit, in 
terms of its chord, the distances of its extremities from the sun, and tlie major 
axis of the orbit ; neglecting the disturbing action of the other bodies 3f the 
solar system. 
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rednoes to that of the oirole ; and the area of the hyperbola 

to that of the equilateral hyperbola a? - rf = i. 

Again, let it be proposed to find the area of the ourve 

Tbe transformed equation is 






or, ii polai oo-ordinates, 

_, a»coe'«l 6*8in'0 

Bit the whole area of this (Art. 136) is - f — + —2 
ifeasequently the whole area of the proposed curve is 

It may be remarked that the equations 



i^g, f)-. J'(..y) = e. 



represent similar curves, and their corresponding linear 
diiensions are as a \ i. Consequently the areas of similar 
cnrves are as the squares of their dimensions ; as is also 
otvious from geometry. 

142. Area of a Pedal Curve. — If from any point 
j^rpendiculars be drawn to the tangents to any curve, the 
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locus of their feet is a new curves called the pedal of the 



original (Diff. Calc, Art. 187). 

If p and w be the polar co- 
ordinates of Ify the foot of the 
perpendicular from the origin 0, ^y 
then the polar element of area of 
the locus described by If is plainly ^y 

^— ^, and the sectorial area of any 

portion isaccordinglyrepresentedby 



N T 




^ji>'rfa>, 



taken between proper limits. 

There is another expression for the area of a closed pdal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 ihi of 
the original curve ; then the area included between tb two 
curves is ultimately equal to the sum of the elements ©pre- 
sented by NTN' in the figure. 

Hence 8, = 8+ ^NTN' = 8^^ {pN'dw. (i 2) 

Again, by the preceding, 

Accordingly, by addition, 

281 = 8 + ^{oP'duf. <3) 

It is easily seen that equation (12) admits of being staed 
in the following form :— ^ 

The whole area of the pedal of any closed curve is equa to 
the sum of the areas of the curve and of the pedal of its evoHe: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular fronO 

on the normal at P : and hence -PN^du) represents the d^ 
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ment of area of the locus described by the foot of this perpen- 

dioolar, i.e. of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area 0/ 



TT 



ihe pedal of the evolute of an ellipse w - (a - 6)', the centre 

being origin. 

143. Area of Pedal of KlUpse for any Origin. — 

Suppose to be the pedal ^-=-,-JNn^ 

otrigin, and OM, OM' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CN a[ 
the perpendicular from the 
centre C\ let OM = p^, OM' 
=jP2, CN^v, OC=^c, lOCA 
= a, lACN = w ; then 

Fig. 19. 

Pi = MD - OD =p - ccos (ci> - a), 

P2=p + CC0S(a> - a). 

Again, the whole area of the pedal is 

- {pi^ + P2^)dw = \ [p^ + c^coa^{w - a)]dw 

TT 

df w + c* I cos' {(jj - a)du) = - {a^ + 6' + c*). (14) 




p^d(0 + <? 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC, 

If the origin lie outside the ellipse, the pedal consists 
of two loops intersecting at and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Iiieiner'8 Tiieorem on Areas of Pedal Curves. 
Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A' the area 
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of its pedal with respect to another origin ff ; then, if p and 
p' be the lengths of the perpendiculars from and (7 on a 
tangent to the curve, we have 

I P^ I r'» 

2 Jo 2 Jo 

Also, adopting the notation of the last article, 

p' =p - coos((t> - a) =p - iTCOSo) - f/Brntj; 

where a?, y represent the co-ordinates of (/ with respect to 
rectangular axes drawn through 0. Hence we get 

A' - A = -\ (a;cosa> + 2/sinw)*rf(ii 

2 Jo 

-xi poo8u)d(jj - y\ psirnodo). 
But co&^<od(o- TTf I sin*wfl?(i> = 7r, sina^C09aicKcii = o. 

jo Jo Jo 

r2ir r2ir 

Also, for a given curve, jt? cosw du) and p smtodw are 

J ^ ^ Jo 

constants when is given. Denoting their values by g and 
hy we have 

A'^A^~{^ + f)-gx-hi/. (15) 

This equation shows that if be fixed, the locus of the 
origin C, for which the area of the pedal of a closed curve is 
constant^ is a circle* The centre of this circle is the same, 
whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 

* It can be seen, without diflSculty, from the demonstration given aboTe, 
that when the curve is not closed, the locus of the origin for pedals of equal area 
is a conic: a tiieorem due to Prof. Eaabe, of Zurich. See Crelle*a Journal, 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
Transactions of the Royal Society , \ 863, in which he has investigated the corre- 
gponding relations connecting the volumes of the pedals of surfaces. 
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2oa 



area 



If the origin be supposed taken at the centre of this 
drcley the constants g and h will disappear ; and, in this case^ 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle, whose radius is at, is the circle itself. For 
any other origin the pedal is a limagon; hence the whole 

of a lima9on is ttI a* + — ), as found in Art. 136, Ex. 5. 

145. Areas of Roulettes on Rectilinear Bases* 

The connexion between the areas of roulettes and of pedals 
is contained in a very elegant theorem,* also due to Steiner, 
which may be stated as follows : — 

When a closed curve rolls on a right linCy the area between 
the Hght line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




Fig 20. 

position of the rolling curve, and P the corresponding point 
of contact. Let (/ represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 

* See CreWa Journal^ vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in the next Chapter. 

By the area of a roulette we understand the area between the roulette, the 
1)ase, and the normals drawn at the extremities of one segment of the roulette. 
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a point on the curve such that PQ = PQ ; then Q is the point 
which coincides with Q' in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by rfw, we have OPO' = dwf 
since we may regard the curve as turning round P at the in- 
stant (Diff. Oalc, Art. 275). 

Moreover, QQ' ultimately is infinitely small in comparison 
with QPy and consequently the elementary area OPQ'ff is 
ultimately the sum of the areas POff and QCP, neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POff = , and area QffP 

= QOP in the Hmit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area (S) of the rolling curve. Conse- 
quently the entire area of the roulette described by is 

S + iJr-^/a,. 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
descnbed by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de* 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
radius of the circle and its circumference ; i.e. is 27ra' ; denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is iwa^ + vra*, or 3Ta^ ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
dinary cycloid is the same as that of the cardioid : and the 
area of a prolate or curtate cycloid the same as that of a 
lima^on. 
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Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line^ the area of the roulette described by its^ 
focus in a complete revolution is double the area of the auxiliary 
drele. Also, the area of the roulette described by the centre^ 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. C^eneral Case of Area of Roulette. — If th& 
curve, instead of rolling on a right line, roll on another 
curve, it is easily seen that the method of proof given in the^ 
last article still holds ; provided we take, instead of e/oi, the 
sum of the angles of contuigence of the two curves at th& 
point P. 

Hence the element of area OPff is in this case 

- OP^d^ (i + ^\ or - OP'di^ (i + ^\ 
2 \ di>} I 2 \ 9 J 

where p and p' are the radii of curvature at P of the rolling 
and fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution, is represented by 

If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

iS + JrVci. 

In tills case the area generated is four times that of the 
corresponding pedal ; a result which appears at once geome* 
trically by drawing a figure. 
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Examples. 

I. If ^ be the area of a loop of the curve r^ = a"* cos m9, and Ai the area 
of its pedal with respect to the polar origin, prove that 



A: 



- (■ * "h 



It is easily seen, as in Diff. Calc.,.Art. 190, that the angle between the radius 
yector and the perpendicular on the tangent is m0 ; and .*. »= (m + 1)6 
Hence, by Art. 142, 

2Ai = A+ ^^' Sr^d$ = (m + 2) A, 

2. If a circle of radius b roU on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if A' be the area of the pedal of 
the circle witli respect to the generating point, prove that 

Aa + M=2(a-\-b)A\ 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
arc of an epicycloid extending from one cusp to the next. 

147. Holditcli's Tlieoreiii.^ — If a line CC^ of a given 
length move with its extre- 
mities on two fixed closed 
•curves, to find, in terms of 
the areas of the two fixed 
ourves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tioii, by any given point P 
situated on the moving line. 

Let CP = c, PC = c\ and suppose {xi^ yO, (a?, y), and 
(^2, 2/2) to be the co-ordinates of the points C, P, and C\ re- 
spectively, with reference to any rectangular axes. 




Fig. 21. 



* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of "Petrarch," in the Lady's 
aiid Gentleman's Diary for the year 1 8^8. The first proof given above is due to 
Mr. Woolhouse, and contains his extension of Mr. Holditclr s theorem. 
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Then, if be the angle made by CC^ with the axis of y, 
we have evidently 

iTi = a? - c sin 0, yi = y - c cos 6, 

ar2 = a? + c' sin 0, ^2 = y + c' cos 0. 
Hence we have 

yidXi = ydx - c cosO(e£r + y(/0) + c^cos^OdO ; 
^2^2 = y^ + c' cos {dx + yrffl) + c'* cos'0rf0. 

Multiplying the former equation by c', and the latter by <?, 
and adding, we get 

<fy\dxx + cy2C?ip2 = (<? + cO ydx + (c + c') cc' cos' 0rf0 ; 

.*. c' fyidxi + cjyzdxz = (c + c')jydx + {c + c')cc JGO&^OdO. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (0), 
(C?'), (P), the areas of the curves described by the points 
C, C, and P, respectively, we shall have (since in this case 
the angle revolves through zir) 

c'{C) + c(CO = (c + c'){P) + 7r(c + c')cc\ 

c\C)-\-c{C') .^. , , ^^ 

or c-^c' ^ ^^ ^ '^^^ • ^^ ^ 

This determines the area (P) in terms of the areas (C), 
(C) and of the segments c, c'. 

When the extremities C, C move on the same identical 
curve we have (C) = (C), and hence (C) - (P) = ttcc'. 

Consequently, if a chord of given length move inside any 
closed curvcy having a tracing point P at the distances c and 
c' from its endsy the area comprised between the two curves is 
equal to irccf. 

More generally, if the extremities C, C move on curves 
of equal area, we have, as before, 

(C) - (P) = TTCC^. (17) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then (C) = o, (C) = o, and 
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.'. (P) = - Trcc\ The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. 

Again, if the rod returns to its original position after 
n revolutions, the limits for become o and irnrj and equa- 
tion (i 6) becomes 

;^^; = (P) + nircd. (i8) 

If (C) = ((70, this gives 

{C) - (P) = nitcc'. (19) 

If the line oscillate back to its former position, without 
making a revolution, we have n = o, and (19) becomes 

(C) = (P). 

Hence, in this case, if two points describe curves of equal 
area, then any point on the line joining these points describes 
a curve of the same area. 

• 

The theorem in (16) can also be proved simply in anotber 
manner, as follows : — 

Let denote the point of intersection of the moving line 
CC with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let (0) represent the area of the en- 
velope, and it is easily seen that 

(C) - (0) = i (0(7)'rfe=i (c - rydB, 

Jo Jo 

(C) - (0) = i ?{OCJdB = \?'{<f + rydd, 

Jo Jo 



(P) - {0) = \U0Pyd9 =:^Wd9', 



hence 



\C) +c(aO - (c + cO(P) =^ [c\c'^ry^c[c'^rf-{c-\-d)f^]d9 



as before. 
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* 

A remarkable exteBsioB of Holditoh's theorem was given 
by Mr. !B. B. Elliott, in the Messenger of Mathefnaticsj 
Febraary, 1878. 

Mr. EEQiott supposed the length of the moving line C^C to 
VB17, but that it is in all positions divided in the constant 
ratio m : n in a point P. 

Then, if C travel round the perimeter of any closed area 
(0), and C^ move simultaneously round another area (C^, the 
two motions being quite independent and subject to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P wiU travel simultaneously round the 
perimeter of another closed area (P). 

Adopting the same notation as before, we have 

{m + n)x = mxi + nx^j (m + n)y = myi + ny2 ; 

.'. {m + fCfydx = {myi + ny^{mdxi + ndx^ 

= m^yidxi + n^yzdX'i + mn {yzdx^ + yidx^ 

= [m^n){myidxi-\^ny2dx.^ -mn{y2-yi)d{x2~Xi). 

Integrating for a complete circuit, and dividing by {m + w), 
we have 

{m + n){P)=miC) + n{C')-^\(i/,-y;)dix,-xO. (20) 

Tft T 7* J 

This result is stated as follows by Mr. Elliott : — 
Through any fixed point in the plane of a closed area S 
let radii vectores be drawn to all points in its perimeter, and let 
chords ABf parallel and equal to the radii vectores, be placed 
with one extremity A in each case in the perimeter of a closed 
area (-4), and the other B on that of another (B) ; then, if 
the points Ay P, travel respectively all round the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them ; and, if 

[14] 
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{C) represent the area described by a point always dividing JB-4 
in the constant ratio m : w, then the areas (-4), (5), (C), (5) 
are connected by the following relation : 

' m + n (m + »)' ^ ' ^ ' 

This follows immediately from (20) by altering the nota- 
tion. 

Areas described in opposite directions of rotation must be 
taken with opposite signs. 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr. Elliott's 
paper ; as also to Mr. Leudesdorf's papers in the <iame 
Journal. 

147 (flf). Kempe's Tlieoreiii.—r-'We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
making one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and the locits^ in 
the moving plane, of points which describe equal areas is a circle; 
and by varying the area we get a system of concentric circles for 
loci. 

This result can be readily de- 
duced from Holditch's theorem, for 
if we suppose A, B, C, to be three 
points which generate equal areas; it 
can easily be seen that any fourth 
point, 2>, which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CD intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; ^^* *^* 

and n the number of revolutions made before AB returns 
to its original position : then we have, by ( 1 9), denoting by 

* Messetiger of Mathematics, July, 1878. 
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((7) the oommon area described by eaoh of the points 

and, by same theorem, 

{C)-[P)=^nirCP,PD\ 
henoe 

AP.PB^CP.PD\ 

oonseqaently A^ By Cy By lie on the circumference of the 
same circle. 

Again, let be the centre of this circle, and join OP and 
OAf tnen the preceding equation gives 

((7)-(P) = W7r(04'- 0P% 

Hence all points which describe an area equal to that of 
(P) lie on a circle, having for centre, and OP for radius,-. 
whiioh establishes the second part of the theorem. 

For the effect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if A be the common distance between 
the ordinates, and if 

yo> Vu ^2, &o., yn, 

represent the system of parallel ordinates, the area of the 

{olygon, since it consists of a number of trapeziums of equal 
readth, is plainly represented by 



[14 a] 
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Hence the rule : add together the halves of the extreme 
ordinates, and the whole of the intermediate ordinateSy and 
multiply the result hy the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are y^^ y^ y? ; let 2/ = a + /3a? + 7a?* be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate 2/i> then we 
have 

Again, the area between the first and third ordinate is 

{a + Qx -¥ ')ic^) dx = 2^ I a + 7 — ). 
-A \ 3/ 

But y^^y^^ 2yi + 27^^ : hence the area in question is 

- \yo + 42/1 + y2\ 

Now, if we suppose the number of intervals n to be even^ 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

- {yo + y« + 4(2/i + 3/3+&o.+y„_i) + 2(y8 + y4 + &c.+yn-2)}. 

Hence the rule : add together the first and last ordinates^ 
twice every second intermediate ordinate^ and four times each 
remaining ordinate ; and multiply hy one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regardmg the curve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let ^o, yu ^2, y* 
be four equidistant ordinates, and for convenience assume 



i: 
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the origin midway between yi and ^2 ; then if the equation 
of the parabolic curve be 

y = a + fix + yoe^ + Sa:*, 

and the common interval on the axis of x be denoted bj 2//, 
we have 

yo = a - 3j3A + 97/r - l-jlh^ 
yi = a'[ih + yh' - U\ 
2^2 = a + i3A + yh^ + Sh\ 
ys = a + 3j3A + QyA^ + 2 7S/r. 

Henoe yo + 2^3 = 2 (a + 97A*), yi + ^2 = 2 (a + 7/*^). 
Again, the parabolic area between yo and yz is 

{a + [5x + yx^ + Ba^)dx = 3/^(20 + 67 A*). 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

4 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* — Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate ; and multiply by fths of the 
common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equi(£stant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 

* This and the preceding are commonly called ** Simpson's rules " for cal- 
cnlating areas ; they were however previously noticed hy Newton (see Opuscula, 
Method. Diff.y Prop. 6, scholium) as a particular application of the method of 
interpolation. By taking seven equidistant ordinates, Mr. Weddle (Camb. and 
Bub, Math, Jour,^ 1^54)) ohtained the foUowing simple and important rule for 
finding the area: — To Jive times the sum of tJie even ordinates add the middle ordi' 
nate and all the odd ordinates^ multiply the sum by three-tenths of the common 
interval, and the product will be the required area, approximately. The proof, 
which is too long for insertion here, will he found in Mr. Weddle' s memoir : 
and also, with applications, in Boole's Calculus of Finite iJifferences. The student 
is referred to Bertrand's Calc. Int., 1. i, ch. xii., fur more general and accurate 
methods of approximation hy Cotes and Gauss. 
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curvilinear area, the methods given ahove are applicahle to 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances 
have been introduced for the purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Planimeters. The simplest and most elegant 
is that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre roimd which the instrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AJBy should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of ita 
position on the moving arm ; i.e. is the same as if the wheel 
be supposed placed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A'B^ represent a new position of 
AB very near to AB, and P' the 
corresponding position of the 
point P. Draw PiV perpendicular 
to A'B^ ; then PiV represents the 
length registered by the wheel 
while the arm moves from AB to 
the infinitely near position A'B". 

Next, draw ^iV' perpendicular, 
and AL parallel, to A'B'. 

Ijet PN^dsy AN' = ds,AP = Cy ^ «_ ., 

PAL = di>; then P]Sr= PL + AN\ ^' ^* 

or d/ = ds + c d(p. 
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Now, if we suppose AB after a complete circuit of the 
carve to return to its original position, we have obviously 
2 {d^) = o ; and therefore S {cU) = 2 (rfs) , i.e. the whole length 
leistered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
reotang^ar axes drawn through 0, and let AC = a^ AB =^ b^ 
L ACX = ; and suppose ^ the angle which BA produced 
makes with the axis of x ; then we shall have 

as-a cos -¥ b cos ^, y = a sin + 6 sin ^. 

Hence xdy - ydx = a^dO + b^d(p + ab cos (0 - f/») d{Q + <f). 

Also da = AN' = AA' sin AA'N = ad9 cos (« - 0). 

But + ^ = 20 - (0 - ^) ; 

.'. a6cos(0- <f)d[9 + 0) 

= 2aJ oos(0 - ^)dQ - flS cos(0 - <p) d{Q - tf) 

= ibds - a6 cos (0 - ^) rf (0 - ^). 

Consequently 

ardy - i/dx=a*dO + b^d(^ -hzbds-ab cos(0 - <p) d{0 - ^). 

But, by Art. 139, the area traced out by 5 in a complete 
revolution is represented by ^ (a?rfy -- ydx) taken around the 

entire curve. 

Also, since AO and AB return to their original positions, 
the integrals of the terms a^dO, b^d<p and ab cos (0 -(l>) d(0-<p) 
disappear ; and hence the area in question is equal to bS, where 
8 denotes the entire length registered by the revolving wheel. 

On account of the importance of the principle of this in- 
strument, the following proof, for b 
which I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let C, ^,^ represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose B to represent 
the position of the roller, or revolv- 
ing wheel ; tlien draw CP and B8 
perpendicular to AB. 




Fig. 24. 
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Let AC = a, AS = b, AE= I, BO = r. 

Now, if the instrument be rotated about C through an 
angle 6 without altering the angle CABy it is easily seen 
that the circumference of the roller is rotated through an arc 
represented by 

PB.e = {i^'-^~^\o. 

Again, if the instrument be rotated about S through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through B, 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let X/i, XV t© the two adjacent 
circles described with C as centre, and 
suppose aa and /Jj3' two adjacent non- 
rolling curves, such as just stated : and 
suppose the tracing point B to move 
round the indefinitely small area aafiji : then the arc through 
which the roller has turned is represented by 




( 



= — ; — =^ area 01 — - — , 





since aj3 = r S0 ; and Sr = aa sin /3. 

Now suppose the instrument works correctly for the area 
\Waay then it will work correctly for the area XX'j3'/3 ; for, 
start from a to X, X', a\ then the area aXX'a' must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a to /3', /3, a, then, by what has been just 
proved, the area a^^lia will be added. Hence the instrument 
will work correctly for the strip XXf/fi. 

Again, suppose the instrument works correctly for the 
area \fxpy then it will work correctly for X'/uV* > ^^^ suppose 
we start from X to ^, ju, and back to X : then start from A to 
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^f /t«'» y aiid A ; the two journeys from X to /u and fx to \ 
will neutralize each other, and it follows that if the instrument 
works correctly for the area Xfip, it will work correctly for 
the area XVp * hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Flanimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, C.E., to the British Association. — See 
Beport, 1872, pp. 401-412. 
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Examples. 
I. Find the whole area between the curve 



ar2y2 + aH'^ = a^y^ 




and its asymptotes. 


Ant. 2irab, 


3. Find the whole area of the curve 




aV = «*(«'-«'). 


8as 



3. Find the whole area of the curve 



,, —wab. 
4 



4. Find the whole area included between the folium of Descartes 

and its asymptote. Atu. — . 

5. In the logarithmic curve y = a**, prove that the area between the axis of 
X and any two ordinates is proportional to the difference between the ordlnates. 

6. Find the area of a loop of the curve 

r = a cos n9. Ans. — • 

II 

7. Find the area of a loop of the curve 

r = a cosfid + 6 sinw^. „ (a'+i*) -. 

The equation of the curve may be written in the form 

r = y/a^ ^ 6^ cos {n0 + o), 

where tan a = ; and consequently its area can be found from the preceding^ 

example. 

8. Find the area of a loop of the curve 

r^ = a^ cos ne + H^em nO, Ana. ^ . 



■■ 



rjL I 
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9. Find the area of the tractrix. 

The chnracteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tang^t OA is perpendicular 

to the axis, we have, F being ^^ 

any point on the curve 

^= - tan pry = - — ;t~=- ; 




.-. ydx = — V^fl* — y^dy. 

Hence the element of the area of 

the tractrix is equal to that of Fig. 26. 

a circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira'. This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve, 
without a previous determination of its equation. 

If the equation of the tractrix be required, it can be derived horn its differ- 
ential equation 



rfa? = - 



V^a2 - y'*'dy 



from which we get 



/ 



X + \/ a* - y« s= fl log 



a + ^y a^ — y- 



That the equation of the tractrix depends on logarithms was noticed by 
Newton. See his Second Epistle to Oldenburg (Oct. 1676). This was, X 
believe, the first example of the determination of the equation of a curve by 
integration ; or, what at the time was called the inverse method of tangents, 

10. If each focal radius vector of an ellipse be produced a constant length ^, 
ahow that the area between the curve so formed and the ellipse is 'Kc(2b ^ c), 
h being the semi-axis minor of the ellipse. 

1 1. Find the area of a loop of the curve r» = a» cos ne. 



Ans, 



Wt \a n) 



12. If a right line carrying three tracing points Ay B^ C, move in any manner 
in a plane, returning to its original position sifter making a complete revolution ; 
and if (^), (B), [C) represent the en tiro areas of the closed curves described by 
the points A, B, C, respectively, prove that 

BCx{A) + CAx {B)-^ABx (C) -^v.AB.BC, CA-=o, 

in which the lines AB, BC, &c., are taken with their proper signs ; i.e., 
AB^-- BA, &c. 
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13. Aj B, Cf 2), are four points rigidly connected together, and moving in 
any way in a plane ; if they describe closed curves, of areas (A), {B), ((7), (/>), 
respectively ; and if Xj y^ z^ be the areolar co-ordinates of D referred to the 
triangle ABC^ prove that 

{D) = x{A) + y{B) -v z(C) ^ irt\ 

where t is the length of the tangent from JD to the circle circumscribed to the 
triangle ^iS (7. l&i,ljQ\jAQsdiOji^ Messenger of MathematieSy l%^%. 

This follows immediately : for let F be the point of intersection of the lines 
AB and CZ>, then, by (18), we get a relation between (A), (J5), and (P^ ; and 
also between (C7), (2>), and (P). If P be eliminated between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve with respect to four points A^B^ C, i>, taken respectively 
as pedal origin. Mr. Leudesdorf, 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the tsmgent, prove that its area is represented by 



•:i 



prdr 



V r^ -p2 



16. A chord of constant length (e) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents. 



Ans, — . 

2 



17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that tbe polar equation of the 
locus of the point of contact is 



r2 = 



a2fta 



32+ (a^+^)tan»tf* 
and that the whole area of the locus is 



18. Apply the three methods of approximation of Art. 148 to the calculation 

!i «?« .1 
, adopting — as the commop 
I + a^ 12 

interval in each case. Ans. (i), .693669. (2), .693266. (3), .693224. 

The rml value of the integral being log 2, or .693147, to the same number 

of decimal places. 

1 9. Prove that the sectorial area bounded by two focal vectors r and r' of a 
paral>ola is represented by 

where c is Hie chord of the arc, and a the semiparameter of the parabola. 
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a;- y2 

20. Show that the whole area of the inverse of the ellipse — + — = i is 

a* r 

lepiesented by 

where a, jS, are the co-ordiiiates of the origin of inyersion, and h is the radius of 
the circle of inyersion. 

21. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

0(2 cos 2$ 4- i) 
r = . 

2 COS0 

Hence show that the entire area of the loop of the curve is ^^^ v 3 ^ 

4 

23. is a point within a closed oval curve, P any point on the curve, QPQ 
a straight line drawn in a given direction such that QP = FQ = FO ; prove that 
as P moves round the curve, Q, Q', trace out two closed loops the sum of whose 
areas is twice the area of the original curve. Camb, Trip. Exam.y 1 874. 

24. Prove that the area of the pedal of the cardioid r = a (i - cos 0) taken, 
with respect to an internal point at the distance e from the pole is 

^ (50*- 2ae + 2<j2). [Ibid.y 1876.) 

o 

25. The co-ordinates of a point are expressed as follows : 

36 3^3 . 



^ = ;rrT--» y = 



^3 + 1' -^ ^3 + r 

find the equation of the curve described by the point, and the area of the portion 
of the plane inclosed thereby. 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

150. Iiength of Curves referred to Rectani^lar Axes. 

The usual mode of considering the length of a curve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the curve be referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 

{xy y) and (x+dx^y+dy) is ^dx^+ c/y% and, consequently, if 
s represent the length of the curve measured from a fixed 

point on it, we shall have ds = ^dx"^ + rf/, or, integrating. 



s = 



J- *m^- (■> 



taken between suitable limits. 

dy 
The value of — in terms of x is to be got from the equa- 

cue 

tion of the curve, and thus the finding of s is reducible to a 

question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y be taken for the independent variable 
we shall have 



*=lJ'+(F)'^y- 



.dp) 



Again, when x and y are given functions of a single va- 
riable 0, we have 



s = 



W^ (|| ' "♦• 



In each case the form of the equation of the curve deter- 
mines which of these formulae should be employed. 
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The curves whose lengths can he ohtained in finite terms 
(compare Art. 2) are very limited in number. We proceed to 
consider some of the simplest cases. 

151. Tbe Parabola. — ^Writing the equation of the 

dec f/ 
parabola in the form y* = zmx^ we get ;t- = — • 



Hence 



s 



m] 



•\-m^dy. 



' The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x^ 
and f»* for - a'. 
Thus we have 



8 = 



y 



\/y 



2m 2 °v m 



> 



(2) 



the arc being measured from the vertex of the curve, y 

152. The Catenary. — The^^uation of the cat^aiy 
(Art. 131)9 is 

Y 



y 



Hence 



-5^^«"-) 



1/ 5 



dx 2 



" ' "^-{(f*'^- 




dx \ da?^ 



Fig. 27. 



/. s=-ic^ 



/• a? 



dx + 



e*(fo? = -(e*-e*l + const. 



If 8 be measured from the vertex K, we have 



8 



-t--'-')-- 



the same result as already arrived at in Art. 131. 

Again, since PL = P F, and NI\\r constant, it follows that 
the catenary is the evolute of the tractrix (see Ex. 9, p. 219). 
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153. Semi-cubical Parabola. — The equation of this 
curve is of the form ay^ = a^, 

hence y ^t . , JJL ^ l(^y\ ^ = fi + 2?Y; 

as ax 2\aJ ax \ /^aj 

gx\^ . Saf oa?V 
1+-^ dx= — i+— + const. 
W 27 \ ^aj 

If the axe be measured from the vertex, we get 



s 



27 (V W ) 



The semi-cubical parabola is the first curve whose length 
was determined. This result was discovered by Willuuu 
Neil, in 1660. 

154. Rectification of SIvolutes. — It may be noted 
that the rectification of the semi-cubical parabola is an 
immediate consequence of its beiug the evolute of the ordinary 
parabola (see DiS, Gale, Art. 239). In like manner the 
length of any curve can be found if it be the evolute of a 
known curve, from the property that any portion of the aro 
of the evolute is the difference between the two corresponding 
radii of curvature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

{ax)i + {by)t = {a' - b% 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 

©■^(i)"=- 

and making x = a sin'0, we get y = (i cos'^, and 

ds = {dx^ + dy^)^ = 3 sin cos0(a* sin'^ + /3' cos'^)irf0 

^ 3(a'sinV + ff'co s»^ 

2 (a' - 6') ^ sm0 + p COS0). 
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Hence 

If the arc be measured from the point x = o^y = f^j we 
get the constant 

-/3' _ , , _ (a»sin'» + P»cos'»)t-P» 
If a = /S, the expression for ds becomes 3a sin ^ cos 0(20 ; 

3 • 

hence we get a-- a sin'0, the arc being measured from the 
same point as above. 

EXAHPLBS. 

I. Find {he lengih of the logarithmic curve y == M*. 

Here Iogys«log0+log0: .-.— = -, where J= = — . 

dy y* log a 



J y J(*» + y*)* JylA^^- 






= (4» + y*)» + *log 

2. Find the length of the tractriz. 

Here, by definition (see fig. 26), we have PT= a ; 

. _-,,_ y ^ da a 

.*. sinPIiy = -, nence — = — 5 
a dy y 

••.» = — aj — = -« log y + const. 

If the arc be measured from the yertez A, we get 

arc-4P = «log f-j. 

3. Find in what cases the curves represented by a*»y** = o;"*^ are reotifiable. 
Here we have 

f ( /m + fi\ • /a?\ 



-j!-(=^')(ri'"- 

[IB] 
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Substituting b for ^^, and maMng i + to » = «', this becomes 



««a* 



i-i 



"an] \ b ) 



^2 _ I \ 2m 



This expression is immediately integrable when — is a positiye integer. 
Hence, if — = r,. we see that curves of the form ay'^ = x^'^^ are rectifiable. 

Again, if — be a negative integer, the expression under the integral sign 

becomes rational, and can accordingly be integrated. This leads to the form 
yir — ax^r-i^ Accordingly, all curves comprised in the equation ay** = ic"^ are 
rectifiable, m being any integer. (Compare Art. 62). 

155. Tbe Ellipse. — The simplest expression for the axo 
of an ellipse is obtained bj taking a; = a sin ^, whenoe 

y =b 008 <py and ds = {a^ cos'0 + i' sin'^)* d^ ; 

.-. s = (a* cos'^ + 6* sin*^)irf0. 
It is often more convenient to write this in the form 

s = a\{i - e'^ sixi'^(l))id<p, (3) 

e being the eccentricity of the ellipse. 

It may be observed that is the complement of the eccen- 
trie angle belonging to the point (a;, y). 

The length of an elliptic quadrant is represented by the 
definite integral 



a\ {1 - e^ sin* 0)^0. 



We postpone the further consideration of elliptic arcs to 
a subsequent part of the Chapter. 

156. Rectification in Polar Co-ordinates. — ^If the 

curve be referred to polar co-ordinates we plainly have (DifE. 
Calc, Art. 180) ds^ = dr^ + r^dO^ ; hence we get 



5 = 



dr^\h 



r'd&'X^ 



^ + _jrf», or. = J(^i+-^Jefr. (4) 
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For example, {he length of the spiral of Archimedes, r = a0, 
is given by the equation 



8 



= if (r« + a2)i£?r. 



Comparing this mth the formula (2) for the parabola, it 
follows that the len^h of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured &om its 
vertex. 

Examples. 

1. Cazdioid, r = a(i + co8d). 

dt 
Here 3- = — a ain 0, and hence 



8= a/{(i + co6 0)^ + 8m'0}ii^ = 2a/co6-^0 s 4a sin - + constant. 

2 2 

The constant becomes zero if we measure a from the point for which $ = 0. 

2. Logarithmic spiral, r = afi. 

Here, if 6 s{ , we get 

' log a' *=• 

^ = d; .-. a^VUi + *2)Ur = (I + J2)J (n - ro). 

Accordingly, the len^ of any arc is proportional to the difference between 
the yectors of its extremities ; a result wluck also follows immediately from the 
property that the curve cuts its radius yector at a constant angle. 

3. r« = 0^ cos mB. 

dr 
Taking the logarithmic differentials, we get — = - tan md ; 

,\ —z: = secmd. 
rde 

f i-» 

Hence *"^ J i"^^^^) ^^' 

Or, wilting ^ for wtf, 

a c ••"' 

» = ~J (cos^) d<p. 

This is readily integrated when — is an integer (see Art. 56). 

in 



[16 a] 
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Whateyer be the yalue of m, we can express the complete length of a loop o£ 

the curye in Gramma Functioiis. For if we integrate between o and -, we ob- 

viously get the length of half the loop. 

Hence the length of the loop (Art. 122) is 



o\/x 



U»»/ 



«• r 



(^) 



157. Formula of liegendre on Recllficatloii. — 

Another formula* of considerable utility in rectification fol- 
lows immediately from the result obtained in Art. 192, Diff. 
Oalc. For, if this result be written in the form 

^^ =Pi we get s - ^ = Ipdu). (5) 

Consequently, the total increment of s - ^ between any two 
points on a curve is equal to Ipdta taken between the same 
two points. 

For example, in the parabola we have p = , and 

^ ^ cos 01 



hence 

s 



- t = a\ — — = a log tan (- + -) + const. 
Jcosw ° \4 2 J 



If we measure the arc from the vertex of the curve, and 

dt) 
observe that ^ = •—, this gives 



a smoi 
cos'w 



+ a log tan (- -v ~ j. 



The student can without difficulty identify this result with 
that given in Art. 151. 



* This theorem is due to Legendre. See TraiU des Fonctiona JSUiptiques, 
tome ii., p, $8$, 
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It should be obseiyed {hat when the curve is closed, its 
whole length is, in general, represented by 



i: 



pdio. 



Equation (5) furnishes a simple method of expressing the 
intrinsio equation of a curve, when we are given its equation 
in terms of ^ and gi. 

For, if ^ =/(w) we have 



8 



= £ + [pcli^ =f{w) + |/(ai) rfa>. 



(6) 



taken between suitable limits. 

158. Application to Ellipse. Faipnani's Tbeorem. 

In the ellipse we have 

p^ = a* cos'oi + 6' sin'cii. 

Hence, measuring the arc 
from the vertex A^ and observ- 
ing that in this case PiV is to be 
taken with a negative sign, we 
have 

arc AP + FN = | * [a" cos' w + V sin' w)J rfw, 

where a = lACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex JB, the arc is represented by 




Fig. 28. 



f 



(a' cos'*^ + V sinV)^rf0. 



Consequently, if we make L BCQ =- a = L ACN^ and draw 
QJf perpendicular to the axis major meeting the curve inP', 
we shall have 

arc BF = arc -iP + FN, 



or, taking away the ccmmon arc FF, 

BF-AF^ FN. 



(7) 
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This remarkable result is known as Fagnani's Theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 

Examples. 

1. 11{», y) and (a;', y') be the co-ordinates of P and P\ respectiyely; prove 
the following : — 

(i). FN= — , (2). PiV= P'JV", (3). CN . CJST' = CA . CB, 

(4). CF» + cjsr* = C4»+ CB*^ ci^+ cm. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of uie semiazes. 

This talces place when F and P' coincide ; in which case CN= *y ah^ and 
PiV^= a-h. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani*s point, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi-axes of the ellipse. 

4. If the lines PiV and F*N' be produced to meet, show that they intersect 
on &e conf ocal hyperbola which passes through the points of intersection of tiie 
tangents to the eUipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani's point. 

* Fagnani, Oiomale d£ Zetterati eP Italia , 17 16, reprinted in his JProduzioni 
Matematiehe, 1750. It may be noted that if we integrate the equation of Art. 
116, Diff. Cole., taking the angle C as obtuse, and adopting zero for the lowest 
limit in each integral, we obtam 

I« -6 

v/i - k^ BiD^ada + \ \/ 1 — k* em^b db 

=^ J \/i — Ar^sin'tfifc + A* sina sind sin^?, 

where h is defined by the equation sin C7 = ^ sin r, and a^b, coxe connected by 
the relation 

cos0 = cO6aco6 6--8ina8indvi — k* sin^c. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani*s theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fone. Fllip. , tome i., ch. 9. 
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The equation of FNib 

r8m© + ycos6 = v^a« £dn*6 + 6* cos^d, 
and that of P'iT is 



i;cos 9 yeind 



If we eliminate 0, we get 



a b ' 



(8) 



▼liich represents the hyperbola in question. 

159. Tlie Hyperbola. — In the hyperbola we haye 

p^ = a' cos' ft* - fi'sin'oi. 

Hence, measuring the arc from the vertex A of the curve, 
we find, since w is measured below the axis, 

PN-^AP^ pCfl'cos'fti - 6»sin'fti)Mft;, 

where a * lACN. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanities when the tangent becomes 
the asymptote. 

Moreover, as the limit of fti in this 

case becomes tan~^ -, it follows that the 



difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




1 



a 

tan-i— 

(a'cos'fti - 6*sin*ft>)irfft;. 





EXAKPLES. 

1. If a > ^, prove that 

/(a+ dco8^)*rf^ 

is represented by an elliptic arc, and that the semiaxes of the ellipse are the 
greatest and least values of (a + ^ cos ^)i. 

2. If a < d, prove that 

/(a+ dcos^)i<7^ 

is represented by the difference between a right line and a hypexibolic arc. 
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1 60. lianden's Tbeorem on a Hyperbolic Arc. — 

We next proceed to establish an important theorem, due to 
Landen ;* namely, that any arc of a hyperbola can be expressed 
in terms of the arcs of ttpo ellipses. 

This can be easily seen as follows : — ^In any triangle, 
adopting the usual notation, we have 

c = floosjB + boos A. 

Now, representing by C the external angle at the vertex 
C, we have C ^ A-\-Bf and hence 

cdC = (acosJB + bQ08A)dA + {aooBB + b oos A) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 



H=l 



aco&BdA + 
or 



b QosAdB + 2a sin jB + const., 



jv/fl* + fi' + 2a6oos CdC= L/a^-fi^sin^-4 dA+Wb' - a'sin'J? dB 

+ 2flsinjB + const. (9) 

Now, if we suppose a > J, ^/a* - b^ sin*-4 dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eocen- 

tridty -. Also yb^ - a* svD?BdB represents (Art. 159) the 
difference between a right line and the arc of a hyperbola, 
whose axis major is b and eccentricity 7. 

{a - i)'sin^-+ (fl + 6)*cos*-, 



* Landen, Philoaophieal Transaetions, 1775 ; also, Mathematical Memoiriy 
J 7 80. 
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and oonsequentlj the integral 



I 



v/a^ + Z* + zaboosCdC 



represents an arc of the ellipse whose semiaxes are a + i and 
a- 6. 

Hence, Landen's theorem follows immediately. 

It should he noted that the limiting values of A, B and 
C are connected bj the relations 

asinJB = fisin-4, and C = A ■{- B. 

Again, if we suppose the angled to increase from o to ir, 
the external angle C will increase at the same time from 
o to IT, while B will commence by increasing from o to a, 

and afterwards diminish from a to o [where a = sin~^- ]. 

Moreover, in the latter stage (cos^ is negative, and dB also 
negative, consequently the term b cos AdBis positive through- 
out the entire integration ; and the total value of 

-v/6* - a^sin^BdB is represented by 2 ^b^ -d^dv?BdB. 

C 
Hence, substituting ^ for — , and integrating between the 

limits indicated, we get, after dividing by 2, 

r {(« + i)'*8in-0 + (fl - i)^cos'0)icf</» 

Jo 



w 



= r(a' - W w^A)^dA + hft' - a* sin*5) J dB, ( i o) 

Jo Jo 

Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is equal to the differ- 
ence between two elliptic quadrants. This result is also due to 
lianden. 

We next proceed to two important theorems, which may 
be regarded as extensions of Fagnani's theorem. 
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i6i. Theorem* of Dr. CfraTes. — If from any point 
P on the exterior of two eonfooal ellipses, tangents PT and 
PT be drawn to the in- 
terior, then the difference 
(Pr+ Pr - TT) between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
Q8 and Q8' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PN and Fig- 3°. 

QN' \ then, since the conies are confocal, we have 

L PQN=L QPN'y .-. PN' = QN^ 

Also, PT^TE + EN-^ TE + IiS+ SN'-TS+SJSr 

^ T8+8Q- ON. 

In like manner 

Pr^^PN' + S'Q-rS'; 

.'. PT + pr = QS+ QS' + rfif - rs\ 

or PT + pr - Tr = QS + QS' - 8S\ 

Hence, PT + Pr - TT' does not change in passing to 
the consecutive point Q ; which proves that PT + PT' - TT' 
has a constant value. 



* Tliis elegant theorem was arriyed at by Dr. Grayes^ now Bishop of Limerick, 
for the more general case of spherical conies, from the reciprocal theorem, yiz. : — 
If two spherical conies haye the same cyclic arcs, then any arc touching the 
inner will cut from the outer a segment oi constant area. (See Grayes' transla- 
tion of Chasles on Cones and Spherical Qmics, p. 77, Dublin, 1841.) 

It should be remarked that the theorems of this and of the following article 
were inyestigated independently by M. Chasles. The student will find in the 
Comptea Mendus, 1 843, 1 844, a nimiber of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, aa also 
to the addition of elliptic functions of the first species. 
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This value can be readily expressed by taking the point 
at B^j one of the extremities 
of the minor axis of the 
exterior ellipse. Let 2> be 
the point of contact of the 
tangent drawn from ^, and 
drop DMy and DXf perpen- 
dionlar to CA and C£, 
respectively. 

Let CA = fl, CB = b, 
CA^^d, aB;=6', etheeccen- 
tricity of interior ellipse. 
Then, by Art. 155, the length of arc 




Fig- 31* 



where 



-BD = «[*(! -c^sin^^)5 (/<;,, 



cos a = 



Again^ 



BK CN CB b 
CB" GB^ on" V 



BB" = BIP + Bm = (J/ - 6 cosu)- + a* sin*a 



hence 



-(^■4M'-^-- 



a 



B'2>-^-/6'^-6'- = a'sina. 



Consequently we have 

BB "BB^a^Bma-a p(i - ^sin«0)i(f^, 
Hence, in general, 
PT+Pr- TT = 2a' Bin a -2a ["(i - e'sin*0)ic/0, 



>0 



where 



« = COB- (I). 
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Fig. 32. 



The analogous theorem, due to Professor Mac CuUagh, 
may be stated as follows : — 

162. Theorem.— If tangents PT, FT be drawn to an 
ellipse from any point on a con- 
focal hyperbola, tiien the differ- 
ence of the tangents is equal to 
the difference of the arcs 2!£^and 

The proof is left to the student, 
and is nearly identical with that 
given for the previous theorem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola; as can be seen 
without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference betweefi the length of the 
nsymptote and of the infinite branch of 
a hyperbola can be expressed in terms 
of an arc of ihe hyperbola. 

For, let the tangent at A meet 
the asymptote in 2), and suppose a 
confocal ellipse drawn through D, 
Then, regarding DT as a tangent to 
the hyperbola, it follows, by the 
theorem just established, that the 
difference between DT and KT is 
equal to the difference between DA 
and AK, 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch -4T is equal to 
DA + DC - 2KA, Consequently the 
required difference is expressible in 




Fig. 33- 



terms of given lines and of the hyperbolic arc AK. 

* I am indebted to Dr. Ingram for tliis application of Professor M'CulIag^*s 
theorem. 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

163. Tbe Idmayon. — From the equation of the lima9on^ 

di* 

r = « cos + J, we get -^^ = - a sin 0, 

and hence 

(fe = (a* + y + lab cos B)^dd ; 

.-. «= [{(« + &)' co8'^+ (a-6)*sin'|j*^e. 

Accordingly, the rectification of the limagon depends on 
that of the eUipse whose semiaxes are a + 5 and a-h. 

164. Tlie Epitrocboid and Hypotrocboid. — The 

epitrochoid is represented by the equations (see DiS. Galc.^ 
Art. 284) 

a? = (a + J) cos - c cos —J — 0, 

y = (« + J) sin - c sin — 7— 0. 

Hence 

dx . ,x ( . /i c . « + 6 /,) 

^-(a + J) Jco8e-3OOB-3-0j. 
Squaring and adding we get 






jj^ + er* - 26c cos ^1 dQ. 



Hence, substituting — - ioi 0, we get 

zla+h) 
« = - 



^ [ {(6 + cf sin> + (J - c)» cos'^}icf0, 
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Ckmseqoently the length of an aio of the epitrochoid is equal 
to that of an ellipse. 

The eoiiesponding form for the hypotrochoid is obtained 
by changing the sign of h. 

165. Steisei^ Tlieerem mm Meciificatlon of 
K#«lettes. — If any curve roll on a right line, the length 
of the arc of the ronlette described by any point is equal 
to that of the corresponding arc of the pedal, taken with 
respect to the generating point as origin. 

For (see fig. 20, Art. 145), the element Offoi the roulette 
is equal to OPdw. 

Again, to find the element of the pedal. Since the angles 
at N and IT are right, the 
quadrilateral NN'TO is inscri- 
bable in a circle, and consequently 
NN\^ OT sin NOir. But, in 
the limit, NN' becomes the ele- 
ment of the pedal, and 07becomes Ri 
OP : hence the element of pedal 
is OPdta) ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the Fig. 34. 

roulette ; .*. &c. 

We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the limagon. Again, if 
an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements da and ds^ of the roulette, 
and of the corresponding pedal are connected by the relation 

ds = d8 \ I + 

In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of oardioids and of lima9ons, which 
agrees with the results established already. 
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1 66. OTal of Descartes. — ^We next proceed to the 
rectification of the OvaJs of Descartes, some properties of 
which cnrves we have given in chapter xx., Diff. Oalo. 

The curve is de- 
fined as the locus of 
a point whose dis- 
tances, rand r ,from 
two fixed points are 
connected by the 
equation 

mr + // = dy 

where /, m^ d are 
constants. 

For convenience 
we shall write the 
equation intheform 

mr + lr^nCj (12) 

where c is the dis- 
tance between the 
fixed points. 




Fig. 35- 



The polar equation of the curve is easily got. For, let jF 
and Fi be the fixed points, and L FiFP = 0, then we have 

/2 = r^ + c' - irc cos d ; 
also from (12), 

^/* = {nc - mry, 

hence the polar equation of the locus is readily seen to be 



mn - V cos , n'* - Z'* 
r" - irc — - — + <r -n — To 



= o. 



(13) 



For simplicity we shall write this in the form 

r' - 2rQ, + C= o. (14) 

Solving this equation for r, we get 

r = Q±yQ.^-C, otFPi = Q + yH^-C, FP=^ 0.-^0,^- C. 

It can be seen without difficulty that, so long os I, nij n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we get from (14), by difEerentiatioii 

//O 

(r - Q) rfr = rQ'rfff, where O' = -^ ; 

dr q: a' . ds a/q' + Q'^-C 
•*• ~-7ii = TT = — y ; iienoe —z-g. = ^ — . 



Or (fe = QA/QM^Q^ ^g ^ v/q^ + q-^- grfO, (15) 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Henoe the difference between the two corresponding 
elementaiy arcs is equal to 

2a/Q'+Q'*- Cdd, or, 2^0^ + zab cosff + J* - Cd9, 

(writing £2 in the form a + J cos 0) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc 01 an ellipse. This remarkable theorem is 
due to Mr. W. Roberts (liouville, 1847, P« iQS)* Some years 
after its publication it was shown by Professor Genoochi 
(Tortolini, 1864, p. gy), that the arc* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a circle described through Fj Ji, and P ; and let 
PQ be the normal at P to the oval, meeting the circle in Q, 
and join FQ and P,Q ; then let L FPQ = oi, and PiPQ = w' ; 

df* df 

and since m — + / — = o, we have / sin cu^ = m sin cu ; 

.-. FQ:FiQ = l: m. 



♦ For the proof of this theorem giyen in the text I am indehted to Mr. 
Panton. 
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Also, smoe mr + 1/ = nc ; and (by Ptolemy's theorem) 

FP . FiQ + F.P.FQ = FFx . PQ, 
we have 

FQ F,Q PQ 

I tn n 

Henoe, denoting the common yalue of these firactions by 
V, we have 

FQ = luj FiQ = mu, PQ = nu. 

Again 

dr Q' v/a»-0 

ton€tf=-^7:= — ; ; .'. COS ft* = - - - 

Henoe the first term in the expression for ch in (15) is 
equal to 

QdO c mn- P cos 9 ,^ 

COS ft* W* - /" cos ft* 

Again, let z.FPFi = \p, LPF^C=i^, 
and we have the two following relations between the angles 

= + ^, /sin0 + msin0»nsin)/r. (16) 

Henoe 

d^- dO '^ d\py loosOdO + mooBf^d^ = n oos^pdxp; 

.•. («ln - /* cos d)dO = m (w + /cos^)rf^ - n (w + / cos 1/*)^^, 
or 

f»n - /' cos ,^ n + / cos - w + / cos li . , , . 
dO^m -dih-n -d\L, (17) 

cos ft* cos ft* ^ cos ft* T \ I, 

Again, from the triangle -FPQ, we have 

r cos ft* = PQ + -FQ cos = (n + / cos ^)w; 

W + /COS0 r y- 5 ^ 

.'. = - = ^/» + n' + 2/n COS0. 

COSft* t« ^ 

[16] 
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In the same maimer it can be shown that 

m-^- loosif^ c /- 7- 

= - = V r ■{■ nr + ilm cos \p. 



coscu u 

Hence we have 



add mc f /-r = 7-^ 

= — = — ;: v^ + n* + 2ln cos 6 a6 

cosw m^ - P}^ ^ ^ 



cos 

nc 



m^ 



— n V ^'^ + «»* + 2/;/i cos y\id^. (i8) 



Each of those latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and^ 
are connected by the relations given in (i6). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines {AB,'CD)y {ACy BD), and {AD ^ BC)^ 
respectively : a result also given by Signer Genocchi. First, 

with respect to the ellipse whose element is ^/Q,^ + Q'* - 049, 
it is plain that its axes are the greatest and least values of 

2 ^yo,^ + Q,'^ - (7, or of z^a^ + b^ + lah cos - C\ but these 

are 2 ^/(^ •¥ by - C and 2 ^/{a - by - (7, which are plainly 
the same as the greatest and leafit values of PPi ; and, con- 
sequently, are AB and CD. 

Again, from the equation mr + 1/ = ncy we get 

mFB + UFB + c) = nc\ .'. FB = ^^"^^^ 

In like manner, 

(n + /) c 



FC^ 



l-\- m * 



Again, since we get the points on the outer oval by 
changing the sign of /, we have 

m-l m- 1 
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and, consequentlyy 



^i) = i!!l.. BC^ '"' 



2mc{n-\-t) 2mc{n-I) 

but these are readily seen to be the values for the axes of the 
eUipses in(i8). 

It should be noted that if we substitute in (15) the values 
for a and b^ the expression for the element ds becomes of the 
following symmetrical form : 

d8=—z — -x/P-^n^+2lncoB6ddi — ; — - -v//^+ w^+ 2lm QOB\Ld\L 

± — T — r„ ^m^ + n* - 2mn cos OrfO. (10) 

We shall conclude the Chapter with a brief account of 
ihe rectification of curves of double curvature. 

167. Rectlficatloii of Curves of Double Cnnratiure. 

K the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expression 
for its length is obtained in an analogous manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by (a?, y, 2), (ar+e^, y H-rfy, s + dz\ 
we get for the element of length, efa, the value 



ds = */d^ + dy^ + d^. 

The curve is commonly supposed to be determined by the 
intersection of two cylindric^ surfaces, whose equations are 
of the form 

f{x,y) =0, ^(x,%) =0. 

From these equations, if -^ and — be determined, the formula 
of rectification is 

[16 a] 
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When z is taken as the independent yailable, this formula 
beoomes 



s 



-\\'<£)<M--' 



the limits being in eaoh case determined by the conditions of 
the qiiestion. 

The simplest example is that of the helix, or the ourve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 



Hence 



a? = «oos(^), ^ = asm(Tj. 



dx a . fz\ dy a . . 



.'. (fe =1 1 + 



j?j ^2, ors = (^i+ ^j s; 



the arc being measured from the point in which the helix 
meets the plane of xy. 

This result can also be readily established geometrically* 

Examples. 
I. Find the length of the cimre whose equations are 

Here , = ((r + J + ^,)»<^, =|(, + g) *. = * + ;J, = * + .; 

the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in ge- 
neral, whenever 

\dx) * dx^ 
, I di^ dz^\\ / dz\ 

and therefore dsssdx -i- dz, or « = ji;+s + const. 
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Thus, if y =/(«) be one of the equations of a curve, we get — =/'(«), and 
hence, if a second equation be determined from the equation 

tibe length of the curve is represented hy xa- z + const. ; the value of the con- 
stant being determined by the conditions of the problem. 
For instance, if ^ = a sin a;, we get/'(a;] « a cos a;, and 

dz a^ a* . 

-— = — co8'*a;; .*. c = — (a; + cosa? sm ar). 
dx 2 4 ^ 

Hence the length of the curve of intersection of the cylindrical surfaces 

y = fl sin a:, 2 = — (a; + cos a? sin a:) 

4 

is z + it ; the length being measured from the origin. 

a. y=avfla; — a?, z = x A — . -4»w. * = a? + y - «. 

-J. — = I, a: = - ftf^ + ^'"), llie length being measured from the point 



of intersection of the curve with the plane of xy. 



. (a» + y)* . , ,,, 
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ExilCPLES. 

I. Find the length of any arc of the catenary 

a/5 -2\ 
t^ = - iea + e n 1, 

and show that the area between the curve, the axis of ^, and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

J and hence find the length of a 

parabolic arc. 

— — may be represented by an arc of 

a circle, and find the limiting values of x for its possibility. 

4. Show that the length of an elliptic arc is represented by jJ — ^ ^ dXy 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

2 \ \2j 1 \2.4J 3 V2-4-6/ 5 ) 

6. Prove that the integral of 

i^dx 



'/(a;'^-/52)(a^-:r2) 

can be represented by an arc of the ellipse whose semiaxes are a and jS. 

7. Show that the rectification of the sinusoid y= b sin xis the same as that 
of an ellipse. 

8. Prove that the whole length of the^ra^ negative pedal oi an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin m0 is equal to that 
of an arc of the ellipse whose semiaxes are a and na. 

10. If, from the equation of a curve referred to rectangular co-ordinates, we^ 
form an equation in polar co-ordinates, by taldng r = f/ and rd$ = dx, then the 
lengths of the corresponding arcs of the two curves are equal, and the area j ydx 
of tiie former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difference between the lengths of the two loops of the 
lima9on r — a cos + & is equal to 86 : a being greater than b. 

12. Being given three points A, £, C on the circumference of an ellipse,, 
show that we can always find, at either side of C, a fourth point 2> such thatthe 
difference between AB and CJ) shall be equal to a right Une. 
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13. If a circle be described touching two tangents to an ellipse and also 
touclmig the ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes Bendtts, 1 843). 

14. Proye that the entire leng^ of any closed curve is represented by 

ipds 
— taken round the entire curve ; p being the radius of curvature at any 

point, andj7 the length of the perpendicular from any fixed point on the tangent. 

0* -t- I ds c^* "t* I 

15. If ^ = be the equation of a curve, prove that -r- = -= , and 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art 125, the whole length of 

t f 4 
a loop of the curve r s a cos - 0. 

5 

Here, by Ex. 3, Art. 156, the required length is 



s /- \1L /z V"/ 



"'1 

13 o 

Hence, taMng logarithms, and observing that ~ = 1.625, and -= 1.125, we 

5 a 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Diff. Calc. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — Professor Croiton, Edue, Times t 
June, 1874. 

From (13) Art. i66, it follows, making t> = m, that the equation of the 
]ima9on, in this case, is 

„ , r* cos a - m* 
r« + zro — -z — + c^ = o, 

which is of the form 

r* + 2r (o cos - i3) + (o - jS)* = o. 

Hence, by (15), the difference between two corresponding elementary arcs is 

/— Q 
4\/ ajS cos ~dQ, 

2 

Consequently, if 9\ and 6% be the values of Q for the two transversals in 
question, we get the difference of the corresponding arcs 



= 8\/ 0)3 ( sm sm— J . 



Also, it can be readily seen that the distance between the vertices of the 
lima9on is 4 \/ a/S ; .*. &c. 



248 Lengths of Curves. 

18. Show that the leng^ of an arc of the ellipse -^ + ^ ^ < i^i represented 
by the integral 



a^b^{ 



de 



(a*cos»e + **Bin3e)* 

This result is easily seen, for we have ds = pde, and p = —^ ; .'. &c. 

19. Show, in lilLe manner, that the length of a hyperbolic arc is represented 
by 

dB 



J fa* I 



(a«cos«d-*»sin«e)^ 
20. Hence prove that the integral 

dx 



I 



(a - *««)* («' - 6 V)* 



is represented by an elliptic arc when ab* > baf, and by a hyperbolic arc when 
ab' < ba\ 

21. Prove that the differential of the arc of the curve found by cutting in 
the ratio n : i the normals to the cycloid 

y ^ a-\-b cos «, a? =5 aw + i sin «, 



^{a-^nb)'i + 



is 'V (^ + **^)^ + 4^^'* sii^' - du. 

22. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it : find the sum of all the elementary quotients extended to the entire 
ellipse. ^tt8, v. 

23. In the figure of Art. 158, if a = Z ACN\ and jS = £ BCK, prove that 

tan a tan fi 
a b 

24. Find the length, measured from the origin, of the curve 



y 



I — X. 

a-xj 



25. Find the length, measured from ^ =0, of the curve which is represented 

by the equations 

X = {2a- b) sin ^ - (a — b) sin^^, 

y as (2* — a) cos ^ — (i — a) cos^^. 

Ana. » = i (a + i)^ + f (a - *) sin ^ cos^. 

26. Prove that the sides of a polygon of maximum perimeter inscribed in a 
conic are tangents to a confocal conic. — Chasles, Comptes Jief/d>/s, 1845. 

27. To two arcs of an equilateral hyperbola, whose difPerence is rectifiable, 
correspond equal arcs of the lemniscate which is the pedal of the hyperbola. 
Jbid» 
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28. The tangents at the extremities of two arcs of a conic, whose difference 
is lectifiable, form a quadrilateral, whose sides are tangents to the same circle. — 
Ibid. 

29. In an equilateral hyperbola prove that 

r<?« = Jfl2rf(tan20), 

jmd hence show that ^rds taken between any two points on the curve is equal to 
the rectangle under the chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. W. S. M^Cay. 

30. If ^ 

be any point on a curve, show that the arc is the integral of 

_ dz 
flv/2 y - -. (M. Serret 

V I + £* 

"What curve do the equations represent ? 

31. Through any point in a plane two conies of a confocal system can be 
drawn. If the distance between the foci be 2c, and the transverse semi-axes of 
these conies be fi, v, prove the following expression for any arc of a curve 



,0 .2 '>^\J!L. _^) 



32. Prove that the following relation is satisfied by the ft and v of any point 
on a tangent to the ellipse for which /ia has the value /ii : 

du dv 

= o. 



33. The arc of the envelope of the right line a; sin o - y cos a =/(a) is the 
inteigpral of (/(o) +/"(o))rfa. (Hermite, Cours d* Analyse.) 

34. The arc of the curve in which y^ 4. ^2 ^» _ 2ax = o and z*-b^s^-^ zbx = o 
intersect, if «^ = i + i^, is 

V 2 (a - b)dx 



\ 



»y X (2 — aso) (2 - hx) 



{Ibid). 



35. Show that the arc of the curve -^ + i;;; = ' depends on an integral of 



the form 



Idz ^/ a- (* + ^}* + d-(i - s)*, where k^ 2. 
m 



36. Show that rectification may, in general, be reduced to quadratures as 
follows : — 

Produce each ordinate of the curve to be rectified until the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the given curve. 

By this theorem Van Huraet rectified the semi-cubical parabola nearly simul- 
taneously with Wm. Neil. 



CHAPTER IX. 



VOLUMES AND SURFACES OF SOLIDS. 

i6S. Solids.— The Prism and CyUnder.— The most 
ample solid is tlie cube, which is accordingly the measure of 
sU Bolids, as the square is that of all areas. Hence the 
finding the volume of a solid is colled its cubafure. Before 
proceeding to the application of the Integral Calculus to 
finding the volumeB and surfaces of solids we propose to show 
how, in certain cases, such volumes and surfaces can be found 
from geometrical considerations. In the first plaoe, the 
volume of a rectangular parallelepiped is measured by the 
continued product of the three adjacent edges ; and that of 
any parallelepiped by the area of a face multiplied by its 
distance from the opposite face. 

Again, the volume of a right prism is measured by the 
product of its altitude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABODE, 
multiplied by the altitude AA'. Again, 
since each lateral face, AB B'A' for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two baaes), i.e. the area of the sur- 
face of the priam, is equal to the rectangle 
under the altitude and the perimeter of 
the polygon which forms its Base. 

This and the preceding result still hold 
in the limit, when the base, instead of a polygon, is a closed 
cur^e of any form, in which ease the surface generated is 
called a cylinder. Hence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V^Ah. 



Fig. 16. 
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Again, if 2 denote the superficial area of a cylinder^ 
bounded as before, and S the length of the curve which forms 
its base, we have 2 = 5^. 

169. The Pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called 9k pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 

cube, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can bo 

divided into six equal pyramids, one for each face. Hence, 

denoting the side of a cube by a, the volume of the pyramid 

^3 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height^ 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 



• This demonstration is taken from Claii-aut's Elttmens de Oe'om^trie. Tha 
student is supposed familiar with the more ancient proof, from the property that 
a triangular prism can he divided into three p^Tamids of equal volume. 
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If the base of the pyramid be any closed curve, the solid 
fio formed is called a cone ; and we infer that the volume of a 
<ione is equal to one-third of the product of the area of its hose 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case each/«ce of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the 
surface of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
<5ommon to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, / the length of 
an edge, and r the radius of its base, wo have r = / sin a, and 
the surface of the cone is represented by itl^ sin a. 

If a right cone be divided by two planes ABC^ DEFy 
perpendicular to its axis, as in figure, the o 

part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 
easily expressed ; for if OA = /, OD = /', 
the required surface is ir sin a {P - V^)y /~~i? — \ 

or7r(^-n(^+0 8ina. ^ / \ 

Now, if the circular section LMN be ^ A- -^v 

drawn bisecting the distance between / FT 

-45Cand DEF, the circumference of the /.. 

circle LMN is tt (/ + V) sin a. Hence the ''^ V._^ 
surface of the truncated cone is equal to b 

the rectangle under the edge AD and the Fig. 37. 

oircumference of LMNii^ mean section. 

170. Surface and ITolume of a liphere. — To find the 
superficial area of a sphere ; suppose a regular polygon in- 
scribed in a semicircle, and let the figure revolve around the 
diameter AB ; then each side of the polygon, PQ for 
example, will describe a truncated cone. 
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Now, from the centre C draw CD perpendicular to PQ^ 
and construct, as in figure ; then, hj the preceding Article^ 
the snrfaoe generated byPQ is 
equal to zir PQ . DI. 

Again, by similar triangles, 
we have J)C:DI=PQ: MN; 
.-. PQ.DI^^DC .MN. 

Accordingly, since the per- 
pendicular CD is of same length 
for each side of the polygon, the 
surface generated by the entire 
polygon in a complete revo- 




Fig. 38. 



TT 



lution is equal to 2ir CD . AB = 47r jR* cos - ; where n repre- 



n 



sents the number of sides of the polygon, and R the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get ^itR^ for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc -4 Q is equal to ztt .AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
-4Q' = AB . ANy it follows that the area of the spherical cap 
generated by the arc ^Q is equal to the area of the circle 
whose radius is the chord AQ, 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common \ertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi- 
plied by its surface, i. e. — iJ*. 
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Examples. 

1. If a sphere and its circumscnbing cylinder be cut by planes perpendi- 
•cular to the axis of the cylinder, proye mat the intercepted portions of the 
surfaces are equal in area. 

2. Proye that the yolume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discoyered by Archimedes. 

171. Surfaces of ReTolutlon. — In tlie preceding we 
have regarded a sphere as generated by the revolution of a 
oircle around a diameter. In general, if any plane be sup- 
posed to revolve around a fixed line situated in it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called 
the axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of a?, the 
area of the circle generated by a point (a?, y) is plainly equal 
to ny^y and the cylindrical plate standing on it, whose thick- 
ness is dxy is represented by iry^dx. 

Hence, the element of volume of the surface of revolution 
is TFy^dXy and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and /3, is obviously 
represented by the definite integral 



'f 



y'^dx, 



in which the value of y in terms of x is to be got from the 
equation of the generating curve. 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by TTJa^dy, taken between suitable limits. 

Again, we may regard the surface generated by any 
element da of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated by efe in a complete revolution round the 
axis of :r is represented hj zwyds; and accordingly the entire 
surface generated is represented by 

27r [ydSy 

taken between proper limits. 

We proceed to apply these formulsB to a few elementary 
examples. 

172. The Sphere. — Let a;* + y' = a' be the equation of 
the generating circle ; then, substituting a* - x^ for y', we get 
for flie volume 

V= TT (a* - ar)dx = Tria^x j+ const. 



2ira^ 



If we take o and a as limits, we get for the volume of 

3 

the hemisphere ; .'. the entire volume of the sphere is - — , 

as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

TT (a* - Qi^)dx = irh^la --]. 

Again, to find the superficial area, we have 

/ dy^\^ f (x?\ a 

d8=[i + -f-Adx^\i-{--i\dx=='-dx\ .'. yds = adx. 
\ dt'J \ fj y 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscisssB Xi and x^^ is 



2ir 



adx = 2ira{xi - Xo) ; 

Jxq 
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that is the product of the ciroumf erence of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

173. Right Cone. — If a denote, as before, the angle 
which the right line which generates a cone makes with its 
axis of revolution, we get y = x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x ; accord- 
ingly, the element of volume is ir tan'aa^fl&r. 

Hence, if h denote the height of the cone, we get its 
volume equal to 

Trtan'al o^dx- — tan'a; 
Jo 3 

i.e. - X area of its base, as in Art. 169. 
3 . 
Again, to find its surface, we have e/a = seoafi^ ; 

.'• 27r j yds = 27r tan a sec a xdx = ttA* tan a sec a ; 

J 

which agrees with the result already obtained. 



Examples. 

1. The base of a cylinder is a circle whose area is equal to the surface of a 
rohere of radius 5 ft. ; being giyen that the volume of the cylinder is equal to 
the sum of the yolumes of two spheres of radii 9 ft. and 16 ft., find the neight 
of the cylinder. Ant, 64^ ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius, by a cone the angle 
of which is 1 200 ; find the radius of the sphere whose solid contents are equal to 

those of the sector. Ans. sy^* 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. ; and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Ana, 2v^2i ft. 

174. Paraboloid of ReTolutlon. — Writing the equa- 
tion of a parabola in the form y^ = zmx, we get for the 
volume of the solid generated by its revolution round the 
axis of X 

2ir7n J xdx = nmx^ + const. = - y^x + const. 

2 



Surface of Spheroid. 257 

Hence, the yolume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (ii?i, yi) is represented by - yi'a?i, i. e. is equal to half the 

mm 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

( y^V I 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

^1 ' {y^ + m^)^ydy^^ j(yi' + m'Y - nA. 

175- Spheroids of ReTolutlon. — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called 2k prolate spheroid. If it re- 
volve round the axis minor the surface is called an ohlate 
spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

^ + ^ = I as the equation of the curve, we get, on substitut- 

F= TT -^ (a* - x^)dx^—^x\c? j + const. 

Hence the entire volume is —a J'. In like manner, the vo- 

3 

lume of an oblate spheroid is obviously — 6a^ 

176. Surfiuse of Spheroid. — ^In the case of a prolate 
spheroid we have 



(fe = I I + 






[17] 
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Hence, if ON = x„ CM = a^,, we get for 8, the zone gene- 
rated in a complete revo- ■» 
lution by the are PQ, 







Now, if we take CD = - 

and construct an ellipse 

whose Bemiaxes are CD Fig. 39. 

and CB, it is easily seen 

(Art. 129) that the elementary area between two conseoutive 

ordinates of this ellipse is — ( ^ - ir*| dx. Hence it follows 

that the area of the zone generated by the arc PQ is w times 
the area of the portion PiQiQjPi of this ellipse. 

Again, if A£!i be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4^ 
X the area BCAS, ; but this is seen, without diJSculty, to be 

« «^ ■ 1 / ^ 

2jro* + 2n- — Bin 'e. fi) 

e ^ ' 

In like manner, we get for the surface iS generated by the 
revolution of an ellipse round its minor axis 



w xds = 2 






If this be integrated, as iu Art. 151, we get, after some 
obTioue reductions. 



S = 7r^(a'eV +6*)i + 7r-log 



aey + (a'g'y* + i*)* 



If this be taken between the limits o and b, and doubled, we 
get foj the entire surface of the ellipsoid 



zira' + JT- logf- 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is ir times the area of a corre- 
sponding portion of the hyperbola 



a?* a^^y^ 



a* 



= I 



bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 



Examples. 

T. Find the yolume of the surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and ^' L B 

DB as co-ordinate axes, we haye (see Diff. 
Oalc., Art. 272) 

ajz=a(^ 4. sin^), y = a(i + cos^), 

where L PCL = ^. 
Hence 

dV= Tty^dx = ira'(i + cos ^fd^ ; 
.-.for the entire volume F, we get 




AN 



Fig. 40. 



in- f"" 

(I + cos ^)*rf^ = i6ira* I cos* - d^ 
Jo 2 



Hence 



32x0? I cos^ 6 d6 J maldng - = 0. 

Jo 2 

F=5ir«er». 



2. Find the whole surface generated in the same case. 



Here 



i5 = 2ir |yrf« = 4ira2 f (i + cos^) cos- <f^; 



hence the entire surface is 



iir ^ 

cos^ - d<f> 
* 
[17 a] 



64ira' 
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3. Find the Yduine and the smlace of the solid generated by the zeyolution 
of Ihe tractiix loond its axis. 

(i). Herewehaye 

hence the Yolume generated by 
the portion AF is 

»r(«'-y')»y<%^=-{a»-y-)3. 

J¥ 3 

The Yohune generated by the 

entire tractrix is — o^; L e. half 

3 
the ydnme of the sphere whose Fig. 41* 

radius is OA. 

(2). The surface generated by .^P is 




sir 



I yds = 2wa \ dy (see Ex. 2, Art. 154) 



= 2wa{a -y). 

Hence the entire surface generated is 2ira^ ; i. e. half the surface of the sphere 
of radius OA. 

4. Find the yolume^ and also the surface, generated by the reydution of the 
catenary around the axis of ». 

(i). Here the ydume of the solid gene- ^ 
rated by VJP is represented by 

r.« r « / — - — 

e « + 2Wjc 



2 / / — -"-\ \ 



wet 




where a = FT. 

(2). Again, since 



Fig. 4». 



^ = j(^« + .--)<fe=?^, 



wehaye 



29 



I ydssi — \y^dg. 
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Conseqtieiitly the surface generated by FV in a complete reyolatioii is - 

a 

X the Yolimie generated ; Le. = ir(^-« + cue), 

5. In the same curve to find the surface generated by its reyolutioii round 
the axis OV* 
Here 



Again 



^ = ST I xds = IT I xe^ dx-¥ x\ xi^dx. 



I 



« * 



xe^dx=: 



X 






dx^ a {xt^ — ««^+ a). 



Also the value of 



I 



xe'adx 




is obtained by changing the sign of in the last result. 
Hence 

)• •* -* * 

xe^^dx = a' - aa?tf « — a*tf"«; 


.«. /S = ir{2a2+ ax (««-«"«) - a^fc^ ^fa\ j 
= 2ir(a''* + xs-ay), 

177. Ammlar Solids. — If a y 

closed curve, which is symmetrical 
with respect to a right line, be made 
to revolye round a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
APBP^ be any curve, symmetrical with respect to AB, and 
suppose OX to be the azis of revolution ; and draw PiV, QM 
two indefinitely near lines perpendicular to the axis. It is evi- 
dent that PQ = P'Q'. Again, let PN^ y, FN^i/, PQ = P'Q' 
= dSy BN = h ; then the sum of the elementary zones described 
by PQ and P'Q' in a complete revolution is represented by 

iTT {y -^ 1/) ds - ^irbds. 





-^ 






■^ 

^ 


a) 


D 
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/ 


T 





N 


M 


X 



Fig. 43- 
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Consequently the surface generated by the entire curve is 
2irb8, where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerated : viz., the volume generated is equal to the product 
of the area of the revolving curve into the circumference of 
the san^e circle as before. 

For the volume of this solid is plainly represented by 

7r^{f-y'')dx, 

or by TT {y''y){y + y')dx-- 2-nh\ {y-y')dx. 

But the area of the curve is represented by 

{y -y')dx: 






consequently, denoting this area by -4, and the volume by F, 
we have 

F= 2Trb X A, 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression 2irb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it foUows that the entire surface of such a ring 
is 47r'a6 ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 2n^a^b. 

It would be easy to add other applications of these 
theorems. 

178. Cfuldin's* Theorems. — The results established in 
the preceding Article are but particular cases of two general 



* Guldin, Centrobaryiea^ seu de eentro gravitatia trium speeierum quantitati* 
eoniinutOf i^35> Guldin arrived at his principle by induction from a small num- 
ber of elementary cases, but his attempt at a general demonstration was an 
eminent failure. See Montucla Sist. det Math., tom. ii. p. 34. Montucla has 
shown, torn. ii. p. 92, that Guldin' s theorems can be established £rom geome- 
trical considerations, without recourse to the Calculus. 
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propositions, usually called Gnldin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical ProblemSj 
p. 42, third Edition). They may be stated as follows : — 

(i). If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described, during the revolution, by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
curve, iP, y, the co-ordinates of one of its points, x, y, those 
of the centre of gravity of the curve ; then, from the defi- 
nition of these latter, we have 

- lyds 

y=— ; 

/. 2Trys = ztt I yds, 

i.e. the surface generated by revolution round the axis of a? is 
equal to the product of 8, the length of the generating curve, 
into 2 Try, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let x, y be the co-ordinates 
of the centre of gravity of the area, then 

_ ^ Syrf^ ^ /Jj^ (substituting dx dy for dA) ; 



iiryA = 27r jjydxdy = tt J y'^dx ; 



where the integral is supposed taken for every point round the 
perimeter of the curve: but, from Art. 171, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse around any exterior line situated in 
its plane is at once zir^abc, where a and b are the semiaxea 
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of the ellipse, and c is the distance of its centre from tlie axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let 0be the circular 
measure of the angle of rotation, and in the former case we 
have 

0Vs = 6jyd8. 

But 6y is the length of the path described by the centre 
of gravity, and Oj ydsis the area of the surface generated by 
the cu:?ve; .*. &o. 

In like manner the second proposition can be shown to 
hold. 

Again, Guldin's theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated wiU stiU be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the part of the surface correspondmg 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

These extensions of Ghildin's theorems were given by 
Leibnitz {Act. Ervd. lips., 1695). 

179. Expression for Tolume of any Solid. — ^The 
method given in Art. 1 7 1 of investigating the volume bounded 
by a surface of revolution can be readily extended to a solid 
boimded in any manner. For, if we suppose the volume 
divided into slices by a system of parallel planes, the entire 
volume may, as before, be regarded as the limit of the sum 
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of a number of infinitely thin cylindrical plates. Thus, if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy ; then, if A^ 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 
by 

I Azdzy 

taken between proper limits. 

The area Az is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
out off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Bz^ 
Az: B=z^ \ h\ ox Az = -jT ; 






* I 



z^dz ^ - B X h; as in Art. 169. 
3 



If the cutting planes be parallel to that of yz, the volume 
is denoted hj jA^dx ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

180. Tolume of Elllptle Paraboloid. — Let it be 

proposed to find the volume of the portion of the elliptic 
paraboloid 

x^ y^ 

- -h — = 2Z, 

jp q 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is zirz^^/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 

V=^27r^/pq zdz = ird^^ypq. 
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This result admits of being exhibited in another form ; for if 
£ be the area of the elliptic section made by the bounding 
plane, we have 

B = ZirCy/pq. 

Hence F = J circumscribing cylinder, as in paraboloid of re- 
volution. 

i8i. The Ellipsoid. — Next, to find the volume of the 
ellipsoid 

a^ V* s* 
— h — + — = I 
a« 6* c' • 

The section of the surface at the distance z from the origin 
is the ellipse 

— + — = I • 



the area of this ellipse is 



7r( I --5 ja6, i.e. Az =" irii -—^]ab. 



Hence, denoting the entire volume by F", we have 



F= iirah 



I -—)dz =-Trabc. 

cy 3 



182. Case of Oblique Axes. — It is sometimes more 
convenient to refer the surface to a system of oblique axes. 
In this case, if, as before, we take the cutting planes parallel 
to that of xt/y and if oi be the angle the axis of z makes with 
the plane of iry, the expression for the volume becomes 

sin CD J Azdz, 

taken between proper limits, where Az represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 
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Suppose DEiy E' io represent the section made by the 
plane, and ABA'B^ the parallel central section. Take OAj. 
OB J the axes of this section as axes of 
X and y respectively ; and the conju- 
gate diameter OC as axis of z. 

Then the equation of the surface 
is 

a^ t? z^ 

where OA = a\ OB = h\ OC = c\ ^'^\ ^^' 

It will now be convenient to transfer the origin to tho 
point 0\ without altering the directions of the axes, when the 
equation of the surface becomes 

ar* y^ 2z z' 
The area Az of the section, by Art. 128, is 

hence, denoting C'lf by A, the volume cut off by the plane 
BJEI/ is represented by 

'h 



7ra'b'smw^^[j^j^dz, 



or 

ira sm 01-7 7, . 

\c 30 7 

But, by a well-known theorem,* we have 

a'6 V sin (o = abc^ 

where a^ 6, c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question be- 
comes 

F=7r«6c(J,-^,]; (4) 



* Salmon's Geometry of Three Dimensions^ Art. 96. 
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or, denoting ^7^ by A, 

F= irahclc'ii-^. (5) 

This result shows that the volume out off is constant for all 

sections for which k has the same value. Again, since 

ON 

yr-^, = i-hy the locus of iVis a similar ellipsoid ; and we infer 

iAisiif a plane cut a constant volume from an ellipsoid^ the locus 
of the centre of the section is a similar and similarly/ situated 
ellipsoid. 

183. Elliptic Paraboloid. — The corresponding results 
for the elliptic paraboloid can be deduced from the preceding 
by adopting the usual method of such derivation : viz., by 
taking 

a^=pc, b^ = qCy 

and afterwards maMng c infinite ; observing that in this case 

/» 
the ratio -p becomes unity. 

MaMng these substitutions in (4), it becomes 

F = TT YM^^ ( I — y )> or 'T A* 's/pq, since c' = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volume* of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an eUiptic section by (3) is 

,-,,(2h K\ irabc fih h^\ 

\C CI C Sm ta}\C C^J 



* For a more direct investigation the student is referred to a memoir " On 
some Properties of the Paraboloid,'' Quarterlt/ Journal of Mathematiea, June, 
1874, hy Professor Allman. 
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On making the same substitutions^ this beoomes for the 
paraboloid 

27r vPQ 



h. 



smco 



Now, if we suppose a cylinder to stand on this section, 
the volume of the portion cut off 'by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin a> ; and, consequently, is 



2ir 



ypqh^, 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. i8o. 

Examples. 

1. Prove that the Tdlnine of the segment cut from a paraboloid bj any plane 
is }th8 of that of the oiroimiBcribing cone standing on the section made by the 
plime as base. 

2. A cylinder intersects the plane of o^ in an ellipse of semiaxes OA s a, 
OB = b, and the plane of 0:2 in an ellipse of semiaxes OA = a, 00 = e ; the 
edges of the cylinder being parallel to BO ; find the ydume of the portion of the 
cylinder bounded by the throe co-ordinate planes. Ans. ^ abe, 

3. The axes of two equal right cylinders intersect at right angles ; find the 
yolume common to both. Ana. ^ t^^ whero a is the radius of either, cylinder. 
This surface is called a Oroin, 

184. Tolume by Doable Intei^atlon. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by Ax^ instead of being immediately known^ 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
inte^al. 

Thus, as the area Ax lies in a plane parallel to that of yz^ 
its value, as in Art. 126, may generally be represented by 
/ zdyy taken between proper limits. Hence V may be repre- 
sented by 

lilzdy^dx\ 

or, adopting the usual notation, by 

llzdydx^ 

taken between limits determined by the data of the question. 
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The value ol a is supposed given by a relation s =/{it, y), 
ty means of the equation of the bounding surface ; hence 

\%dy=lf{x,y)dy. 

In the determination of this integral we regard x aa 
constant (since all the points in the area have the same 
value of If), and integrate with respect to y between its proper 
limits. 

Thus, if y, and y^ denote the limiting values of y, the 
definite integral 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If Xi and ah denote the limits of x, V may be represented 
by the double integral 



a: 



f{x,y)dydac. 



We shall exemplify this by a figure, in which we suppose 
ihe volume bounded by the plane of my, by a cylinder 
perpendicular to that plane, -and 
also by any surface.* Let 
RPKQ represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ, to be the 
section of the volume by a plane 
parallel to yz at the distance x 
from the origin. Let PL = y„ 
QL = yo, then the area PMNQ 
is represented by the integral 




' The determination of a volume of any form u virtually eoalained in this. 
For, if we auppose the stuface drcumecribed by a cylinder perpendioular to ths 
plane oF xj/, the leiiuired volume will become ue difference hetween two 
<;ylinden, bounded by the uppet and lower poriiona of the Eurface, Tcspectively. 
See Bertnuid, Cale. Int. ] 447. 
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The values* of yi and yo in terms of x are obtained from 
the equation of the curve RPKQ. 

Again, suppose PMN'Qi to represent the parallel section 
at the infinitesimal distance dx from PMNQy then the 
elementary volume between PMNQ and FM!N'^ is repre- 
sented by 

dx zdy. 



Now, if iZTand KT' be tangents to the bounding curve, 
drawn perpendicular to the axis of a?, and if OT' =Xi^ OT=a?o, 
the entire volume is represented by 



J a-o J yo 



zdydx. 



It should be observed that zdydx represents the volume 
of the parallelepiped whose height is s, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of aU such 
parallelepipeds corresponding to every point within the area 
RPRQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to a?, and afterwards 
with respect to y, or vtce-versd ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of a?2, or to 
that of yz. 

We shall illustrate the preceding by an example.! 

Suppose RPKQ to be the circle 

{x^ay+{y-by^B\ 

and the bounding surface the hypetbolic paraboloid 

xy == cz; 



* In our inyestigation we have assumed that the parallels intersect the 
curve in hut two points each ; the general case is omitted, as the solution in 
such cases can he rarely ohtained, and also as the investigation is unsuited for 
an elementary treatise. 

I This and the next example are taken from Cauchy's Applieatumt O^ome- 
triquei du QUeut Infinitinmalf p. 109. 
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then we have 

and* 

zdy^-\ xydy= —Ui^-yS)'^-—-yS^-{^x-af. 
Jy. "Jy. ^^ '' 

Again, Xi, = a-\- R, x„ = a- R\ 

i a-s 

Now let (c - a = iJ sin fl, and we get 



But 



F = 



2bB 



3 



oos'e(fl + 2JBmfl)rfe. 



2 



ir 



[''oo8''erffl=-, ['oos»fl8inflrf0=o, 



2 



.-. F = 



flJiJ^ 



TT 



Agam, if for the oylindrioal surface whioh has for its 
base the oircle we substitute a system of four planes x^s^ 
x== Xyt/ = yoty= Tywe get 



= r ("^ ^ 



dt/dx 



= -f-(Z^-^«)(r»-yo') 



4C 



(Z-flro)(r-yo) 



a\)yo + XoY+ Xt/o + XT 
4c 



(Z- «b) (F - yo) :^ , 
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in which s„ 22, s„ 2i, are the ordinates of the four oomer 
points of tiie portion of the surface in question. 

Again, from the weU-known properties of the surface, in 
order to construct the'hyperboKc paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates Si, ^2, z^^ 24; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane paraUel to the other pair, wiU generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on tiie four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one^fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Intei^ation. — From the preceding Article 
it is readily seen that the double integral 



u- 



f[x, y)dydx 



can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same a^ the finding the volume of a soHd with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 



If 



xydxdy 

taken for all values of x and y subject to the condition 

{x'-ay+ {y''by-R'<o; 

and similarly in other cases. 

When the limits of x and y are constants, as in 



[18] 
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the double integral represents thie volume cut by the surface 

2 =/(«, y) 

from the parallelepiped whose base is the rectangle formed 
by the lines 

a? = «, X = a\ y = 6, y = 6'. 

It is plain that in this case the order of integration is in- 
different, as already seen in Art. 115. 

186. It is sometimes more convenient to refer the curve 
JRPJRfQ to polar co-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdd. 

The corresponding parallelepiped is represented by 
zrdrdOy and the expression for V becomes 



r=[[srefre^e, 



taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 

z = \/a^ - f^f 
and the equation becomes 



-\\y^ 



t^rdrdO; 



but 



4 

W^^rdr = - ^ («« - r')\. 



Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 



V^^Ua'^rY^dB, 



where we suppose each radius of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder bo the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r^ = a^ cos^fl + V sin^e, 

and F=i(a^-6^)«Jsin^et?e. 
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If this be integrated between the limits o and - we get 
the -^th of the entire volume ; hence the entire yoliune 

9 

Examples. 

1. A sphere is cut by a right cylinder, the radius of whose hase is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the ydume common to both sumces. 

Ans. , a being the radius of the sphere. 

3 9 

2. If the base of the cylinder be the complete curve represented by the 
equation r = a cos ndj where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and me external surface of the cylinder. 

187. It is readily seen, as in Art. 141, that the volume in- 
cluded mthin the surface represented by the equation 

\a b cj 
is abc X the volume of the surface 

F{x, y, z) = o. 



^ ^^ y 



2 



For, let - = x\ r ■» Vj - = s'> aiid ^^ shall have 
* a ^ b ^' c ' 



zdxdy = abcz'dx'dy , 
and .•. j j zdxdy = abc jjz'dafdy ; 

whioh proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point {x, y, z) move along a plane, the cor- 
responding point («', y\ /) will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 182) can be immediately deduced £rom that of a 
spherical cap (Art. 170). 

[18 a] 
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In like manner the volume included between a cone en- 
veloping an ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere, 

1 88. iiiiadratare on the Spbere. — ^We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by iR^A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABG is expressed 
by JB* (-4 + 5 + (7 - tt) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = iJ«{^ + 5+ C7+&0. -(n-2)7r}; 

-4, By Cy &c., being the angles of the polygon. 

This resiilt admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
a\ h\ c\ &c., we have 

A = IT - a\ B = TT - b\ &c., 
and consequently 

S = E^2ir - (a' + y + c' + &c.)). 

Or, denoting the perimeter of the polar figure by /S, 

s + ijfif = 27^i^^ (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

27r-B'(i - oos/o); 
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for (see fig. Art. 170) we have 

Alf^ AC - CN=It{i - cos^). 

This result also follows immediately as a simple case of 
equation (6). 

Again, the area bonnded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

iJ'a(i - cosp), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP (&awn to a fixed 
pointy and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 

are analogous to ordinary polar 

co-ordinates on a plane. yis 4.6 

Now,let OP = /o, and POX = <o; 
then any curve on the sphere maybe supposed to be expressed 
by a relation between p and ai. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PJR perpendicular to OP; then, neglecting in 
the limit the area PQR, the elementary area OPQ by the 
preceding is represented by 

P^{i - cos p)dw. 

Hence the area bounded by two vectors from is 

expressed by the integral iJ' (i - cosp)c?to>, taken between 

suitable limits. 

If the curve be closed, the entire superficial area becomes 

P? \ II - oos/ojaai. 




(i - oosp)d(i 

Jo 



The value of cos p in terms of (o is to be determined in 
each case by means of the equation of the bounding curve. 
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r27r 

The integral R^ \ eos/o d^D obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PRQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ^ = Pie + ECt : also Pi2 = sinprfw. 
Hence cfe' = rfr* + sin'p rfcu*, 



or 



Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find the area of the poitioii of the sui&ce of a sphere which is inter- 
cepted by a right c]^linder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r a JRanvy 
S being the radius of the sphere, and » being measured from the tangent to the 
circular base. 

Again, from the sphere we haye r^Sanp; .*. p = o» is the equation of 
the curve of intersection of the sphere and the cylinder ; hence the area in 
question is 



2i?'[ (l - COSO))A» = 2JJ2 f--i j. 



This being doubled giyes the whole intercepted area = iiri^* — 412*. 

This is the celebrated Florentine enigma, proposed by Vincent Viyiani as a 
challenge to the Mathematicians of his time, in the following form : — *' Inter 
yenerabiUa olim OneciflB monumenta extat adhuc, perpetuo quidem duraturum, 
Templum aug;ustissimum ichnographia circulari Almse GeometrisB dicatum, quod 
Testudine intus perf ecte hemisphserica operitur : sed in hao f enestrarum quatuor 
equales area (droum ao supra basin hemisphsene ipsius disj^ositarum) tali con- 
figuratione, amplitudine, tantaque industria, ac ingenii acumrne sunt ezstroctey 
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ut his detraotisy supentes curva Testudinis superficies, pietioso opere musiyo 
OTDai&y Tetragomsmi vere geometiicisit capaz." — Acta Eruditorumt I^psic, 1692. 
[See Montncla, MUtoire des Mathimatiques, tome ii., p. 94.] 

In general, if r =/(») be the equation of the base of a cylinder, it is easily 
seen that the equation of the curve of its intersection with the sphere may be 
written in the form i2 sin p =/(»). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere ; then writing the equation St the base in the form r s a sin «, 
where a is the diameter of ue section, we get i2 sinp=sasin», orsinp = Ksin» 
(where k is < i), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by , 

IT IT 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the rohere, in the preceding. 

Here the area m question is easily seen to be represented by 2 J «<&, where 
da denotes the element of the curve which forms the base, corresponding to tiie 
edge 2. 

Now (i), when the diameter of the base is equal to the radius of the sphere, 
we have 

2 = i2 cos », and da^ Rdm\ 

IT 

.*. area in question = 2B? I cos »<f» = ^"B? ; i.e. the square of the diameter of 

Jo 
the sphere. 

2. When the diameter is less than the radius of the sphere, 
2 I zda =. 2a v^5* — d^ sin^»<f» = 2aR v/i — ic'sin** dm ; .*. &c. 

189. iiaadratiire of Surfaces. — ^In seeking the area 
of a portion of any surface we regard it as the limit of a 
number of infinitely Small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let dS denote such an element of 
the superficial area, and da its projection on a fixed plane 
which makes the angle with the plane of the element ; then, 
from elementary geometry, we shall have 

da = cos ddSj or d8 = sec ddo. 

Hence /S = sec Oda^ 

taken between suitable limits. 
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« 

The applications of this formula usually involve double 
integration^ and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a sin&^le integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles d and -^ dO; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec OdA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xt/ ; and 
adopting the usual notation, if we take A, ju, v as the direction 
angles of the normal at any point on the surface, we get 
for dSy the area of the zone between the curves corresponding 
to V and v + dvf the equation 

dS = sec vdAj 

where A denotes the area of the projection on the plane of 
xt/ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

190. iiiiadratiire of the Paraboloid. — ^Writing the 
equation of the surface in the form 



* This method has been employed in a more or less modified fonn by 
M. Catalan, Ziouvilley tome iv., p. 323, by Mr. Jellett, Camb, and Dub, Math. 
Journal, vol. i., as sdso bv other writers. The curves employed are called 
parallel curves by M. Lebesgnc, Liouville, tome xi., p. 332, and Curven Uokliner 
NormaUn^ by Dr. Schlomilch. 
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the equation of the tangent plane at the point (a*, ^, z) is 

where X, F, Z are the co-ordinates of any point on the plane. 
Comparing this with the equation 

JC cos X + F cos /x + Z cos V = P, 
we iret cosX = — cosi/, cosu = -~cosv: 

^ P g, 

substituting in the identical equation 

cos'X + COS'/i + COS^ V = I, 

we get ^, + | = tan'i;. (7) 

Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

^' ^ y" far.2 

' The area A of this ellipse is Tr^j'tan^r ; accordingly, we 
have 

dA = 'n'pqd{ta.n^v) ; 

.•. dS = irpq sec vc?(tan*v) = irpq sec vrf(sec'v) ; 

hence the area of the paraboloidal cap bounded by the curve 
V = a is 

wpq sec vc?(sec*v) = •|7r^2'(sec'a - i). 

Also the area of the belt* between the curves 

V = a and V = a' is ^7rpq{Beo^a - sec' a). (8) 

* This form for the quadrature of a paraholoid is, I believe, due to Mr. Jellett: 
see Comb, and Dub, Math. Journal, vol. i. p. 65. The proof given above is in 
a great measure taken from Mr. AlLuan's paper in the Quarter If/ Journal^ already 
referred to. 
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191. Quadrature of tbe Ellipsoid* — Proceeding ia 
like manner to the ellipsoid 

a^ y* s* 
a^'^T'^?^^' 

the equation of the tangent plane at the point {xy y, 2) is 

— Ik —- 

a^ "*■ 6^ ^ (f " '• 

Hence, comparing with the equation 

XcosX+ Foos/i + Zcosi; = P, 
we get 

C^ £P ^ XI 

COSX = ^ — COS V, cos U = T^- COS V. 

a^z ^ b^z 

Hence, we have 



COS* 



i/-r -7 + Yz = cos'A + cos^u = sm'v ; 
2' \a* 6*/ 



/|j3 ^2 £»2 

or, substituting i - - - ^, for -, 

-fa* sin^v + c- cos'i/) + ^(6* sin'v + c* cosV) = sin*v. 

This shows that the projection on the plane of xy of 
a curve along which v = constant is an ellipse. 
Again the area A of this ellipse is 

7ra*6'sin*i; 

(a* sin*i/ + c* oos*v)i(6' sin'i/ + c** oos*i;)i' 

and accordingly, the area dA of the elementary annulus 
between two consecutive ellipses is 

dv ((a* sin*v + c* cos^ 

The corresponding elementary ellipsoidal zone dS is 
represented by 

7ra*6* d I sin^v 



v)i (6* sin* 1/ + 0' cos* v)^) 



cos V dv\ (a* sin* 1/ + c* cos* v)i (6* sin' v + c* cos* v)^\ 



dv. 
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Now, if 8 denote the superfioial area* between two 
curves corresponding to v = a and v = a', after one or two 
reductions, it is easily seen that 



where / 



i8 = 7ra^6V (/+/'). (9) 

J'*' sin V dv 

a (6' sin^i; + (^ cos* v)^ (a* sin* v + c'cos'v)*' 

J, _^ f* sinvc^v 

" J a (a* sin* V + c^ cos'* 1/)* (6* sin* v + c^ oos'v)*' 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a>b> c. 

For, assuming a* - c* = a*e% and b^ - c^ = i^e'', and 
making cos v = a?, we get 

I r°** ete 






aft'Jcosa (i -e'W)^i -e'xy 

dx 



« fcosa 
a'ojcosa- (l - 



(i-e»a!')i(i -e'V)4' 

Again, let eir = sin in the fonner integral, and e'ir = sin & 
in the latter, and we get 



I = 



e' 



J (e* - e" sii 



aft'JCe^-e^sin'e)'' 



a'6j(e'*- 



3« 

3 



Now, since ^ > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 

* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result 
wmch can be easily arrived at from the forms of / and /' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett's memoir. 
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192. Iiitegratloii over a dosed Surface. — ^We shall 
conclude this Chapter with the consideration of some general 
formulsB in double integration relative to any closed surface. 
We commence by adopting the same notation as in Art. 189, 
where X, /lc, v are tcJien as the angles which the exterior 
normal at the element dS makes with the positive directions 
of the axes of Xy y, s, respectively. 

Again, let each element of the surface be projected on 
the plane of xpy and suppose* for simplicity that each z ordi- 
nate meets the surface in but two points : then, if the indefi- 
nitely small cylinder standing on any element dA in the 
plane of xy intersects the surface in the two elementary por- 
tions dSi and dS2 (where dSi is the upper, and dS2 the lower 
element), and if vi and V2 be the corresponding values of v, it 
is plain that vi is an acute, and V2 an obtuse angle, and we 
have 

dA. = coQvidSi = — cosv2C?S'2. 

Hence, if we take into account all the elements of the surface, 
attending to the sign of cos v, we shall have 

jj 00s vdS == o. 

In like manner we get 

jjoosXdS = o, and jj 00s fxdS = o; 

the integrals extending in each case over the whole of the 
closed curve 

These formulae are coniprised in the equation 

jj (a COS A + )3 COS /i + 7 cos v) dS = o. (10) 

Again, if Zi and z^ be the values of z corresponding to the 
element dA^ then, denoting by <3?Fthe element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV= {zi- z^dA = zidSi cos vi + Z2dS2 cos V2, 



* It it easily seen that tliis and the following demonstratians are perfectly 
general, inasmuch as each ordinate must meet a closed surface in an evennumher 
of points, which may be considered in pairs. 
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and the sum of all such elements, that is, the whole volume^ 
is evidently represented by 

jjz cos vd8. 

Hence, denoting the whole volume by F, we have 

V= Sjx cosXdS ^ jjj/ cos fidS = j j z COB vdS ; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

// X cos vdS = o, jj 1/ cos vdS = Oy jjx ooa fidS = o, 

J/ y ooBXdS = o, // s QOBXdS = o, jj z cos /xdS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrab. 
These results are comprised in the equation 

jj{ax + /3y + yz) {a COS X + /3' COS )ii + 7' cos v) dS 

= (aa' + /3/3' + 77') ^. (") 
For a like reason, we have 

jjxy QoavdS = 0, jjzx ooa fidS = o, jjyz coaXdS = o. 

Also jja^ cos vdS = 0, jj a^ oob fidS = o, &c. 

Next, let us consider the integral 

jjxz COS vd8. 

This integral is equivalent to jj xdV; consequently, if 
^9 y* ^y l>© the co-ordinates of the centre of gravity of the 
enclosed volume F, we get jj xz oob vdS = jjxdV ^xV; in 
like manner jj xz cos XdS ^zV. 

Again, the integral 

// z' cos vdS 
consists of elements of the form (si^ - Zz^) dA ; but 

(21' - Z2^) dA = {zi + Z2) (si - 22) dA 

= (»i + Z2)dV. 
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But the z ordinate of the centre of gravity of e^F is 
plainly ^, and consequently 



\z^Q0QvdS=2 - — 



^dr=2zV. 



In like manner it can be shown that 

jjx^ cos \dS = 2xVy jj y^ cos fidS = 2^V. 
Accordingly we have 
Vx = iSS^ QoaXdS ^ jjxi/ cos/irf/S = //<rscosvrfi8, 

Vy = jjijx coBXdS = iJjf/*cosfid8=jjyzooQvdS, 

Vz = jjzx cos XdS = jjzt/ ooQfidS = -J-// 2' cos vdS. 

193. Sxpression for irolnine of a Closed Surface* 

— ^Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS, 
its volume is represented (Art. 169) by ^pdS, where jo is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and 7 the 
angle which r makes with the internal normal, we have 
p = r cos 7. 

Hence the elementary volume is equal to ^ r oosydSy and 
it is easily seen that if we integrate over the entire suif ace, 
the enclosed volimie is represented by 

-ijjr cos 7^5. 

1 94. Again, if we suppose a sphere of imit radius described 
with as centre, and if dw represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dS, then it is easily seen that cob y dS - t^dm) ; 

, cos yds 

.'. a<o = — . 

r^ 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that / J do) = 47r, 
being the surface of the sphere of radius imity ; 

0037^5 



... w^, 



47r. 
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Again, if be outside the surface, the cone will cut the 
surface in an even number of elements, for which the values 
of cos y will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 



w 



oosy d8 
L — = o. 



If be situated on the surface, it follows in like manner 
that 



w 



r-^ dS = 27r. 



r^ 



Hence, we conclude that 

o dS = 47r, 27r, or o, (12) 



i\ 



r" 



according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to G-auss. 

The student will find some important applications of 
this method in Bertrand's Calc. Int.y §§ 437, 455, 456, 
476, &o. 
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EXAHPLSS. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the supemcial area of md portion of the sur- 
&ce included between the planes approximately. Ans, 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a mftTimnni- i 

jins, — -' 

3. Prove that the volume of a truncated cone of height h is represented by 

"^ {JS? A, :Bir \ r2), 
3 

where B, and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius ^, the vertex of the cone 
being at the distance I) from the centre ; find the ratio of the supeifidal area of 
the cone to that of the sphere. ^ jD* — 22* 

-^«*- — ^r;;-- 

5. Two spheres, A and B^ have for radii 9 feet and 40 feet ; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B\. calculate 
tiie excess, in cubic feet, of the volume of G over l^e sum of the voliunes of A 
and^. Am. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to tiie product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle roimd its side e, 

Ans, ^ 8{8'-a){8-b){8-e) 
* 3 

8. Apply Guldin's theorem to determine the distance, fnnn the centre, of the 
centre of gravity, ( i) of a semicircular area ; (2] of a semicircular arc. 

d-d 2a 

Ans, (I)—, (2)—. 

3» » 

9. If a triangle revolve round any external axis, lying in its plane, find au 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

«!« = Az^ + Bi/^ 

by any plane parallel to that of xt/, is th part of the cylinder standing on 

tlie plane section, and terminated by the plane of xy. 
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11. A oone is oiroumscribed to a sphere of 2% feet radius, tlie yertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
auperfidal area of the cone to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre of a 
sphere ; find the volume cf the solid included between the concave surface of the 
sphere and the convex sur&ce of the cylinder. 

Am, — , where e is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
hj the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
ciide round its chord. Aru. lira } «a j , 

where a = radius, e = distance of chord from centre, and cos a b .. 

a 

In this we suppose the arc less than a semicircle : the modification when it 
is greater is easily seen. 

14. If the ellipsoid of revolution. 



and the hyperboloid 



«2 + i^+-^ = a», 



«* + s^-^^y'^ = «', 



be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



©'*©'*(;)'=■• 



. abe 
Ans, — . 
90 



1 6. Find the volume of the surface generated by the revolution of an arc of 

a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

8 
Atu. — ir^<;, where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the voliunes of the twx> cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ans. iirrf(»-2-rf2). 

[19] 
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18. Find, the area of a spheriral triangle ; and prove that if a curve traced 
on a sphere have for its equation sin A. = /(/), X denoting latitude, and / longi- 
tude, the area between the curve and the equator » f/(l)dL 

19. Show that the volume contained between the surbice of a hyperboloid 
of one sheet, its asvmptotic cone, and two planes parallel to that 01 the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the sur&ce 



©•^ (f)'* er- 



5.7 



21. Thti vertex of a cone of the second degree is in the suifiice of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volnme 
of the portion of the sphere intercepted within the oone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centres of gravity of the areas of the bounding 
sections. 

23. If ^ be the area of the section of any suiface made by the plane of xjf, 
prove, as in Art. 192, that 

A = JJcospdSf 

the integral being extended through the portion of the surface which lies above 
the plane of xy. 

24. If a right cone stand on an ellipse, prove that its ydume is represented 
by 

'- (OA,OA')iBia^acoaa; 

where ia the vertex of the cone, A and A' the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 

- {OA + OA') {OA . OAy sino. 

2 
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CHAPTER X. 

INTEGRALS OF INERTIA. 

195. Integrals of Inertia. — The following integrals are 
of such frequent occurrence in mechanical investigations, 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body icith respect to the fixed line or axis. 

Hence, denoting the element of mass by dm^ its distance 
from the axis by p^ and the moment of inertia by /, we have 

I=^p^dm, (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

^{x' + y^)dm. 

Similarly, the moments of inertia relative to the axes of 
a and 1/ are represented by 2 {y^ + z^) dm and S («* + z^) dm, 
respectively. 

Again, the quantities ^x^dm, ^y^dm, ^z^dm, are the 
moments of inertia of the body with respect to the planes 
of yzy xZy and xy^ respectively. Also the quantities ^xydm, 
Xzrdtny ^yzdm, are called the products of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body mth 
reference to a point is ^r^dniy where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S («* + y' + 2') dm. 

[10 a] 
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196. Hfoments of Inertia relatlTe to Parallel 
Axes, or Planes* — The following result is of fundamental 
importanoe: — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia with ret^pect to a parallel 
axis drawn through its centre of gravity^ by the product of the 
mass of the body into the square of the distance between the 
parallel axes. 

For, let I be the moment of inertia relative to the axis 
through the centre of gravity, V that for the parallel axis, 
Jf the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of zxy we shall have 

/= S(ir» + y')dm, /' = S|(a; + af + y^]dm. 

Hence /' - /= la'Sadm + a^'Sdm = o'Jf, 

since ^dm = o as the centre of gravity is at the origin ; 

.-. r^I^a^M. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamince^ by a system of planes 
perpendicular to the axis ; then, when the moment of inertia 
is determined for a lamina, we seek by integration to find 
that of the entire body. 
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197. Radios of C^yratlon. — If k denote the distanoe 
from an axis at which the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain imaltered, we shall have 

Mk'^I^^p'dm. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

k'V=^p^dr, 

where rfF" denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form J^Mlc'' 

and, it is plain that in its determination for homogeneous 
bodies ice may take the element of volume for the element ofmasSy 
and the total volimie of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

iq8. If A and £ be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OXy OYy lying in its plane, and if C be the moment of 
inertia relative to OZ drawn perpendicular to the plane, we 

^*^® C=A+B. (4) 

For, we have in this case A = ^y^dm^ B = ^x^dm, and 
O = 2 (ii^ + y'') dm. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^x^dm + '2t/^dm = const. 

Hence, if one be a maximum, the other is a minimum, and 
vice vrrsd. 

We shall, in all investigations concerning laminse, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. VMlfonM K^dy Mectanf^alar I<aiiiina* — ^We 

oommence with the sunple case of a rod^ the axis being perpen- 
dioolar to its length, and passing through either ex^emity. 

Let X be the distance of any element dm of the rod* from 
the extremity ; then, since the rod is uniform, dm is propor- 
tional to dx^ and we may assume dm = fidx: hence, the 
moment of inertia I is represented by /u ^x^dXy or by 



Jo 



a^dxy 



where / is the length of the rod. 

Hence / = — = JIf - . 

3 3 

If the axis be drawn through the middle point of the rod, 

perpendicular to its length, the moment of inertia is plainly 

the same for each half of the rod, and we shall have in this case 

P 
I=M—. 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sideSr 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2 a and 2&, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
By respectively, 

A = ~Mb\ B = -Ma\ (5) 

3 3 

Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity and perpendicular to the plane 
of the lamina, is 

-Mia' + b'). (6) 

By applying the principle of Art. 196 we can now find 
its moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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20d. Mectangnlar Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of laminsB, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2a, 2by and 2c, respectively ; and, if -4, -B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A^^Mib^ + c"), B^^M{c' + a% C :=-M{a^+b'). (7) 

O O o 

201. Circular Plate, Cylinder* — If the axis be 
drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r^dm, where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observing that dfn = fxzirrdr^ we get for C, the 
moment of inertia of the circular plate of radius a, 

C = zwu r^dr - -^ = M —, 

Jo 2 2 

Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and 6, respectively, with respect to 
the same axis, is 

27ru r^dr = iru = J£ . 

Jb 2 2 

Again, by (4), the moment of inertia of a circular plate 



a* 



about any diameter is -3f — , since the moments of inertia are 

obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 
to any diameter is 

M . 
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Also, the moment of media of a light cylinder about its 
axis of figure is 



a being tbe radins of the section of the cylinder. 

Again, the moment of inertia rdatiye to any edge of the 

cylinder is - Mt^. 



202. Ki|^t C^Be. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
ii^nite number of drcnlar plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, we have 






10 



where h is the height of the cone, and ithe radins of its base. 
Hence, since by Art 169 the volume of the cone is - b^h, 
we have 



10 



(8) 




203. Elliptic Plate. — Next let us suppose the lamina 
an ellipse, of semi-axes a and b ; and 
let A and B be the moments of inertia 
relative to these axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods bv sections 
perpendicular to this axis. Let -B' be 
the moment of inertia for the cirde 
round its diameter. 

Then, denoting by dB and dB^ the moments of inertia of 
corresponding rods, we have 

dB:dB'= {npY : (np'y = {oay : {oby = a» : 6»; 

.-. B:ff=^c^:b\ 



Kg- 47. 
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if' 6* 

But JB', by Art. 201, is ; 

4 

4 J 4 

Jf 

Sumlarly, -4 = — ^ . 

Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

f («>*'). (9) 

It is plain, as "before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Spbere. — If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters ; 
and accordingly, representing the mass of any element of a 
shell by rfw, and by a?, y, z any point on it, we have 

But ^{Q^ + y^-\-z^)dm= ^r^dm; 

2 
.'. S {x^ + y') dm = - ^i^dm. 

Hence, {a) the moment of inertia of a shell whose radius 

2 
is r with respect to any diameter is - mr*, where m repre- 
sents the mass of the shell. 

Again, {h) for a solid sphere of radius iZ, since the volume 
of an indefinitely thin shell of radius r is 47rr*fl?r, we get 

2rV«; = 47r f r' dr = ^7rE' = ^ VIP. 
Jo 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

^MB\ (10} 

5 
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205. Ellipsoid. — ^Let the equation of an ellipsoid be 

a^ v' -^ 
a" 0* c 

and suppose -4, -B, (7 to be the moments of inertia relative to 
the axes a^ by c, respectively ; then 



Now, let 
and we get 






C = fiabc 



I {(fix'* + 6V) dnidxfdil. 



vhere the integrals are extended to all points ^thin the 
sphere 

a;'' + /' + s" = I. 
But, by the last example we have 

^^ dx'dy'dz' = f [ [/'(fo'tf/rfa' = -^ ir ; 



.-. C = -i vaabc (a' + 6») = — («' + *')• 
15 5 



(") 



In like manner, 



5 5 

It should be remarked that the moments of inertia of the 
ellipsoid with respect to its ikreQ principal planes are 

— a% — (Tj — r, respectively. 
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206. Moments of Inertia of a IJamlna. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn tiirough any origin 0, and that o is the aogle which 
any right line through 0, lying in the plane, makes with the 
axis of X ; then, if / be the moment of inertia of the lamina 
relative to this line, we have 

/ = Sj^'^m = 2 (y cos a - a? sin a)^rfwj 

= cos^a ^y^dm + Bin^a^x^dm - 2 sin a cos a ^xydm 

= a cos? a + b sin'a - 2h sin a cos a ; (12) 

where a and b represent the moments of inertia relative to 
the axes of x and ^, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing X and 1^ to be the co-ordinates of a point 
taken on the same line at a distance It from the origin, we 

X Y 

get cos a = — , sin a = -^ ; and, consequently, 

IR' = aX^ + bY'-2hXT. 

Accordingly, if an ellipse be constructed whose equation is 

aX^ + JF' - 2/iXF= const., (13) 

we have 

IIP = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient of XF disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangular axes for which the quantity 
4 or '^xydm = o. 

This prir of axes is called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal nioincnt>{ of inertia of the lamina relative to the point. 
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Agaiiiy if A and B represent the principal moments of 
inertia, equation (12) becomes 

/=-4 oos'a + -Bfiin^a. (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be f oxmd when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX^ + BY^ == const. 

207. Momeiital Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, i^e ellipse 

AX^ + BT" = const. (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
fiame plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative to 
all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

3f 

the same as for the system of four equal masses, each — , 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± J, from the centre of gravity, where a and b 
are determined by the equations 

A = ^Mh\ B^-Ma\ 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 
centre of gravity, they have the same moments of inertia for 
all axes. 
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This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are 
given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if / be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

I = A cos'a + B sin'a. 
But, by Art. 203, 

4 4 

M 

.'. /= — (6' cos'o + a* sin' a) 
4 ^ 



4 ^ 


''cos'a 


+ 


* 4 

sin' a 


6» 


M<fh^ 









4 r* 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Inertia of Iiamina.— Suppose the 
lamina referred to its principal axes at a point ; and let p 
and q be the distances of any element dm from two axes^ 
which make the angles a and /j with the axis of x ; then we 
have 

'Stpqdm = S (y cos a - ir sin a){y cos j3 - ;r sin pi)dm 

= cosa cos j3 ^y^dm + sin a sin j3 ^a^dm 

- sin (a + /3) '2xydm 
= -4 cos a cos /3 + J? sin a sin j3, 

since A = Sy^cfm, B = ^m^dm^ and ^xydm = o. 

Hence, if 'Stpqdm = o, we have 

A cos a COB j3 + J9 sin a sin j3 = o, 
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and aooordinglj the axes are a pair of conjugate diameters 
of the momental ellipse 

AX^ + BY^ = const. 

Hence^ if two laminsB in the same plane have for anj point 
two pairs of axes for which ^pqdtn = o and ^p'(j[dm' = o, 
they have the same principal axes at the point. . This follows 
from the easily estahlished property, that if two ellipses have 
two pairs of conjugate diameters in conmion, they must be 
simiLar and coaxal. 

209. Tfiangalar JLamina and Prism. — Suppose a 
triangular lamina, whose sides are «, S, c, to be divided into 
a system of rods parallel to a side a ; 
and let A represent the moment of 
inertia relative to a line parallel to 
the side a, and drawn through the 
opposite vertex; also let p be the 
perpendicular of the triangle on 
the side a, and x the distance of an 
elementary rod from the vertex; then 
we have, since the mass dm of the 

elementary rod may be represented by /u — 1&, 

P 

CLX 

A = ^x^dm = uSa^ — dx 

P 




Fig. 48. 



= 14 - a^dx = u 
PJo 



4 2 '^ 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel to 
h and c ; and let g, r be the corresponding perpendiculars of 
the triangle, and we have 

B = — 0'% C/= — r. 
2 ^ 2 



Again, if Aoy Boy Co, represent the moments of inertia 
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relative to three parallels to the sides^ drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao = ^^Mp\ £o=^Mq\ Co --Mr'. (i6) 

Also, if -4i, J?i, Ci, be the moments of inertia relative 
to the sides a, 6, c, respectively, it follows, in like manner, 
from (2), that 

-4i = i Mp\ J?x = i Mq\ C, = -^- Mr\ (17) 

Again, it is readily seen that the values of Ay A^y Axy &c., 
are the same as if tile whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

three masses, each — , placed at the middle points of the 

sides of the triangle. 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane <&awn 
through its centre of gravity, we have 

J=-^JIf(a' + i' + o^). (18) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis.* 

In like manner the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 



'A 



j2 + c2-?!\ ImU + o'-^^ ImU^V-- 



and the same expressions hold for a triangular prism relative 
to its edges. 

* By the axis of a prism is understood the right line drawn through its 
centre of gravity parallel to its edges. 
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2IO. Momeiital Ellipse of a Triangle. — ^It can be 

shown without diffioultj that the ellipse which touoheB at the 
middle points of the sides 
maj he taken for the mo- 
mental ellipse of the triangle. 
For, let Xj yy z \iQ the 
middle points of the sides, 
and it is easily seen that o 
is the centre of this ellipse ; 
also, if /i, J2, 7s he the -. 

moments of inertia of the '^•49- 

lamina relative to the lines ax, bt/y czy respectiyely, it oan he 
readily shown from (17), that we have 



^1 I ^j I ^8 = 




I 


I 


I 

{czy 


I 

1 


I 


1 



{oxy • {oyy ' {ozy 

Accordingly, hy Art. 207, the ellipse xr/z may be taken for 
the tnomental ellipse of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminsB parallel to one of its faces, and if 
Ay By Cy D represont its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by «, hy Cy d, and the corresponding perpen- 
diculars of the tetrahedron by jt?, qy r, «, respectively, it is 
easily seen, as in Art. 209, that we shall have 

A = ^3i?dm= a^(x?a—dx = u.-z\ x^dx 

P^ i> Jo 

5 5 
In like manner we have 

B^^Mq\ C^^Mr", D^^M8\ 
5 5 5 
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Again, if Aoy Boj Coy Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

Ao-^Mp\ Bo=i-Mf, Co-i-Mf^, Do = ^Jft». (19) 



80 



80 



80 



80 



Also, if Aiy Biy Ciy A be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

A,^ — Mp\ B,=^Mq\ C,=^Mr\ D,^ — Mi?. (20) 
10 10 10 10 ^ -^ 

212. Solid Ring.* — If a plane closed curve, which is 
symmetrical with respect to an axis ABy be made to revolve 
round a parallel axis, lying in 
its plane, but not intersecting the 
curve, * to prove that the moment 
of inertia / of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 




where M is the mass of the solid, 
h the distance between the parallel 
axes, and k the radius of gyration 
of the generating area relative to its axis. 

For, if the axis of revolution be taken as the axis of x^ 
and, if y, Y be the distances of any point P within the 
generating area from ABy and from OXy respectively ; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is iv YdAy 
and its mass iirii Yd A ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is zirfiY^dA. 
Accordingly, we have 

i = 27r /ix S Y^dA = 2Trfi S (A + yYdA 

= 27r/iS (A' + 3AV + shi/^ + y^) dA. 



* The theorems of this Article were given by Professor Townsend in the 
Quarterly JourtMl of MathematieSf 1869. 

[ao] 
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Moreover, since the curve is symmetrical with respect to 
the axis AB, it is easily seen that we have 

^ydA = o, '2y^dA = o. 

Also, by definition, '2f/^dA = AI^. 

Hence 1=^ 27rfihA{h^ + ^k^) . 

Again, by Art. 177, M= zirfihA; 

.-. I=M{h'' + ^k^). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 

j/^/^A^ + ^a' 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

I = M{h^ + a^). 

There is no diflSculty in adding other examples. 

213. C^eneral Expression for Products of Inertia. 

— ^We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p, g, r represent the respective distances of 
any element dm from the three planes 

X cos a + y cos j3 + 2 cos 7 = 0, 

X cos a + 1/ COS /3' + S COS 7' = o, 
X COS a' + p COS J3'' + Z COS 7" = o. 

Then 

S/?g'rfm=S(ircosa+ycosj3+2COS7)(;rcosa'+ycos)3'+«oos7')rfiii 
= cosa cosa^x^dm + cos /3 cosjS' Sy'rfw + cos 7 COS7' Sss'rfin 
+ (cos a COS /3' + COS /3 cos a) ^xydm 

+ (cos 7 cos a' + cos a cos 7') '2zxdm 

+ (cos j3 cos 7' + cos 7 cos /SO ^yzdm ; 
and we get similar expressions for '2prdm and ^qrdm. 
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Now, suppose that we take 

^yzdm-fy '2xzdm = ffy ^xydm=^ h; 

then the preceding equation may be written 

^pqdm = COS a (a cos a' + A cos j3' + ^ cos 7') 

+ cos j3 (A cos a' + J cos /3' +/cos 7') 

+ cos 7 {g cos a' + / cos j3' + c cos 7') ; {22) 

along with similar expressions for ^rpdm and ^qrdm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

^pqdm = o, ^rpdm = o, ^qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX^ + bT'-^cZ^ + 2fYZ + 2gZX + 2hXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia^ for any body^ vanish : viz., the principal planes of the 
preceding ellipsoid.^ 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which ^pqdm = o, ^rpdm = o, 
^qrdm = o, ^p'qdrn = o, ^r'p'dm' = o, ^((r'drrl - o; 
where the unaccented letters refer to the elements of one 
soUd, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 



*. Salmon's Oeometry of Three Dimensions, Art. 72. 
t The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will be considered subsequently. 

[20 a] 
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Again, if two solids have for anj point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Principal Moments of Inertia. — Let us now 
suppose the co-ordinate planes to be the principal planes of 
the body for the origin, then the moment of inertia relative 
to the plane 

0? cos a + y cos /3 + s cos 7 = o 
is 

^p^dm = S (a? cos a + y cos )3 + s cos yYdm 

= cos^a Ix'dm + cos*j3 ^y^dm + cos'7 ^z^dm^ (24) 

since in this case we have 

^(tydm = o, 'Sizxdm = o, ^yzdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
Oj i3, 7 ; then we have 

/ + ^p^dm = ^r^dm = S (ar* + y* + 2*) dm ; 

.-. / = cos^a 2 {f/"^ + 2*) dm + cos*j3 S(s^ + x^) dm 

+ cos* 7 S (aj* + y*) dm ; 
or 1= A cos^a + £ cos*/3 + C 003*7, (25) 

where -4, -B, C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By Care called the three principal moments of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of Ay -B, C are called the principal 
moments of inertia of the body. 

"We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a body 
relative to any line passing through a given point is known^ 
whenever the angles which the line makes with the principal 
axes are known, as also the moments of inertia relative to- 
these axes. 
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216. Kllipsold of C^yratlon. — Suppose, as before, the 
solid referred to its three principal axes at any point, and let 
«, J, c be the corresponding radii of gyration, i.e. let 

and / = Mk^ ; then equation (25) becomes 

k^ = a^ cos^ a + i* cos'^jS + c^cos'7. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, by c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to' this perpendicular. (Salmon's Geometry 
of Three Dimensions, Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the ceniie of 
gravity of the body. 

217. Momental Ellipsoid. — If X, Ty Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0, whose direction angles are a, /5, 7, we have 

X=Oi2cosa, F=OiJ cos /3, Z=OiJ cosy. 

Substituting the values of cos a, cos j3, cos 7, deduced 
from these equations, in (25), it becomes 

I. OE' = AX' ^ BY' -\^ CZ". 

Suppose, now, that the point It lies on the ellipsoid 

AX' + BY'+CZ' = const., (27) 

and we get I . OJRr = X, denoting the constant by A ; 

..1=^. (as) 

Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor-' 
responding diameter of the ellipsoid {2*]). 
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From this property the ellipsoid is called the momenta! 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body, this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and, consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Kqulmomental Cone. — Again, since 

cos'^a + COS^/3 + C0S*7 = I, 

equation (25) may be written in the form 

{A -I) cos'a + {B'-I) cos'jS + (C- /) cos'7 = o ; 

hence the equation 

(^-/)XN(5-/) r^ + (c-/)z^ = o (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
soUd, are the principal axes of the solid relative to the vertex 
of the cone. 

When I^ By the cone breaks up into two planes ; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Eouth's Rigid Dynamics^ chapters i. and 11. ; as also to 
Professor Townsend's papers in the Camb. and Dub. Math. 
Journal, 1846, 1847. 
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Examples. 

^ Find the expressioiis for the moments of inertia la the following, the hodies 
heing supposed homogeneous in all cases : — 

1. A parallelogram, of sides a, b, and angle 6, with respect to its sides. 

An8, — b^ sin- 0, — a' sin' $, 
3 3 

2. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 



Ans. M(-+dA. 



3. An equilateral triangle, of side 0, relative to a line ia its plane at the 
distance d from its centre 01 gravity. 

Arts. M {^- + d^\ . 

4. A right-angled triangle, of hypothenuse (?, relative to a peipendicular to 
its plane passing through the right angle. 



c2 

Ana. M—, 
6 



5. A hollow circular cylinder, relative to its axis. 



Am. M , where r and r' are the radii of the bounding circles. 

6. A truncated cone with reference to its axis. 

3 Jf b^ - y* 
Ana. - — -z — rrr, where b and b' are the radii of its bases. 
10 i* - i * 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

iM / i'x 
Ans, - — I A'* + — I , where h denotes the altitude of the cone, 
5 \ 4/ 
and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, fi, y with its 



axes. 



Ana. — (ai sin'a + i'sin'/S + c* sinay j . 



u5 \ 

9. Area bounded by two rectangles having a common centre, and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plsoie. 

, M(a^ + b^)ab-(a'i}-b'i)a'y 

Ans. 1 — . 

12 ab - ab 
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10. A square, of side a, relatiye to any line in its plane, passing through its 
centre. 

Ana. M—. 

12 

1 1. A regular polygon, or prism, with respect to its axis. 

Ant, '7r\^'^^^]y ^^'^^ ^ ^^'^ r are the radii of the 
circles circumscrrbed, and inscribed to the polygon. 

12. Prove that a parallelogram and its Tnaximnm inscribed ellipse haye the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass M, are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass -if placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

M 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 

4. *° 

combined with a mass - M placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all lie in a principal 
plane passing through its centre of gravity, prove that they envelop a conic, 
having that point for centre, and the principal axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a confocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of the 
body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelop a cone of tiie second degree. 

21. For different values of the constant moment the several enveloped cones 
are confocal ? 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes at any point are the normals to the three sur- 
faces confocal to the ellipsoid of gyration, which pass through the point. 
(M. Binet, Jour, de VEe. Foly, 1813.) 
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CHAPTER XI. 

ON BiEAN VALUE AND PROBABILITY. 

219. One of the most remarkable applioations of the Integral 
Oaleulus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we wiU consider a 
few of the less difficult questions on these subjects, which 
will serve to rive at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

Mean Values, 

220. "By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the w** part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the true value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity !?, and if it be asked — What is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of timey the answer 
will be ^t? ; but if we consider the velocities at equal intervals 
of space^ it will be f r. The former is the most natural sup- 
position in this case, because it is the answer to the question 
— ^What is the velocity with which the body would move, 
uniformly, over the same space in the same time? — a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to which the second 
value above would be the answer. 
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Again, if we wish to determine the mean value of tiie 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other ; or through eqm- 
distant points of the circumference ; or such that the areas 
between each pair shall be equal; in each case the mean 
value will be dijBFerent. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

221. Case of One Independent Tarlable. — ^We 
will therefore suppose any variable magnitude y to be ex- 
pressed as a function (^{x) of some quantity x on which it 
depends, and its mean value taken as x proceeds by equal 
infinitesimal increments h from the value a to the value i. 
Let n be the nimiber of values, then nh = b - a. The mean 
value is 

- |0(a) + 0(a + A) + ^(a + 2A) + . . . . . 

But (Art. 90), 

h U(flf) -f ^(a + A) + 0(a + 2A) + . . . .1 = I ^[x)dx. 

Hence the mean value is 

I f* 
Jf=7 (h{x)dx, (i) 

Examples. 

1. To find the mean value of the ordinate of a semicircle, supposing the 
series taken equidistant. 

yiz., the length of an arc of 45°. 

2. In the same case, let us suppose the ordinates drawn through equidistant 
points on the circumference. 

I rir 2 

M—-\ r sinedd = -r; the ordinate of the centre of gravity of the arc 
irj IT 
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3. Determine the mean horizontal range of a projectile in vaeuo for dif- 
ferent angles of elevation from 45° - e to 45** + 6 ; given the initial velocity F. 

If a be the angle of elevation, the range is 

JR = — sin 2a. 

Hence Jf = -- I — sin lada, between the limits 45° ± ^ ; 

„ r^ sin 20 
.*. Jf = . 

The mean value for all elevations, from 0° to 90°, is . 

IT ff 

4. A number n is divided at random into two parts ; to find the mean valu& 
of their product. 

I f" I 

Jf=_l x(n~ x)dx = yn*. 

5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other B 
to range over the whole circumference ; since by altering the position of Ay we 
should only have the same series of values repeated ; let be tie angle between 
AB and the diameter through -4 ; as we need only consider one of the two 
semicircles, 

IT 

I f* ±r 

M= — 1 2r cos 6^6 = . 
^ Jo '' 

6. To find the mean values of the reciprocals of all numbers from n to iw, 
when n is large : 

That is, to find the mean value of the quantities 

.1 I I I I II 

n* n 1' w 2* n w ' 

I + - 1+ - I + - 

n n n 

that is, the mean value of the function — , as x goes by equal increments from 

nx 
I to 2 ; 

_- I [^dx I , 
.-. if = I — =-log2. 

a — I J 1 «ic n 

7. To find the mean values of the two roots of the quadratic 

a?* — aa; + ^ = o, 

the roots being knowTi to be real, but b being unknown, except that it is 
positive : 
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a^ 



That is, i is equally likely to have any yalue from o to — ; hence far 

4 



greater root, a, IS 

p 



4 f* 
= — I 0(20- a)da\ 



6 

The mean value of the smaller root is 7 «. 

o 

17 I 

The mean squares of the two roots are — a*, — a?. These might he deduced 

from the former results, since 

M{x'i)-aM(x)-it M(b) = o. 

8. Find the mean (positive) abscissa of all points included between the axis 
of X and the curve 

I 

- — e 

y — as ^^ . Afu. — ^. 

The msan square of the abscissa is -Je'. 

222. If Jf be the mean of m quantities, and Jf'the mean 
of m' others of the same kind, and if ju be the mean of the 
whole m + m' quantities, we have evidently 

niM + m'M' , . 

M= 7— • v) 

m + m 

Thus if we have to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the arc is — , we have 

IT 

2r.r-\-irr — ^„ 



2r + nr 



2 +Tr 
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223. Case of Two or More Independent Tariables* 

— If z = 0(a?, y) be any function of two independent 
Tariables, and a?, y be taken to vary by constant infinitesimal 
increments hy k^ between given limits of any kind, the mean 
-Talue of the function z will be 

^Jj^dxdy 

ildxdy ' ^^^ 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose Xj y^ z the 
00-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of xy^ and then ruled 
by lines parallel to a?, y at intervals A;, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surface z = ^{x, y)y 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 

volume jj zdxdy = sum of ordinates x hk ; 

also the plane area jjdxdy = number of ordinates x hk ; 

80 that dividing the sum of the ordinates by their number^ 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points uniformly distributed over a given plane 
area. 

Examples. 

1. Suppose a straiglit line a divided at random at two points, to find the 
ayerage value of the product of the three segments. 

Let the distances of the two points X, Y, from one end A of the line, he 
called rr, y . Consider first the cases when x> y\ the sum of products for these- 
is half the whole sum ; hence 

2. A numher a is divided into three parts ; to find the mean value of one 
It. 
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Let ar, y, a - « - y, be the parts; 

!a ea-x 
\ xdxdy 
Jo 



Jf = 



fa ea-M 
dxdy 
J 



I 

-a. 
3 



This value might be deduced, without performing the integrations, by consider- 
ing that the expression is the abscissa of the centre of gravity of the triangle 
OAB ; OAi OB being lengths taken on two rectangular axes, each = a. 

Of course the result in this case requires no calculation ; as the sum d the 
mean values of the three parts must be = a ; and the three means must be eqrial 

The mean tquare of a part is — . 

6 

3. A number a is divided at random into three parts: to find the meaa 
value of the least of the three parts : also those of the ffreatetty and of the mean. 

Let jT, y, a — a; — y, be the greatest, mean, and least parts. The mean value 
of the greatest is mJ^^^^^ 



Sjdzdy 
integrations being given by 



the limits of both 




x>i/> a- jc -i/> o. 

If X, y be the co-ordinates of a point, referred 
to the axes OAf OB, taMng OA =■ OB = a, the 
above limits restrict the point to the triangle ATS 
{AM being drawn to bisect OB) ; and tiie above 
value of Jf is the abscissa of the centre of gravity of 

this triangle ; i.e. - of the siun of the abscissas of its ^S* 5'* 

-angles ; hence 

3 \ 2 s J 18 
The ordinate of the same centre of gravity, viz., 

Wi > \ 5 
- [a-\--a] = —a 

3 \2 3 / i8 

is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively 

"51 

4- To find the mean square of the distance of a point within a given square 
{side = aa), from the centre of the square. 



""'Mjy'^^^^'^'b'- 
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It is obyious that the mean square of the distance of all points <m any plane 
9urea from any fixed point in the plane is the square of the radius of gyration of 
the area round that point. 

5. To find the mean distance of a point on the circumference of a circle from 
^ points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, if dS 
be any element of the area, we have 

va* ira2J_»J^j o^ 

2 

224. Many problems on Mean Yalues, as well as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 

Examples. 

I . To find the mean distance between two points within a given circle. 

If If be the required mean, the sum of the whole number of cases is repre- 
sented by 

(irr«)2if; 

now let us consider what is the differential of this, that is the sum of the new 
cases introduced by giving r the increment dr. If Mq be the mean distance 
of a point on the circumference from a point within the circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
2vrdr, are 

irr-i/b . 2Trrdr; 
<loiibling this, for the c ises whc e the point £ is taken in the annulus, we get 

d . { wr^M} = 4ir2 Jfor^rfr. 



itr 

Now ifo = ■=— (Ex. 5, Art. 223) ; 
9ir 



9 

.*. Jf = r. 

45^ 



Jo 



2. To find the mean square of the distance between two points taken on any 
plane area fi. 

Let dS, dS' be any two elements of the area, A their mutual distance, and 
we have 
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// 



Now, fixing the element dS, the integral of A^dS' ia the moment of inotia 
of the area fi round dS ; 80 that if JT = radius of gyration of the area round i8, 

let r = distance of dS from the centre of gravity G of the area, k the radios of 
gyration round G, then 

X« = r2 + ;t2; 

thus the mean square is twice the square of the radius of gyration of the area 
roimd its centre of gravity. 

225. The mean distance of a point P within a given 
area irom, a fixed straight line (which does not meet the 
area] is evidently the distance of the centre of gravity G 
of the area from the line. Thus, if -4, -B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APJB = the triangle AGB. 

From this it will follow, that if X, !F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the tnangle XTZiathe triangle O&O 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P is taken at random within 
a triangle ABCy and joined with the three 
angles. To find the mean value of the 
greatest of the three triangles into which 
the whole is divided. 

Let G be the centre of gravity ; then if 
the greatest triangle stands on ^^, P is 
restricted to the figure CHGK^ and the 
mean value oi AFB \a the same as if P 
were restricted to the triangle GCK\ hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCKy and base AB ; Fig. 52. 

.-. M = -{ACB + AKB^AGB) = - [i+-+-]^5C; 

hence the mean value is — of the whole triangle. 

1 

The mean values of the least and mean triangles are respectively - and -^ 

9 to 

of the whole. 

This question might be shown to be reducible to Question 3, Art. 223. 
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226. If Jf be the mean value of any quantity depending 
on the positions of two points (e.g. their distance) which are 
taken, one in a space A^ the other in a space B (external to 
A) ; and if M' be the same mean when both points are taken 
indiscriminately in the whole space A -\- JB; M^, Mb the 
same mean when both points are taken in A^ and both in By 
respectively; then 

(A + ByM' = 2 ABM + A'M^ + ffMs. (4) 

If the space A = By 

^' = 2M-^Mjt-^MB; 

if, also, Mji = May 

2M' = M^Mj; 

thus if M be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 224) 

M+Mi = ^r. 
45T 

To determine Jf or Jf 1 is rather difficult, though their 

sum is thus found. The value of Jf is — —^ r. 

135 t' 

Examples. 

1. Two points Z, F are taken at random within a triangle. What is the 
mean area if of the triangle XYC, formed by joining them with one of the 
angles of the triangle ? 

Bisect the triangle by the line CD ; let Mi be the mean value when both 
points fall in the tnangle ACL; M% the value when one falls in. ACD and the 
otiier in ^6TZ> ; then 

aJf= Jlfi+ Jfj. 

But Jfi = - Jf ; and M2 = 00' Cy where O^ O* are the centres of gravity 

2 

2 
of ACB^ BCD, this being a case of the theorem in (225) ; hence M% = -ABC, 

and 

M=^ABC, 

2. To find the mean area of the Iriangle formed by joining an angle of a 
square with two points anywhere within it. 

[21] 
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By a siimlar method this is found to he 



lOg 



of the whole square. 



^ 3. What is the mean area of the triangle formed hy joining the same two 
points with the centre of the square P 

"We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if Jf he the mean, the sum 
of all the cases is 



i) 



^M=\]ifl + 2-,Jf2+~ Jfs, 



Ml, Mi, Mz being the mean areas when the second 
point Y is taken respectively in OA, OB, and 00. 
But J/3 = Ml, for to any point Yin 00 there cor- 
responds one Y' in • OA, which gives the area 
OXY' = OXY; 

.'. M = -Mi^^M2. 

2 2 





.Y 

• 

f 





X / 
Y 






Fig. 53. 



B 



But M\ = —4- . -J -3f2 = -7 ; hence M - -^ of the whole square.* 
108 4 16 108 

227. If two spaces A ■{■ C^ B + C have a common part (7, 
and M be any mean value relating to two points, one in -4 + C, 
the other in B + C; and if the wnole space A^- B ■\' C ^ Wj 
and Mw he the same mean when both points are taken indis- 
criminately in W; Mji when taken in -4, &c., then 

2(-4 + C)(5+C)Jf= W^Mw^C'Mc-A^M^-B'MBy (5) 

as is easily seen by dividing the whole number W^ of cases 
into the different classes of cases which compose it. 



* In such questions as the above, relating to areas determined b^ points 
taken at random in a triangle or parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a sqi^are. This will appear from orthogonal 
projection; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
side of an equilateral triangle of the same area ; and then be deformed in like 
•lanner into the equilateral triangle itself. Likewise a parallelogram may be 
deformed into a square. 
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ExiJfPLE. 

Two segments, AB, CD, of a straight line liave a common jMirt CB; to 
find the mean distance of two points taken, one in AB^ the other in OD, 

2AB,CD,M=AI)^,~AD+CB^.^CB-A(P.^AC-BD^.-BD, 

3 3 3 3 

dnee the mean distance of two points in any line is - of the line ; 

^jy + ggs - AC^ - DB^ 
•'• ^" 6AB . CD 

228. The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included witmn a given space A, the chance of a 
point Py taken at random on A, falling on 8^ is 

8 

But if the space 8 be variable, and M{8) be its mean value, 

P = —j^' (6) 

For, if we suppose 8 to have « equally probable values 
8ij 82^ 83 . . . .y the chance of any one iSi being taken, and of 
P falling on ;Si, is 

i8i 
nA 

now the whole probability j» =i?i +i?2 +i>3 + • . • ; which leads 
at once to the above expression. 

The chance of two points falling on iS is 

p^-jT' (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X, F taken at random in a line, 

[21 a] 
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by the consideration that if a third point J? be taken at random 
in the line, the chance of it falling between X and P" is - ; as 

o 

one of the three must be the middle one. Hence the mean 



2C^ 



distance is - of the whole line. 
3 

A^ain, the mean n^ power of the distance is v , , , , 

° ^ (w+i)(n + 2) 

where a = whole line. For if ^ is the probability that » more 
points taken at random shall fall between X and Y^ 

M(XYY = a^'p. 

Now the chance that out of the whole » + 2 points, X 

• 2 
shall be one of the extreme points is : andif it is so. the 

^ n ■¥ 2 ' 

chance that Y shall be the other extreme point, is 



»+ I 



Examples. 



I. From a point X, taken anywhere 
in a triangle, parallels are drawn to two 
of the sides. Find the mean value of 
the triangle UXV. 

If a second point X' he taken at 
random within ABC, the chance of 
its falling in XUV is the same as the 
chance of X falling in the corresponding 
triangle X' V F' ; that is, of X' falling 
on the parallelogram XC, Hence the 
mean value of UX V— mean value of XC, 
But the mean value of {JJXV \ XC) is 




Fig. 54. 



- ABC\ as the whole triangle can he divided into three such parts by drawing 
through X a parallel to AB* Thus 

M{uxr) ^Iabc. 

6 

The mean value of UVia -AB, For CTFis the same fraction of AB that the 
altitude of X is of that of C; see Art 225. 



* The triangle may he considered equikteral ; see note, p. jaa* 
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Cob. Hence, l£ p = perpendicular from X on AB, h = altitude of triangle 
ABC, 



If we take the area ABO as unity, we have, since UXV: AXB = AXB : ABC, 

(AXB)^= UXV. 

Thus the mean square of the triangle AXB is -. If two other points T, Z axe 

taken at random in the triangle, the chance of hoth falling on AXB is thus the 

same as that of a single point falling on UXV; i.e. y. Hence we may easily 

infer the following theorem : — 

If three points X, Y, Z axe taken at random in a triangle, it is an even 
chance that Y, Z both fall on one of the triangles 
AXB, AXC, BXC. ■" G 

2. In a parallelogram ABCD a point X is taken at 
random in the triangle ABC, and another Y in ADC, 
Find the chance that X is higher than Y. 

Draw XTT horizontal : the chance is 

mean area of ASK -f- ADC. 

But -4irjr =X err, and the mean area of -X:Z7'r=i^C^ ^ 

I ° 

(Ex. i) ; hence the chance is -, 

6 

3. If be a point taken at random on a triangle, and 
lines be drawn through it from the angles, to find the 
mean value of the triangle DBF, (Mr, Miller.) 

It will be sufficient to find the mean area of the triangle]^^JP, and subtract 
three times its value from ABC. If we put a, fi, y for the triangles 
BOC, AOC, AOB, it is easy to prove 




AEF= 



(a + i8)(a + 7) 



.ABC. 



If we now put the whole area ABC— i, and 
if <f /S be the element of the area at 0, 

the integration extending over the whole triangle. 

Now if JO g' axe the perpendiculars from on the sides h, c, it may be easily 
shown that the element of the area is ^^^ 




Fig. 56. 



■»« ^pdq 4 
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Thus the mean value of AEF becomes 
Again, by Art. 95, the definite integral 



J 



I -p o 



'-6-j = T-^- 



Hence the mean value of the triangle BEF is 

10 - ir», 
that of ABC being unity. 

It is curious that the same value, 10 — ir^, has been found by Col. Claxke to 
be the mean area of a triangle formed by the intersections of tliree lines, drawn 
from Ay By C to points taken at random in 0, &, respectively. 

4. To find the average area of all triangles having a given perimeter (u). 
By this is meant that the given perimeter is £vided at random in every possibb 
way into three parts, a, ^, 0, and only those cases are taken in which a, J, c can 
form a triangle ; then the mean value of 



Now 



A = \/8{8-a){8-b){8-c) A X Y B 

v ^ V i. o Fig- 57. 

has to be foimd. 

Take-4J5=2*, let X, Fbe the two points of division, AX = x, AT^yi 
these are subject to the conditions 

x<8y y>8y y - X <8, 

jL / 

^^ = V (« - ^) (y- »)(» - y + a:) ; 

I I I \/(« - ar) (y -«)(«- y +1^ . dydx 
.'. -— : if (^) = -L'-AiL-i ^ : . 

Again, by Art. 132, we have 

f ^/{8~x){8-y + x)dx =~(28- y)2 ; 

Jy-a o 

The result is therefore :— Mean area = — (is)^. 

105 ' 

In th6 same case we should easily find 



» . 



«i 



Mean square of area = — . 

60 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed by them is — of the given triangle. 

I 2 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Mo be the mean area when one of the three points is restricted to 
a side of the given triangle, 



4 



Let A receive an increment of area dAf by adding to it an infinitesimal band 
included between the base a, and a line parallel to it ; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 

A^rfA . Mo. 

The whole increase is treble this, for we must consider also the cases when 
F, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to dA^), Now the sum of the whole 
original cases is A^if ; hence 



d{A^M) = 3A*JforfA; 



M . 




Now — is constant for all triangles (see note, 

p. 322); 

M X 

.-. —d,A* = SA'^ModA; .'. M=-Mo. 
A 4 



Again, to find Moy consider the random point X fixed at a particular point 
D of the base a, the other two points F, Z, ranging all over the triangle. Let 
M* be the mean value of DYZ; the sum of all the cases, viz., A-M\ may be 
decomposed into three groups : (i) when F, Z are in ABI) ; (2) both in ACD ; 
(3) one in each triangle : 

.-. (A£C)iM' = (ABJOy , i ABD + (ACJDf . -^ACD + 2ABD . ACD . '^^ 

by Ex. (i), p. 32 r, and because in case (3) the mean value is the area of the 
triangle formed by joining 2) with the centres of gravity of ABB, ACD (Art. 
225), Put BD = Xf altitude of triangle = p, and we get 



Now when the point X falls in the element dXy the sum of all the cases is 
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^lCd^\ and hence, when X ranges from 3 to (7, the whde sum of cases is 

9 9 

Hence ITo = - A ; and therefore If = Jfo = — A. 
9 4 12 

Cob. Hence, if four pointB, Ay By C, 2>, are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is -. For 
the chance that 2> fells in ABC is the mean value of ABC divided hy the 
whole triangle, that is — ; and we haye to add to this the chances that (7 fells 

2 

in ABBy &c. The chance that ABCD is convex is -. 

3 

6. The mean distance of the vertex of a triangle from all points in the area is 
equal to its distance from the centre of gravity, meatured aUmg a parabolic pathy 
'vniich leaves the vertex in the direction of one of the sides, and reaches the 
centre of gravity in a direction parallel to the other — ^the axis of the parabola 
being parallel to the base. 

Let an indefinite line AF be con- 
ceived to revolve round A, from the 
direction AC to AB ; and as it revolves, 
suppose that all the mass of the triangle 
ABC which lies to the right of it is 
transferred continuously to tiie vertex A. 
The centre of gravity of the whole mass 
will thus describe a curve starting from 
Oy and ending at A. When the line is 

at AI* let the centre of gravity be at ^ ; g p^ 

and when it is in the consecutive position -p. 

AB'y let the centre be at /. As the ^^^' ^^' 

mass of the triangle AFB' has been transferred to A, gg* is parallel to AP; also 

, APP' 2 ^^ 
^^ ABC 3 ' 

since - AP is the distance traversed by the centre of gravity of the transferred 
portion of the whole mass.* 

But as -AP is the mean distance of all points in APP' from Ay the sum of 

2 

e very element in APP* into its distance from A = APP' x - AP, Hence the 

3 
sum of all the elements gg'y i.e. the whole arc QA — sum of every element of 
ABC into its distance from Ay divided by the area ABCy i. e. the mean distance 
required. 




See Eankine, Applied Mechanics, p. 54. 
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It is easy to show that if gT\a drawn parallel to BC, 

3 « 

80 that the curve is the parabola mentioned above. For A and^ are in directum 
with the centre of gravity of ABF; and hence, as y is the centre of gravity of 
ABFanda mass at -4 = AFC, 

AT BP , BP e 
= — , and — - = 



I a ' 2gT AT 

3^ 
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229. The calculation of Probabilities, when the number 
of favourable cases, as well as the whole number of cases, is 
finite, is not a subject for the Infinitesimal Calculus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of Knes drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 



* Of course a large number of values taken at random for a variable do not 
really form an equi-different series : but, as they must give a number of points 
(when measured along a straight line) of \miform density^ they may be taken, 
for the purposes of calculation, as equi-different. 



i 
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the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 
and the number of favourable cases is 

4 + 5 + 6, 

80 that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to a?) ; hence the number of cases when the 
greater falls between x and x + dxi^ measured hy xdx; the 

whole number of cases is therefore xdx; and the favourable 



Jo 
rb 



cases are 



xd4V. The required chance is therefore p = 



a'' 



This instance will serve to show how the Integral Calculus 

may enter into the estimation of chances. It is true that it 

might easily be solved otherwise ; for if the two numbers are 

considered as the distances of two points taken at random in 

a line of length a, from one end of the line, and if we 

measure a distance b from that end, the problem is really to 

find the chance that both points fall within b : which chance 

b^ 
is evidently — . 

^31. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the nimiber and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

I. If an event B is known to have occurred in a certain century, the chance^ 
that it was not distant more than n years from the middle of the century is of 

course — ; hut if three events, A. B. C, are kno^-n to have occurred in the 

lOO 

century, and that A preceded B, and B preceded (7, let it he proposed to find 
how far this amount of knowledge alters the value of the chance for B. 

Let X be the time from the beginning of the century to the event B ; for 
any assigned value of Xy the number of triple cases is ^(loo — x) : hence th& 
number of favourable cases divided by the whole number is 



!50i» 
a;(ioo -x)dx 
50. n 
^ = 7T?Si 



= 3 4 ( • 

ICO \»oo/ 



fiuu 
a?(ioo - x)dx 


2. Two numbers, x, p, are chosen at random between o and a : find th& 



a' 



chance that the product xf/ shall be less than — (its mean value). 

4 



Here 



P 



Udxdy 



the integral being limited by « > ic> o, a > y > o, and xy < — . We have^ 

4 

accordingly to integrate for y from a to o, when x is between o and - ; and from. 

4 

— to o, when x is between - and a : thus 
4^ 4 

adx+\ — dx = — + —log \. 
ja^x 4 4 



Hence 



i? = - + -l0g2. 

4 2 



B 



3. Two points are taken at random in a given line a ; to find the chance^ 
that their distance asunder shall exceed a given value c. 

It is easy to see tliat the distances of two such points from one end of th& 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being imiformly distributed 
over its surface. 

Thus, if in the above question a?, y stand for the 
distances of the two points from one end of the line, 
y being greater than a:, we have to find the chance jj 
oi y - X exceeding c. The point p whose co- 
ordinates are a;, y, in the square OD^ (side = «), 
may take all possible positions in the triangle OBD, 
if no condition is imposed on it. But U.y ~ x> c. 



then if we measure OH = <?, the favourable 




Fig. 60. 
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cases occur only when P is in the triangle BHI; hence the probability required 



jp = 



BEI 
OBD 



-«\a 



= C-i-') 



In fact <^hig is only performing the integrations in the expression 



Je Jo 



-e 



dydx 



['[^dydx 

JoJ 

4. Two points being taken at random in a line a, to find the chance that no 
one of the three segments shall exceed a given ^ Z K N D 

length e. 

The segments being as before a?, y — a;, a - y, 
JPE=x, FK = a-y^ PI = y - x. There will ^ 
be two eases : — 

I H 

(I). Ifo-a; t^QOU=Br=l)Z=BN=^e; 

then it is easy to see that the only fayoiirable y 
•cases are when P falls in the hexagon UZNMJV; 



Pi = 



OBD - 3 . VB Z 
OBD 



(a-ey 




Fig. 61. 



(2). If c<-«; take OU=BV^ e, as before; then the only favourable 



•cases are when P falls in the triangle RST; 

BST 



B 



K 



D 



P2 = 



OBD 



= (^T' 



I V 

since BST= -RT^, and BT= VT+BH - VH 
2 

= 2tf— (a — c), U 

Such cases of discontinuity in the functions 
■expressing probabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus in the present question, o 
^Pi =/W» Pz = J^'W, we have 



f{c) - f(a -e) = F{e)-F{a- e). 



/ T 
R 



Fig. 62. 



5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the 
■distance between each pair, being thrown at random on the floor, to find the 
chance of its falling on one of the lines {Bufon's problem). 

Let X be the distance of the centre of the r^ from the nearest line, $ the 
inclination of the rod to a perpendicular to the parallels, 2a the common distance 
of the parallels, 20 the length of rod ; then as all values of x and $ between their 
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extreme limits are equally probable, the whole number of cases will be repre* 
sentedby 

IT 

a r2 

dxd$ =s ira. 



n 



IT 
? 



Now if the rod crosses one of the lines we must have e > ; so that tho 

cos 9 

fayourable cases will be measured by 



J n Jo 



ecoB$ 

dx = 2£?. 



20 

Thus the probability required is p = — . 

ira 

This question is remarkable as having been the first proposed on the subject 
now ccdled Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir nom this result, by making a large number of triaua 
with a rod of length ^a : the difficulty, however, here consists in ensiuing that 
the rod shall fall really at random. The circumstances imder which it is thrown 
may be more favourable to certain i>ositions of the rod than others. Though w& 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing the series of 
points in question as ranged along the line with a density 
proportional to a; ; as e.g. if they were the projections on the 
line of points taken at random in the space between the line 
and another Hue through one of its extremities. To give an 
example : — 

Two points are taken in a line «, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let iP, y, be the distances from A^ y > x. Here the 
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probability of a point falling between x and a? + cte is not 
proportional to dxy but to x dec; and the result will be 

J a ry-c 

f/dv xdx , . , ._ 

I c 



xdx 



The mean values of the three divisions of the line, in the 
same ease, will be found to be 



8 4 I 

— a, — a, — 

15 15 5 



The above value of ^ is also the value of the chance, that 
4he difference of the altitudes of two points within a triangle 

-shall exceed a given fraction - of the altitude of the triangle. 

a 



EXAHFLES. 

I. Two points being taken on the sides OA, OBy of a square a\ the chance 
of their distance being less than a given value b is easily seen without calcula- 

irb^ 
tion to be — -, provided d < a, as it is the chance of a point taken at random in 

the square falling within a quadrant of a given circle. Suppose now that ttoo 
points are taken on OA^ and two on OBy and that we take Z, F, the two points 
Jurthest from on each side, to find the chance that their distance XTib less 
than a given length b; {b< a). 

Here the probability of X falling between x and x ■¥ dx is proportional to 
xdx ; likewise for y ; hence 



ji 



xydxdy 



\ \ xydxdy 

the upper integral being limited by a;' + y2 < A* j hence » = — • 

Thus it is an even chance that the point determined by the co-ordinates x, y 
ehall fall within the quadrant - rra^. 
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2. There is a circular target of area A ; the area of the hull's eye is a. If 
a shot is heard to strike the target, the chance of its having hit the hull's eye is 

a 
of course — .* If, hovever, two shots have heen fired, to find the chance that 

the best of the two has hit the hull's eye. 

This is easily solved hy elementary considerations ; as the chance of hoth 
missing the hull's eye is 

Hence the required chance of the hest shot having hit it is 

3. Let it he proposed, however, to find the chance of the hest of the two 
shots (i. e. that nearest the centre) having hit any given area a, traced out on 
the target. 

The numher of cases in which the worst shot falls on any element dS, at a 
distance r from the centre, is irr* dS ; hence the chance of the worst shot striking 
the area a is 

_j j r^dS (over a) m 

^ " ffr^SjoverA) " M' 

where Jf, m are the moments of inertia oi A^ a round the centre of the target. 
Kow, the prohahility of hoth shots missing a is 

hence that of a heing hit (hy one or hoth) is 

(A-ay 



«» 



and the chance of hoth hitting it is — . But the chance of a heing hit is 

chance of hest + chance of worst - chance of hoth ; 
hence, ii.pi he the required chance, viz., of the hest shot striking a^ 

2 « m 



m (fi (A - a\ * a 



M* 



where w, M are the moments of inertia ahove. 

Or, we might have considered the numher of cases in which the hest shot 
falls on the element dS, viz., 

x(S^-r^)d8, 

where M = radius of target. This would have given the required prohahility 

m^a - m 

^' " IC'A-m'' 

which is easily shown to he identical with the ahove value. 



* That is, disregarding the effect of the aim directing it with greater proha- 
hility to the centre of the target. This would he practically correct in the case 
of a very had marksman, who frequently misses the target altogeUier. 



336 



On Mean Value and Probability. 




Fig. 63. 



233. Carre of Frequency. — In questions relating to 
a variable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of X is proportional to ^(ip), and 
we draw a curve y = C^{x)^ 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points J, Fare taken at random in a straight 
line ABy and X means always that nearest to A^ the curve 
of frequency for Y will be a straight line through A ; that 
for X a straight line through B. This will often simplify 
questions : e. g. suppose we have to find what is sometimes 
called the most probable value for A F, i. e. such a value 
AP that -4 F is equally likely to exceed or to fall short of it. 
Since the curve of frequency for 
F is a line -4C, we have only to 
find P, so that PD bisects the 

AB 

triangle ABC \ i.e. AP = — -?^; 

because as many values of AY 
exceed ^P as fall short of it. 
The most probable value is not 




Fig. 64. 



2 
the mean value, viz., - AB^ being the horizontal distance of 

3 
the centre of gravity of ABC^ from A. 

A point Y is taken at random in a line AB = «, and 
then a point X is taken at random ia AY (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length oi AX 
falling within given limits. 

Let Xy y, be the distances from A ; for any assigned value 
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of y, the chance of X faUing between x and a? + cte is — ; 
hence the chance of X falling between ^ 

X and X + dxy and T falling between y 
and y + (/y, is measured by 

dxdy 

ay ' 

hence the whole chance of X falling 
between x and x -¥ dx\& 



dx{^ dy dx . a , , 
a],,y a ^x ^ ' 




if for simplicity we put a = i. 

Thus the curve of frequency for X is a logarithmic curve 
BBj whose ordinate is 

s = - log a? ; . 

the frequency at A being infinitely great. 
The area of this curve from o to a; is 

iplog^; 

and this is the probability of AX being between o and x ; 
the whole area, when x= i^ being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling 
between given limits (xf^ of' is of course 



e 



e 



af\og^-x''\ozjr 

To find the moat probable value of x we should have to 
solve the equation 

ip(i-loga?)=i. 



This gives x about - of the line AB. 

^ [88] 
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The mean value of a; is 






xzdx 



i 



zdx 



4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments AY, TB^ 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 

Examples. 

I . A line is divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parts shall exceed the sum 
of the other two (i.e. that a triangle might be formed by them). {Cambridge 
Math, Tripos, 1854.) 

The probability that Xy T shall be taken in two assigned elements dxy <ly 
is (taking a = i), 

dxdf/ 



This differential being integrated throughout any limits, gives the sum of the 
probabilities of Z, Y being found in each pair of values for dx and iy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that Z, Y will be found in some one of those pairs. 
In the present case the limits are equivalent to 



Hence 



I I 

Jj Jy-4 y 2 



2. An urn contains a large number of black and white balls, the proportion 
of each being unknown : if on drawing m + « balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being d priori equally 
probable. Then, m-\- n points being taken 
at random in AB, m are found to fall on •^^- °°' 

AXy n on XB. That is, all we know of X is, that it is the (m + i)^ in order, 




X K 



B 
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beguming from At of m + ii + i points falling at random in AB, H AX = », 
AB = I, the numb^ of cases for X between x and x + dsia measured by 

rm + n 
- - «« (i - x>dx.* 

Hence the probability that the ratio of the white balls in the urn to the 
whole number Hes between any two given limits a, — ^that is, that the distance 
from ^ of the point X lies between a and $, is 



i: 



x^(i — x)*dx 

' a 



Jo 
The curve of frequency for the point X will be one whose ordinate is 

y = «"•(! - a?)". 

The iwRTiTnnTn ordinate KV occurs at a point JT, dividing AB in the ratia 
m : ft. This is of course what we should exx)ect : the ratio of the numbers of 
black and white balls is more likely to be that of Ihe numbers drawn ot each 
than any other. The value for p above is simply the area of the above curve 
between the values a, iS, of x^ divided by the whole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and ~ 

13 S S 

<yi the whole — ^that is, that it differs by less than ± - from -, its meet natural 

5 5 

value. 

[^x^i-xfdx ^ „ 

« Ji 2256 _ 1 8 

J A 



The above results will apply to any event, which must turn out in one of 
two ways which are mutually exclusive, this being the whole of our d priori 
knowledge with regard to it — the ratio of the black, or white, balls to the 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and MIed n times in m + ft trials. To 
find the probability that, (mp-\- q further trials, it shall happen p times and 
fail q times. 



* For a specified set of m points, out of the m + ft, &lling in AX, the 

f fn-^n 
number is x^li - x)'^dx; the number of such sets is ^ — = — . 

C~[i 
[aaa] 
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That 18, that /> + ^ more points being taken at landom in AB, p shall fall in 
AX, and q in BX, The whole number of cases is as before 



{ 



rm + n 

'=={AB)P*9\ «-(i-a?)«rfir 

fcC Jo 



[wMMifi 



iC« (i - j?)*diF. 



When any particular set of p points, out of the jr + ^ additional trials, &Ufl in 
AXj the number of fayourable cases is 



•>j 



M2J« 






But the number of different sets of p points is — 

' I. a. 3. ..!».. i-a. 3... 

Hence the probability is, putting as before I ^ for i . 2 . 3 . . . p> 

Jo 
By means of the known values of these definite integrals (p. 1 1 7), we find 

\p-¥q [ m-^^ p V n-\- q [ m-^n^i 



Pi 



[p\q ' [^[^ \'m + n-\-p-{-q-¥ i 



For instance, the chance that in one further trial the event shall happen is 
This-is easily verified, as the line^^ has been divided into m +»+ 2 



«t + « + 2 

sections by the m + n*+ i points in it, including X Now, if one more trial is 
made, i.e. one more point taken at random, it is equally likely to faU in any 
section ; and m + i sections are favourable. 

4. Trace the curve of frequency of the ratio - ; a and b being numbers taken 

at random within the limits ± i. 
If we measure the values of 
the ratio as abscissas along an 
axis OX, and make OA = i, 
OA' » - I, -4-B = A'B^ I ; 
then the line whose ordinates 
are proportional to the fre- 
quency will be, for values of 

a 

J comprised between the limits 

o 

+ I, and the straight line BB' ; but for values beyond these limits, will consist of 

tiie arcs BC, B'C of the curve x^y = i . 

a 

It is thus an even chance that the ratio -r lies itself between the limits ±^ i : 



this would also appear by a construction such as that given in the next Article. 
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234. SSrrors of Obsenration. — One of the most im- 
portant, praotioallj, as well as the most difficult, departments 
of the theory of Probability is the subject of Errors of 
Observation. We will give here an example of the simplest 
possible description. 

Two magnitudes A and B are measured ;..Qaoh measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.* To determine' the probability 
that the error in the sum, A -^ B, of the two mc^gnitudes, 
shall lie within given limits ; also its mean value. 

Thus the horizontal angular distance of two objects 
Af C IB sometimes found by measuring the angle between 
A and B, an intermediate object ; and afterwards that 
between B and (7, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 
equally probable, to find the probability of the error of the 
result falling within assigned limits : its extreme limits 
being of course ± lo^ 

The question is more easily comprehended by means of 
a geometrical construction than by ^^ ^ 

integration. 

Take AB = 2 a, then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OB, 
negative when in OA. Make also 
A'B' = 2a; the values of the second 
error are given by points in A^B^. 
Take any values, OP = x for the 
first, OP^ = a?' for the second; these 
values taken as co-ordinates determine a point V correspond- 
ing to one case of the compound error x + x' ; and such points 
V will be uniformly distributed over the square HK. The 
value of the compound error e corresponding to the point F'is 

B = X + x' - OS, 



p' 


V 





P 8^^ 



B 



H 



Fig. 68. 



•* This supposition must not be taken to be practically correct. The theory 
of Errors shows that the probability of an error of magnitude x is proportiomd 
tor«*". 
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if V8 be drawn at 45° to the axes. Now all valaes of the 
errors x^ J which give x ^^ x' the same, give the same valae 
for € ; henoe all points on the line JI correspond to oom- 
pound errors of amount OS. Take 8s = da; the numl>er of 
oompound errors between c and c + (fs is the number of 
points between JI and a parallel to it through a. Now the 
area of this infinitesimal strip is evidentlj 

{2a - t)d£. 

Henoe the probability of the error being between c and 
£ + efc is 

(2a - £)de 

P = —2 • 

4a 

This holds for negative values of e, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude c = 08 is 
proportional to JI, the intercept of a line through 8 sloping 
at 45°. The probability of the error s falling between any 
two given limits OS, 08' is found by measuring these 
len^hs (with their proper signs) from 0, along ABj and 
dividing the area intercepted on the square by parallels 
through 8, 8' sloping at 45°, by 4a', the area of the whole 
square. 

Thus the chance of the error falling between the limits 

± a (those of the two component errors) is -. 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
errors as positive; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

M(e) = ± - a. 
3 

The most probable value, such that it is an even chance that 
the error exceeds it (since the triangle JKI must be - of the 
whole square, for that value of 08) is 

± a(2 - a/2) = + .586a. 
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Let it be proposed now to find the probability of a given 
error in the sum of A and B^ assuming, according to the 
modem theory of errors, that the probability of an error be- 
tween X and X ■\- dxin either is 

p = — -p e^* dx\ 

the coefficient — — being determined by the necessary con- 

dition that the differential, being integrated from oo to - oo, 
must give unity ; as the error must lie between these limits.* 
Referring to the above construction, the number of values 
of the first error between x and x ■\- dx being proportional to 

e ^' dx, 

and the number of values of the second between x^ and af + dx' 
proportional to 

i'^dx, 

the corresponding nimiber of values of the compound error is 
proportional to 

e ^' dxdx\ 

Hence the number of points, corresponding each to a case 
of the compound error, in any element d8 of the plane at a 
distance r from the origin, is measured by 

i^dS; 
which shows that the points have the same density along any 



* It is of course absurd to consider infinite values for an error : but the 

curve y = e"'* tends so rapidly to coincide with its asymptote, the axis of x, that 
the cases where x has any large values are so trifling in number, that it is indif- 
ferent whether we include them or not. 
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circle whose centre is 0. Now the probability of this com- 
pound error being between c and c + & is proportional to the 
number of points between JI and the consecutive line, as 
before, making OS=e, Ss^ de. But this number is the same 
as when the strip JI is turned round through an angle of 
45'', because the points lie in concentric circles of equal den- 
sity. Hence the number is proportional to 



e^' 



«■ f r" ?! /~ J-- 



as the perpendicular from on JIib — -^. 

Thus the probability of a compound error between c and 
a + deia proportional to 

e'^'' de ; 

and as this, when integrated between the limits ± oo, must 
give the probability i, the value of jo is 

p = — -7=re 2c« de. 

It thus follows the same law as the two component errors, 

c^/2 taking the place of c. 

235. Various artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be f oimd extremely tedious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r; to find the chance that their distance 
is less than a given value 0. 

Let F = number of favourable cases, 
W- whole number; then 

Let us consider the differential rf i^, or ^ig- ^9- 

the additional favourable causes introduced by giving r the 
increment dr^ c remaining unchanged. 
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If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius o, all positions of the second 
point, By in the lens ED common to the two spheres, are 
favourable ; let i = volume ED, then the number of favour- 
able cases when ^ is in the shell is 

^irr^dr.L: 

doubling this, for the cases when P is in the same shell, 

dF^STrr'Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

_ 27r , TTC* 

3 4^ 

hence P= 87r^(-cV -|cV + (7 j; 

C being an unknown constant ; i.e. involving c, but not r ; 

* * ^ ~ i6 , ~ r* i6'r* 2r^' 



— IT T 



Now the probability = i, if r = -c; 

.*. I = 8 - + - X 64-7 ; .'.- C=r^c^; 

2 c* 2 64 

* r* 16 r* 32 r®' 

If the two points be taken within a circle^ instead of a 
sphere, it may be proved by a similar process, that 



r^ 7r\ f^J 2r 47r r\ f^jy^ r* 
It is a very remarkable fact, pointed out by Mr. S. 
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BobeitSy that if we draw the ehord EDj the probability is, in 
the case of the ciroley 

_ 2 . segment EQD + segment EPD 
area of cirole EHD 

and also, in the case of the sphere, 

2 . volume EQX> + volume EPD 



i> = 



volume of sphere EHD 




These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
then^ in a direct way. 



Examples. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall be acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if p be the probability of an acute-angled trian^ 
in this case, p will also be the probability of an acute-angled triangle for each 
position of l^e farthest point, as it travels over the whole volume of the sphere. 
Hence p will be the probability when no restriction is put on any of the 
points. 

Take then A, one of the points on the surface of the sphere ; two others, B^ C 
being taken at random within it, and let us find the 
chance of ABC being obtuse-anffled : to do this, we 
will find separately the chance of the angles Ay B, C 
being obtuse: the events being mutually exclusive, 
the probability required will be the sum of these 
three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to AB, 
the chance required is 

volume of segment AHV 

volume of sphere * Fig. 70. 

Let r = OA, the radius of sphere, p = ABy = Z. OAB ; .then the volume of 
the segment AST is 

J nr^ ( I - cos 0)2 (2 + cos 0) ; 

therefore when B is fixed the chance is 

J (i - cos 0)* (2 + cos 0). 
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Now let 3 move oyer the whole volume of the sphere, and we have for the 
probability P^, that A is obtuse, 



^^'=i^III^'-'^*)'(^+««'')''^ 



1 r» rtrcottf 
= ^| I (2-3C0B« + C08»«)p'8ill«<Wrfp. 

or^JoJo 

Hence F2 = — • 

70 

(2). To find the chance, P^, that B is obtuse. Fix B as before ; then the 
chance that B is acute is 

segment MHN 
sphere 

Now, volume MHN^im^ ( -+ i - cos tf ] ( 2 + cos tf - -J ; so that the 
chance is 

- ji -3cosd + c6s3d + 3 -(I - co8'e) + 3^costf- ^|. 
Hence the whole probability (i - Fb), that B is acute, is 



V 



g^l j J2-3C0S«+C0S3«+ 3 -(1-008'^) + 3^-^008 d-^jp'smdiWrfp. 

Performing the integrations, we find Fb = — • 

70 

The probability for C is, of course, the same as for B ; hence the whole pro- 
bability of an obtuse-angled triangle is 

P=-P.i + Pi» + Pc = — +-+— = -. 

70 70 70 70 

Hence, the chance of an aeute-angled triangle is ^. 

70 
For three points within a circle the chance of an acute-angled triangle i» 

4 I 

2. Two points, A, Bare taken at random in a triangle. If two other points, 
(7, J) are also taken at random in the triangle, to find &e chance that they shall 
lie on opposite sides of the line AB. 
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Fig. 71. 



The sides of the triangle A!BC produced divide the whole triangle into seren 
roaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABC; or, ti^ of the 
whole triangle, as we have ^own in 
I)age 327 ; the mean value of those 
marked (jS) heing f of the triangle. 

This is easily seen : for instance, 
if the whole area = i, the mean value 
of the space PBQ gives the chance 
that if the fourth point D he taken 
at random, B shall fall within the 
triangle ABC: now the mean value 
of ABC gives the chance that D shall 
fall witMn ABC; hut these two 
chances are equal. 

Hence we see that ii A^ B, C he 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does is H of the whole ; that of the opposite 
portion is ^. 

Hence the chance of C and D falling on opposite sides of AB is 1^. 

236. Random Straight Unes. — ^If an infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence, if a line be determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if JO, CO be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dp, and co between a> and w + rfw, 
will be measured by c^dto, and the integral 

jj dpdwy 

between any liniits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by L. 

For, taking inside the contour, and integrating first 
for p, from o to jt?, the perpendicular on the tangent to the 
contour, we have ipdio : taking this through four right angles 
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for w, we have by Legendre's theorem (p. 232), JV being the 
measure of the number of lines, 



pdio 



L. 



Thus if a random line meet a given contour, of length L^ 
the chance of its meeting another convex contouri of length 
/, internal to the former, is 

I 

If the given contour be not convex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 



Examples. 

I. If a random line meet a closed convex contour, of length X, the chance 
ol it meeting another such contour, external to the former, is 



X-Y 



P = 



where X is the length of an endless hand 
enveloping hoth contours, and crossing 
between mem, and Fthat of a hand also 
enveloping hoth, hut not crossing. 

This mav he shown hy means of 
Legendre's mtegral ahove ; or as fol- 
lows: — 

Call, for shortness, ^{A) the numher 
of lines meeting an area A ; iV(^, A') 
the nxmiher which meet hoth A and A' ; then 
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N{S£OQPS) + N^S^Q'OBfF'H') = N(S£OQPM + S'Q'OHTM') 

+ N(8R0QFE, S^(^OKF*E% 

since in the first member each line meeting hoth areas is counted twice. But 
the numher of lines meeting the non-convex figure consisting of OQJPHSM and 
0Q!8^E*FK is equal to the hand T, and the numher meeting both these areas 
is identical with that of those meeting the given areas A, Q'; hence 

Z=r+iV(fl, fl'). 

Thus the number meeting hoth the given areas is measured by X - F. Hence 
the theorem follows. 
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3. Two random chords cross a given convex boundary, of lengOi Z, and axes 
A ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position : let C be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

20 

m 

X' 

and the whole chance, of its co-ordinates falling in dp, d»f and of the second 
•chord meeting it in that position, is 



20 dpdm 



t; OdptUt, 



L Sfdpdm Z« 
But the whole chance is the sum of these chances for all its positions ; 

.*. prob. = T^ 1 1 Odpdtt. 

Now, for a given value of w, the value of / Odp is evidently the area A ; then 
taking w from v to o, 

required probability = ----. 



The mean value of a chord drawn at random across the boundary is 

~ L' 



M^ 



Sjdpdm 

3. A straight band of breadth e being traced on a floor, and a circle of radius 
r tlurown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle fells outside the band.)* 

If iS'be the space covered, the chance of a random point on the circle falling 
•on the band is 

_ M{S) 

P= — 3-- 



\ 



This is the same as if the circle were fixed, and the band thrown on it at 
random. Now let ^ be a position of the 
random point : the favourable cases are when 
HK^ the bisector of the band, meets a circle, 
centre A, radius \e', and the whole number 
are when JJJT meets a circle, centre 0, radius 
r -h }/;; hence (Art 236) the probability is 



!> = 



2w .\e __ e 
2»(r + Jc) "" 2r + <?' 



This is constant for all positions of A ; 
hence, equating these two values of p, the 




Fig. 73. 



* Or the floor may be supposed painted with parallel bands, at a distance 
asunder equal to the diameter ; so that the circle must faU on one. 
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3 mean area required is 

MiS) = —^ irr2. 

The mean value of the part of the dreumferenee which falls on the hand is 

the same fraction of the whole circumference. 

2r + c 

If any convex area O, of perimeter X, he thrown on the hand, instead of a 

circle, the mean area covered is 

if (fif) = — ^f_ n. 

L ■{■ we 

237. The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, ly and 
^e consider the chance that one of them, JT, shall be the last, 
beginning from the end A of the line, the number of favour- 
able cases, when X is in the element e/or, is, calling AX^ Xy 

Hence 

o^dx 



r 

Jo 






but the chance must be : we thus have an independent 

n+ I -^ 

proof that 



i 



I in+i 

x^dx = 



»*+I 



when n is an integer. 

Again, it m + n + i points are taken, to find the chance 
that X shall be the {m + i)'* in order ; the number of favour- 
able cases, when X falls in dxy and a particular set of m points 
falls to the left of X, is 

a^(i - x)*^dx; taking /= i ; 
hence the whole number of favourable cases is 



L ^,a^(I -x^dx; 
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thifl is the required probability, since ^♦»** = i. But the 

value is , as every i)oiiit is equally likely to &U in 

the (m + i)^* place : we thus deduce the definite integral 

aj*"(i -xYax = ' — L- 



Jo 



m + ti + I 




when m, n are integers. (See Art. 92.) 

238. To investigate the probabiUty that the inclination 
of the line joining any two points in a 
given convex area D. shall lie within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and QJ 
which is not easy to deduce otherwise. 

First, let one of the points A be 
fixed ; draw through it a chord PQ = C, F^TtIT 

at an inclination to some fixed line ; 
put AP = Vy AQ == r ; then the number of cases for which 
the direction of the line joining A and B lies between and 
O + dOyis measured by 

^(r^ + Z'jrfe. 

Now, let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of AB 
from fl to + ddf is (first considering udL to lie in the 
element drdp) 

[r^+r'^)dr = ^C^dpde. 



idpdO f (1 



Let p be the perpendicular on C from a given origin 0, 
and let co be the inclination oi p (we may put dw for dO)y O 
will be a given function of j», to; and integrating first f of 6» 
constant, the whole number of cases for which w falls between 
given limits w\ J\ is 



*!>! *" 



'' dp ; 

the integral / C^dp being taken for all positions of C between 
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two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally diflGicult enough ; we may, however, 
deduce irom it a remarkable result ; for if the integral 

^llC^djpdu} 

be extended to all possible positions of (7, it gives the whole 
number of pairs of positions of the points A^ B which lie 
inside the area ; but this number is Q^ ; hence 

/J C^dpdu) = 3Q\ 

the integration extending to all possible positions of the 
chord C; its length being a given function of its co-ordinates 

Py w. 

Cob. Hence if Z, O, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -=-. 

It follows that if a line cross such a contour at random, 
the chance that three other lines, also drawn at random, shall 

Q2 

meet the first inside the contour , is 24—. 

Ju 

Some other cases of definite integrals deduced from the 
theory of Probability are given in a paper in the Philo- 
sophical Transactions for 1868, pp. 1 81-199. See also Pro- 
ceedings London Math, Soc, vol. viii. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
papers on the subject in the Educational Times, by the Editor, 
mx. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter's valuable Sistory of 
ProhaUlity for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory of 
Probability. 

[as] 
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EZAXFLSS. 

1. A chord is dnwn joming two points taken at random on a circle : findtiie 
mean area cdE the lesser A the two segments into which it diyides the circle. 

Ans. . 

4 » 

2. Find the mean latitude of all places north of the Equator. 

Ans, 32* . 704. 

3. Find the mean square of the velocity of a projectile in vacuo, taken at all 
instants of its flight till it regains the velocity of projection. 

Ant. F* cos'o + JF* sin*o : where V= initial velocity, and a = angle 
of projection. 

4. If jp and y are two variables, each of which may take independently any 
value between two given limits (different for each), uiow that the mean value 
of the product dry is equal to the product of the mean values of z and y. 

5. If X, F are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral AJBXY is convex ? 

I 
Am, -. 
3 

For, it is easy to see that of the three quadrilaterals ABXT, ACXY, BCXYi 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ans, ^ (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being n. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit. 

2W 4- I w» (m + i) ^y. ^ rw« . . 

Ans, n — -* (N.B. — This is not, of course, the value of the 

n n* ' 

chance after the selection has been made : this may easily be found.) 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day's journey. 

Ans, -. 
4 

9. Two lengths, h, V, are laid down at random in a line a, greater than 
either : find the chance that they shall not have a conmion part greater than e, 

(a - b){a - b') 
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10. A person in filing lo shots at a mark lias hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

27 . 4 . 7 756 

Ana. = . If the first 10 shots had not heen fired, so that 

19.17. 13 4199 ; 

nothing was known as to his skill, the chance would be — : if he 

II 

had been found to hit the mark half the number of times out of a 

6) 
large nimiber, the chance would be -—. 

11. If a line I be divided at random into 4 parts, the mean square of one 

of the parts is — ^ : but if the line be diyided at random into 2 parts, and 

each part again diyided into 2 parts, then the mean square of one of the 4 parts 

isi/2. 
9 

12. Three points are taken at random in a line I. Find the mean distance 
of the intermediate point from the middle of the line. 

Ans, -^ /. 
16 

13. A certain city is situated on a liver. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, \, in the absence 
of any further information. But if we have found that an inhabitant B lives on 
the light bank, find the probability that A does so also. 

Ans. -, (N.B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally probable 
a priori.) 

14. HA, B, C, J), are four given points in directum^ and 2 points are taken 
at random in AB, and one is taken in BC: find the chance that it shall faU be- 
tween the former two. 



Am. -^ |i BC^ + BC{AB + CD) + 2AB . CZ) j . 



15. If « = ar + y, where x may have any value from o to a, and y any value 
from o to ^ : find the probability that z is less than an assigned value e ; (suppose 
b<a). 

Ans. (i) If tf < h. pi = — r. 
< 2ao 



(2) Ifa>c>*, P2 = 



c-ib 



(3) If <?>a, Pi= I - 



a 

(a + * - c)« 



2ab 



If we denote the functions expressing the probability in the tibree 
cases by fi{a, b, c), /2(a, b, e), /^(a, *, c), we shall find the re- 
lation 

/i («, *, +/3K *, c) =/2(a, *, c) +/2(*, a, e). 
[23 a] 



^*^- -7^. 
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16. In the cubic equation 

p and q may haye any values between Hhid limits ± i. Find the chance that the 
three roots are real. 

2 

1 7. Two observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. ^ If the error of each observation is assumed to 
lie within the limits ± a, and all its values to be equally probable, show tliat it 
is an even chance that the error in the result lies between the limits ± 0.293 a- 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 

^ + ifc^ + A« ; 

where A is the distance between the centres of gravity of the areas ; and h, V 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is 

2 ' 

where A, k are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of tiie points is fixed at the centre of gravity, the value is ^h^lfl. 
{Mr, Woolhouse.) 

20. A line is divided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (2) an acute -angled triangle. 

Ans. (i).pi-\. 

{2),p2 = 3 log! - 2. 

21. A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Ans, 



2«-»* 



22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Ans, -. 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (i) that all its angles are acute ; (2) that all are obtuse. 

^«. (1). i - ;. 
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24. Show that the mean value of -, where p is the distance of two points 

P 

taken at random within a circle, is — . 

25. Two equal lines of length a include an angle : to find the chance that 
if two points P, Q are taken at random, one on each line, their distance FQ shall 
be less than a. 

Ana. (i). When ->a>-; »i = — r-? + 2cosa. 
^ ' 2 3 2sma 

.^ IT IT— 9 

(i). When 9> -; P2= — :--:. 
^ ' -2 2 sm a 

Here the functions are connected by the relation F{e) + F{t - $) =/(6) +/(ir - 0) . 

26. The density of a city population yaries inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within a 
radius r from the centre shall not live fiuiher than a distance r from each other. 

Ana. p = log34.-(i_-^+— -^_- + -:^ .^— ; whence 

34ir\ 2/ 2TJosma 2irjj sme 



p s 0.7771. This result is easily obtained by employing the values] given in 
Ques 25. 

27. Four points are taken at random within a circle or an ellipse. Show 

that the chance that they form a reentrant quadrilateral is :;. 

1211^ 

36 

28. Find the mean distance of two points within a sphere. Ans. — r. 

35 

29. Three points A, B, C are taken within a circle, whose centre is 0. Find 
the chance that the quadrilateral ABCO is re-entrant. 

Ans, - + —5. 
4 3»* 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

Am, J? = » — -^. 
o 

31. In the same case, to find the chance that the distance shall not exceed an 
assigned value c ; the square being a'. 



Am, (i). Whenc<a;i? = -T(»a* — ac\-d^\, 

« \ 3 a / 



(2). Whenc>a;^ = 4— sm-^ — »-« + - — -—*/ <^-a^^2-~ — — + - 
' ^fl2 {? a* 3 os a' 20* ; 
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32. Three points are taken at random on a sphere; the chance that in 
the spherical triangle eame one angle shall exceed the sum of the other two 

is -. Also the chance that its area shall exceed that of a great circle is -. 
2 6 

33. If a line he divided at random into 4 parts, it is an even chance that one 
of the parts is greater than half the line. 

34. The mean distance of a point within a triangle from the vertex C is 

I /a + 4 (a-«)(a»-i2) h^ a±b-e\ 

3 (1" ■*■ — ^ 7 ^"^TTi^y 

where h is the altitude of the triangle. (See Ex. 6, p. 327). 

35. The mean value of the distance hetween any two points in an equilateral 
triangle is 



^=Hr-»- 



This question may he solved hy proving that If = - Jfo, where Mo is the 

mean distance of an angle of the triangle from any point within it. For, let 
Mo = /iAi, where /i is constant, and A = area of the triangle. Take now any 
element dS of the triangle, draw from it parallels to the sides to meet the hase ; 
let 9 he the area of the equilateral triangle so formed : the sum of the whole 
numher of cases will he equal to 

6jS9,fiiKdS = Ma\ 

a dS Is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = 2dadfi as in (Ex. 3, p. 324), 8 = a\ and the integral 

becomes — u = M. The result then follows from (34). 

36. From a tower of height h, particles are projected in all directions in 
space, with a velocity due to a fall through a height h. Show that the mean 
value of the range is 

M= 2h{ v^x -iT* . dx, {Prof. WoUtenholme,) 

Jo 

37. If there he n quantities a, b, e, d . . . . each of which takes indepen- 
dency a given series of values ai, 02, 03, . . . . , ^1, ^, ^3, . . . . &c., (the number 
of values is different for each), if we put 

^a = a + b -i- c •¥ d + . . . . , 

and for shortness denote 'Hhe mean value of d;" by Mx, prove that 

M^ = Ma + Jf* + Jfc +....= 2 Ma, 
J!f(5a)« = (^Ma)^ - ^{Ma)^ + ^M(a^), 
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38. Two points are taken at random in a triangle. Find the mean area of 
the triangular portion which the line joining them cuts off from the ^ole 
triangle. 

Ana, - of the whole. 



39. A ship at A observes another at B, whose coarse is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a 

given distance d of each other is always -sin~'-, whatever the course taken 

. *' * d . 

by A ; provided its inclination to ^^ is not greater than cos~^ -: putting 

AB = a. {Camb. Math. Tripos, 1871. JVo/. Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random in the circle shall lie on opposite sides of the line. 

128 

Ans. : this is deduced at once from the value of M, the mean dis- 

45 »" 2M 
tance of the two points ; as the chance = . If two random linea 

are drawn, the chance that both lines shall pass between the points 

. I 

is — . 



41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles AOBj BOC, COA ? 

Ans. — . This may easily be found to depend on the integral /J afiy . 2dadfi, 
where a, iS, 7 are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. 

Ans. I . 

43. Two points are taken on the circumference of a semicircle. Find the 

chance that their ordinates fall on either side of a point taken at random on the 

diameter. 

4 
Ans. — r. 

IT 

44. In any convex area which has a centre 0, let an indefinite straight line 
revolve round 0, and trace the locus of the centre of gravity of either half into 
which it divides the area. Show that the mean distance of from all points in 

the area is equal to - the perimeter of this locus. 
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. Also, - of the area enclosed by this locus = mean area of the triangle OXY; 

4 
where X, F are points taken at random in the given area. (See Froceeimgt 

ofth$ London Mathematical Society, yol. viii.) 

45. The probability that the distance of two points taken at random in a 
given ccnyez area n.shall exceed a given limit (a) is 

where (7 is a chord of the area, whose co-ordinates are Py « ; the integration 
extending to all values of ^, «, which give a chord C> a. 
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1. If a be the sagitta of a sircular segment whose base is b, prove that the 
area of the segment is, approximately, 

2 efi 
= -a3 + -=:. 

3 iJ 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and diow that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 

3. Find the integral 



dx la^ — x^ 
"7 Sl^^h'^' 



Am, ton-i^^_^, + -tan-i-^^-y,. 

4. Prove that 

£^/(*)<fo = ({-,)/({) log (l^f), 

where | lies between X and xo> 

5. In a spiral of Archimedes, if F, Q, and P', Q' be the points of section with 
any two branches of the curve made by a line passing through its pole ; provo 
that the area bounded by l^e right line and by the two branches is half tiie area 
of the ellipse whose semi-axes are JT* and P'Q. 

6. Find the value of 



tdx Ix -\- a 
X + cSx + b' 



7. If an ellipse roU upon a right line, show that the differential equation of 
the locus of its focus is 



dy 



(y3 + 32)^ = v/(2ay + y»+i2)(2ay-y»-*2). 

8. A circle roUs from one end to the other of a curved line equal in length 
to the circumference of the circle, and then roUs back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of Uie circle, the area contained within the closed curve traced out b}r the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. (Camb. Math, Tripos^ i^?'*) 

9. In the same case show that the entire length of the path described is 
eight times the diameter of the circle. 
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10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 

11. Evaluate the following integrals : 

f ^ f / , f {i-\-xYdx 

J -v/ tana;' J ^^ ' J (1 + a:«) (i + a;*) 

12. If 5 = (a^ + axy + bx, and « = log ^=» ^^ *^® relation 

x^ + ax — yJR 
between the integrals 

!dx r xdx 



xdx _ a C dx u 



13. If a curve be such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : irVJ. 

15. Prove that 

f * de f^ de 

Jo v^i-ic'sin^a Jo \/ic2-sin2d' 
where sin ^3 = ic sin a. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these tnangles have all the 
same area. 

17. Show that the value of the integral 

dy 






*y y^- 1 
may be exhibited by the following geometrical construction. Let the curve 

w* fit 

whose equation is r*»+2 cos « = i roll on the axis of x, take the points 

wi -f- 2 

{x\y y\) {x2, yi) on the roulette described by the pole, such that yi - a, y2 = 3, 
then 

(^ dy 
= X2- xi, {Mr. JelUtt.) 
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1 8. If * be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at F, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

« - ^ = J sin^ dco. 

The proof is similar to that of the corresponding theorem in piano. See Art. 158. 

19. Prove that the volume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed by the formula 

where S is the distance between the parallel planes, B and B' the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

20. If S be the length of a loop of the curve r>* = a** cos n6, and A the area 
of a loop of the curve r*" = a*" cos 2nd, prove that 



^XiS^ = 



va^ 



2n 



21. Find approximately the area, and also the length, of a loop of the 
curve r^ = a^cos — ; {see Dif, Cole., Art. 268.) 

Ans, area = a* x 0.566 16, 
length = a X 2.72638. 

22. Show from Art. 134, that if a parabola roll on a right line, the locus of 
its focus is a catenary. 

23. If ^ be the area of any oval, B that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
whose distance from is equal to distance of point of contact from ; prove 
that A J B, C are in arithmetical progression. 

24. The arc of a curve is connected with the abscissa by the equation 8^ = kx; 
find the curve. 



25. If the co-ordinates of a point on a curve be given by the equations, 
X = c sin 20 (i + cos 10), t/ = ccoB20{i — cos 2$), 
prove that the length of its arc, measured from its origin, is 

4 

-e sm^B. 

3 
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26. Show how to find the snm of every element of the periphery of an ellipse 
diyided by any odd power (ir + i) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power. 

{Mr. W. RoherU.) 



^^' , rxt 1 P (a^cos^a+i'sin^ay-i^fd. 



This gives -.^ when r = 2. 

27. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes aro equal to the greatest 
and least intercepts made by the sphere on the edges of the cy^der. 

28. Show that the equations of the involute of a circle are of the form 

^ = a cos ^ + <i^ sin ^, y = a sin ^ — a^ cos ^, 

and prove that the length of the aro of this involute, measured from ^ = o, is 
ona^-half of the arc of a cirole which would be described by a radius equal to the 
aro of its evolute moving through the angle ^. 

29. Show that the area of the cassinoid 

r* — 2a-r' cos 26 + a* — h^ 

is expressed by aid of an elliptic arc when h > a\ and by a hyperboUc arc 
when a>h, 

^ 30. A string AB^ of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is unwound, and B is made to move about A 
tiU the string is again wound on the curve, the final position of B being B^ ; 
prove that for variations of the position of A^ the aro traced out by B will be a 
maximum or a minimum, when the tangents at B and B^ aro equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvaturo at ^ is greater or less than half the sum of the curvatures at B and B^, 
—{Camb. Math, TripoSj 187 1.) 



31. Find the value of 






32. Find the length and also the area of the pedal of a cissoid, the vertex 
being origin. 

Am. — ;z:log(2+\/ 3) -4a; — -. 
v/3 H 



Miscellaneous Examples, 365 



33. Prove that the length of an arc of the lemniscate r^ = a* cos 2^ is 
represented hy the integral 

a C d<l> 

V^ 2 J v^ I - Jsin*^ 

34. Integrate the equation 

cos 6 (cos — sin a sin ^) rf& + cos ^ (cos ^~sinasin9)i^ = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, ^), show that the equation is satisfied by 
putting d + 4> = a. 

35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. uina. 4. 

36. Hence, show that 

f^ r* (ji^ - v^)dfidv _ IT 

This depends on the expression for an element of the sur&ce of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry of Three 
Dimensions^ Art. 426. This proof is due to M. Chasles (Liotmlle, tome in., p. 10). 

37. Hence prove the relation 

F{m) E(n) + F{n) E{m) - F{n) F{m) = -, 
where 

-7 -—■ .' -^W = */i - m2sin«arfe, 

0-^ I - m'sm^d Jo 

and m^ -\- n^ = i. 

Let V = h sin a, and ^i = y^A^ sin^ ^ + A?« cos* ^, in the preceding, and it 
becomes 

IT IT 

f C A2sin« j» + k^ coa'^<t> - A^ sin^g .^ , 

Jo Jo v^A2sin'^<^ + A2cos«^ v^A;^ - A« sin* a 



n n 



IT IT 



Jo Jo -N/ifc^-A^sin^a }o Jo^/ h*aJi*<f> + k*cos^<t> 



-0 



IT ir 

t k^ded<l> 



y/h^am'^4> + k^coa^<t>V^ - h^ sin«a 
This furnishes the required result on making h = mk. 
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The preceding formula, wluch is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle 7 with 
tiie axis of s, along the second i3 with the axis of y, and along the third a with the 

axis of Xf and if the angles be connected by the relations = — -^ = 1 - 

a b e 

then, if ^s, At, Ai, be the included portions of the ellipsoidal sur&ce, prove that 

A3 — A2 Ai — A2 A% — A] 



a* 



+ \^ + V, ' = o. {Mr. Jdlett) 



39. Show that the results in Arts. 161 and 162 hold for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Prove that 

{• ite f« dx 

h {{fl-x){p^x){e-x)]i " J_. {(a-x)(b^x)(e-x)]V 

where 0, &, e are in the order of magnitude. 

41. If « be an imaginary cube root of unity, show that, if 

(Frofessor CayUy.) 

42. Prove that the value of 



i; 



cos hxtanax,, ic -w 

dx IS o, -, or -, 

)q X 42 

according as 6 is >, =, or < a. 
43. Prove that 



;* sini* «in.ax , » 

multiplied by the lesser of the numbers a and b, 

44. If be the eccentricity of an ellipse whose semiazis major is unity, and 
E the length of its quadrant, prove that 



i 



Eede vh 

{Mr. W. RoberU,) 



(I _tf«)y^A2-tf2 2-^/1- A*' 



45. If i9 represent the length of a quadrant of the curve r>» = a"* cos m^, and 
81 the quadrant of its first pedal, prove that 



2m 
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Here (Ex. 3, Ai-t. 156), we have 

/- ^(-) 

OY ir \2m/ 



r 



2m 

r 



\ 2m / 



Also, the first pedal (i)«y. Cte/c. Art. 268), is derived by substituting 



m 



instead of m, hence f» + i 

+ l)a\/ IT \ 2m / 



^1=^*^ 



2m J, 



«2 






^^ _(w + i)^«^ yzm/ _ (m+ I)ira2 



4»»^ t^/t^ _L\ 2m 



46. In general, if 8n be the quadrant of the «* pedal of the curve in thelast^ 
prove that 

On-l On =» «■«'. 

2m. 

Here it is readily seen that the n*^ pedal is got by substituting in- 

tnn-\- I 

stead of m in the equation of the proposed ; .•. &c. (Jfr. W, Roberta^ Ziouville, 

1845, p. 177.) 

47. If an endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil : prove that the pencil 
will trace out a confocal ellipse. 

48. If two confocal ellipses be such that a polygon can be inscribed in one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chasles, Comp, 
Rend, 1843.) 

49. To two arcs of an hypcnrbola whose difference is rectifiable correspond 
equal arcs of the lemniscate which is the pedal of the hyperbola. (Ibid,) 

50. Prove that the tangents drawn at the extremities of two arcs of $1 conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch tho 
same circle; {Ibid,) 

51. In the curve 

prove that any tangent divides that portion of the curve between two cusps inta 
two arcs which are to each other as the segments of the tangent cut off by the 
axes. 
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52. If two tangents to a cycloid cut at] a constant angle, proye that their 
sum bears a constant ratio to the arc of the curve between tiiem. 

53. If ABj abf be quadrants of two concentric circles, their radii coinciding, 
show that if an arc Ab of an involute of a circle be drawn to touch the circles at 
A, b, tiie arc ^3 is an arithmetical mean between the arcs AB and ab, 

54. If da represent an infinitely small superficial element of area at a point 

outside any closed plane curve, and ty if the lengths of the tangents from the 

point to the curve, and 6 the angle of intersection of these tangents : prove that 

sin dds - • 
the sum of the elements represented by — — -- taken for all points exterior to 

r X r 

the curve is 2»2. (Prof. Crofton, Phil, Tram, 1868.) 

55. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area, in its plane. 



III («• - y')<^^y| + 4 |||a;yifo<fy| , 



taken over the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant value is 

{Mr. J. J. Walker,) 



S^, If ab = a'b\ prove that 

# 

^ (ax •¥ bi/) — (p {a'x + b'p) 



a 



xy 



dxdy 



= log ^^ j log {^j^ I <^ (oc) - <^ (o)|. 



provided the limits ^ (o) and ^ (00) are both definite. 

(Mr. Elliott, Lond, Math, Soc, 1876.) 

57. li 8 denote the surface, and V the volume, of the cone standing on the 
focal ellipse of an ellipsoid, and having its vertex at an imibiHc ; prove ^t 

S = ira {b^ - c'^)l, r = Jirc (b^ - c2), 

where a, b, e axe the principal semiaxes of the ellipsoid. 

58. Frove that, if ^ be positive and < i, 



f 

Jo 

f 

JQ 



[ {xP + x'P)log{i-^x}^ = — ^ 1 (I), 

and 

(xP-{-x'P)log{i-'X)^ = '^cotpir - ^, (2), 

of which (i) may be deduced from (2) by putting «* for x, 

(Prof, WolstenMlm,) 
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59. Show that, for a homogeneous solid parallelepiped of any form and 
dimensions, the three principal axes at the centro of gravity coincide in direction 
with those of the sohd inscribed ellipsoid which touches at the six centres of 
gravity of its six faces ; and that, for each of the three coincident axes, and 
therefore for every axis passing through their common centre of gravity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid in the same 
constant ratio, viz., that of lo to ir. — (Prof, Townsend.) 

60. Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity ; and that their moments of inertia for all 
planes passing through that point have the same constant ratio (viz., 18 V3 : ir) 
to each other. — {Ibid.) 

61. A quantity M of matter is distributed over the surface of a sphere of 
radius «, so that the surface density varies inversely as the cube of the distance 
from a given internal point Sy distant b from the centre ; prove that the sum of 
the principal moments of inertia oiM aX S ia equal to 2M (a* - i*). 

(Camb. Math. Tripos, 1876.) 

62. If {i-2ax-\- a2) -i = I + aX\ + 0^X2 . . . + a^Xn + . . . , prove that 

-1 J-1 2»+I 

63. A closed central curve revolves round an arbitrary external axis in its 
plane. Prove that the moments of inertia / and /, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
formulae 

where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and k the radii of gyration of the 
area with respect to the parallel and peipendicular axes through its centre, 
and I the arm length of its product of inertia with [respect to the same axes. 

(Prof. Toumamd, Qmrterly Journal of Maihematiea, 1879.) 

64. liU =[' (x~ zy*-^f{z) dz, find the v^ue of -^. Ans. /(«). 

65. Find the mean distance of two points on opposite sides of a square, whose 

side is unity. 



2 — a/ 2 y— 

Am, — + log (i + V 2). 



66. A cube being cut at random by a plane, what is the chance that the 
section is a hexagon x^((j61. Clarke.) 

\/3C0t-^\/3 - V acot-^V 2 ^ _ 

Ans. ^^—^ r-JL— 1 1 — = .04646. 

[24] 
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67. Three points are taken at random, one on each of three faces of a tetra- 
hedron: what IS the chance that the plane passing through them cuts the fourth 
face.— (Ci>/. Clarke.) 

Am. -. 



68. Two stars are taken at random from a catalogue : what is the chance 
that one or both shall always be visible to an observer in a given latitude, \ ? 
—(Ibid.) 

. I . I . 

Ans. -versinA + -sin A. 
a 4 

69. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the triangle. 



Ana. — (2+ — log4|. 
a7\ 3 / 



70. Two points are taken at random in a triangle, the line joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 

Ans. — f 470 + — log 4 j = .6967, the triangle 
3 \ 3 / being unity. 

The mean value of the greater of the two portions is 



^ + ilog2 = .6987. 



71 . Show that the mean distance Jlf of a point in a rectangle from one angle 
is given by 

. 32, a+d ««, b-\-d 

ZM = d+ —log— 7- + -7 log , 

2a 20 a 

a and h being the sides, d the diagonal. 

72. Show that' the mean distance M of two points within a rectangle is 
given by 

^ a^ ,^ J a" \ , Sf^\ a^d a\ b + d\ 

This result may be deduced from the preceding : for if /a = mean distance of a 
point within the rectangle whose sides are x, y, from one of its angles, it is easy 
to see that 



a^b^M ss 4 1 xytidxdy\ .'. &c. 
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73. Show that if i(f be the mean distance of two points within any conyex 
area fl, we have 



M = -^[[l.'t' dpcUpy 



where 5, 5' are the segments into which the area is divided by a straight line 
crossing it ; the co-ordinates of the line being Py w ; and the integration ex- 
tending to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

chance of its passing between the two points is -=-, L being the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 

22' 2 

opposite sides of it is ; therefore the whole chance is — ; Jf (25')> where 

ilf (22') is the mean value of the product 22' for all positions of the line. 

74. In the same case we shall also have 

C being the length of the intercepted chord. Hence we have the remarkable 
identity 

/ J C^dpdw = 6SS za'dpdw. 
(See Proceedings of the London Mathematical Society ^ vol. 8.) 

75. Show that if p be the distance of two points taken at random in the 
same area, 

Jf (-) = irl I C^dpdw. 



0-f.l! 



This may be applied to the circle : see Ex. 24, p. 354. 

76. Show that the mean area of the triangle determined by three points 
chosen at random within any convex area is 



jf=n- ijf f C3 2«<^<6», 



where 2 = either segment cut off by the chord (7; but throughout the integrations, 
as the directiqn of me chord alters, 2 means always the segment on the same side 
of the chord as at first. 
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Ellipse, arc of, 226. 
EUipsoid, 226. 

quadrature of, 282. 

of gyration, 309. 

momenta], 309. 

central, 310. 
Elliptic integrals, 29, 173, 226, 232, 

236, 243, 279, 362. 
Epitrochoid, rectification of, 237. 
Equimomental cone, 310. 
Errors of observation, 341. 
Euler, 102. 

theorem on parabolic section, 198. 
Eulerian integrals, 117, 1:24, 161. 

definition of — 

r(«)and^(m,fj), 124, 160. 

valueofr(i)rQ...r(=^^) 

164. 
table of log r(n), 169. 



Fagnani'f theorem, 229. 
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Folimn of Descartes, 192, 218. 
Frequency, curve of, 336. 
Frullani, theorem of, 155. 

(ramma functions, 124, 159. 

Gauss, on integration over a closed 

surface, 287. 
Genocchi, rectification of Cartesian 

oval, 240, 242. 
Graves, on rectification of ellipse, 234. 
Groin, 269. 
Gudermann, 183. 
Guldin*s theorems, 262, 263, 288. 
Gyration, radius of, 293. 

Helix, rectification of, 244. 
Hirst, on pedals, 202. 
Holditch, theorem of, 206. 
Hyperhola, rectification of, 233. 
Landen's theorems on, 232. 
Hyperholic sines and cosines, 182. 
Hypotrochoid, tee epitrochoid. 

Inertia, integrals of, 290. 

moments of, 291. 

products of, 306. 

principal axes of, 307. 

momental ellipsoid of, 309. 
Integrals, definitions of, 1, 114. 

elementary, 2. 

douhle, 149. 

of inertia, 290. 
Integration, different methods of, 20. 

by parts, 20. 

of L-^ 68. 

by successive reduction, 63. 
by differentiation, 71, 144. 
ol binomial differentials. 75. 
by rationalization, 92, 97. 
by differentiation imder sign/, 109. 
by infinite series, 110. 
regarded as summation, 30, 1 14. 
double, 269. 
over a closed surface, 284. 

Jellett, on quadrature of ellipsoid, 283. 

Kempe, theorem on moving area, 210. 

Lagrange's series, remainder in, 158. 
Lambert, theorem on elliptic area, 196. 
Landen,theorem on hyperbolic arc, 232. 
on difference between asymptote 
and arc of hyperbola, 1%%, 



Legendre, on Eulerian integrals, 160. 

formula on rectification, 228, 349. 

relation between complete elliptic 
functions, 365. 
Leibnitz, on Guldin's theorems, 261. 
Lemniscate, area of, 191. 

rectification of, 365. 
Leudesdorf, 157, 210, 220. 
LimaQon, area of, 192. 

rectification of, 237. 
Limits of integration, 33, 115. 

Mean value and probability, 313. 
Mean value, defGiition of, 313. 

for one independent variable, 
314. 

two or more independent variables, 
317. 
Method of quadratures, 178. 
MiUer, 325. 
Momental ellipse, 300. 

of a triangle, 304. 
Moments of inertia, 291. 

relative to parallel axes, 292. 

uniform rod, 294. 

parallelepiped, cylinder, 295. 

cone, 296. 

sphere, 297. 

ellipsoid, 298. 

prism, 302. 

tetrahedron, 304. 

solid ring, 305. 
M'Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 

249. 
Newton, method of finding areas, 177. 
by approximation, 213. 
On tractrix, 219. 

Observation, errors of, 341. 

Panton, on rectification of Cartesian 

oval, 240. 
Paraboloid, of revolution, 256. 

elliptic, 265, 268. 
Partial fractions, 42. 
Pedal, area of, 199. 

of ellipse, 190. 

Steiner's theorem on area of, 201 . 

Raabe, on, 202. 

Hirst, on, 202. 

BAberts, on, 367. 



Index. 



375 



Planimeter, Amsler's, 214. 

Popoff, on remainder in Lagrange's 

series, 159. 
Probability, used to find mean values 

323. 
Probabilities, 329. 
Products of inertia, 301, 306. 

Quadrature, plane, 176. 
of sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
eUipsoid, 282. 

Kaabe, theorem on pedal areas, 202. 
Radius of gyration, 293. 
Random straight lines, 348. 
Rectification of, plane curves, 222. 

parabola, 223. 

catenary, 233. 

semi-cubical parabola, 224. 

of evolutes, 224. 

arc of ellipse, 226. 

epitrochoid, 237. 

roulettes, 238. 

Cartesian oval, 239. 

twisted curves, 243. 
Recurring biquadratic under radical 

sign, 101. 
Reduction, integration by, 63. 

by differentiation, 71, 80. 
Roberts, "W., on Cartesian oval, 240. 
Roulette, quadrature of, 205. 
rectification of, 238. 

Simpson* s rules for areas, 213. 
Sphere, surface and volume of, 252. 
quadrature on, 276. 



Spheroid, surface of, 257, 258. 
Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 361. 

logarithmic, 227. 
Steiner, theorem on pedal areas, 201. 

on areas of roulettes, 203. 

on rectification of roulettes, 234. 
Surface of, solids, 250. 

cone, 251. 

sphere, 252. 

revolution, 264. 

spheroid, prolate, %b1. 
oblate, 258. 

Annular solid, 261. 

Taylor's theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral, 
127. 
Townsend, on moments of inertia of a 
ring, 305, 369. 

on moments of inertia in 
general, 310. 
Tractrix, area of, 219. 
length of, 226. 

Van Huraet, on rectification, 249. 
Viviani, Florentine enigma, 278. 
Volumes, of solids, 250, 264, 286. 

WaUis, value for ir, 122. 

Weddle, on areas by approximation, 

213. 
"Woolhouse, on Holditch's theorem, 

206. 

Zolotaxeff, on remainder in Lagrange's 
series, 158. 



THE END* 



